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Remarks on Jensen’s Inequality for Operator Convex Functions

Abstract. A continuous real-valued function g is said to be operator convex on an interval J 
if f(sA + tB) < s/(A) ■+■ tf(B) holds for any positive S,t with S + t = 1 and self-adjoint 
operators A and B with spectra contained in J. Several results which are valid for real convex 
functions are extended on operator convex functions.

1. Introduction. Z. Świętochowski [17] proved the following result:
Let Ci,..., C„ , be bounded positive operators. Then

(1) Cf’+.-. + C“1 ^(G+.-. + Cn)-1

with equality if Ci = ... = C„ .
Here the inequality A > B means that A — B is a positive operator.
Note that (1) is a simple consequence of Jensen’s inequality for operator convex 

functions. A continuous real valued function g is operator monotone on an interval J 
if 51(A) < g(B) for self-adjoint operators A and B such that A < B and their spectra 
are contained in J. A function f is operator convex on J if

(2) f(sA + tB) < sf(A) + tf(B)

for positive numbers s and t with s +t = 1 and self-adjoint operators A and B with 
spectra contained in J. A function f is operator concave if — f is operator convex on 
J. It is known that if f is operator monotone on (0, 00), it is also operator concave.

We denote by S(l) the set of all self-adjoint operators on a Hilbert space whose 
spectra are contained in an interval I.

2. Jensen’s and related inequalities. As in the case of classical convex 
functions, we can get by mathematical induction from (2), the well-known Jensen 
inequality:

Theorem 1. Let Ci € S(i), Wj > 0, i = l,...,n and W„ = $3"=1 w, . Then 
for every operator convex function f on I, we have

n . rF n . -
(3)
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Of course we have the reverse inequality for a concave function.
Many results which are valid for retd convex functions are also valid for operator

convex functions with the same proofs. Here, we give such results with references to 
the real case.

Theorem 2. Let w be a real n-tuple such that

(4) wi > 0 , w, < 0 (*=2,...,n), Wn > 0 .

If Ci € 5(i), i = l,...,n, 53”=1 WiCi € S(i) , then we have the reverse inequality
in (3), for every operator convex function f on I .

Now let us consider an index set function

F(J) = Wjf(Aj(C ■.w))-'£wif(Ci) 
iZJ

where
^=£wit AJ(C-,w)=^-'£w,Ci. 

iSJ J ieJ

Theorem 3. Let f be an operator convex function on I , J and K are 
two finite nonempty subsets of N such that J 0 K = <f> , w — (wi)i£juK «»d C = 

ieJuK are ■’«cA that Ci € S(i) , w, € R(i € J U A") , Wjuk > 0 , At(C;w) €
S(I) (T = J,K,JUK ) . If Wj>0 and WK > 0 , then

(5) F( J U K) < F( J) + F(K) .

If WjWk < 0 , we have the reverse inequality in (5).

Theorem 4. If Wi > 0 , i = l,...,n , Ik = {b •••,k} , then

(6) F(/„)<F(/n_i)<...<F(/2)<0 ,

but if (4) w valid and Ain(C-,w) € 5(f) then the reverse inequalities in (6) are valid. 

Theorems 2-4 in the real case are obtained in [4], [9], [16] .

Theorem 5 [10]. Let the conditions of Theorem 1 be fulfilled. Then

= ïrè”'/(C'’ ■

vvn i=l

(7)
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where

fk,n • 52 (u,,‘
\fc—1/ n !<«,<...<«*<n

\ n w«i+ wi*)/(----—
+ Wjj

Theorem 6. Let the condition of Theorem 1 be fulfilled. Then 

(8) 52 «'¿C,)<...</t+lin </tn <...</1>n = —^2 «¿/(Ci) ,
i=i

Wn
i=i

where

f *,n /n+Jt-l X (Wi> + • • • + Wi> ----- ) •

Theorem 7 [12]. Let the conditions of Theorem 1 be fulfilled. Then

(9) . ¿¿.„»¿-¿»./(Ci) .

»—1
where 1 < k < n — 1 , and

i=i

Lk,n = Wk E W«f-«'ù)/(|(Cil+--- + Cj4)) . 

" «!,••• ,«* = 1

Theorem 8 [5], [13]. Let the condition of Theorem 1 be fulfilled and let 
qi > 0 , i = 1,... ,k with Qk := $3*=1 qi ■ Then 

(10) ^<=1 «‘>=1

i=i

Theorem 9 [6], [14]. Let the conditions of Theorem 1 be fulfilled and let 
C = -fir 5Z"=i W«C'< » *• € [0,1] , i = 1,k — 1 . Then

k-2
(ii) - uzT Ë w«,••• wi,/(Cj,(i-<i)+52C'A1 ■•■*}

n «1 «4 = 1 >=1

i n
4" . <jb_i < Wi/(Ci) ,

1=1

i<«i<...«*<»> Wj. + • • • + W,
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wfcere
1 "

" »1........«*=1

fc-1
+ 52<7<,(1 -*,+i)*i .

>=1

Theorem 10 [7]. Let a function g be defined by

?(*) = 52 ~f^ixA - « + (r - *) >U)
i=i q' *=t

where gt > 0 , t = l,...,n , with £*=i(l/9fc) = 1 , r € R , gixAi+(r-x) £"=, Ak € 
5(/)„ t = l,... , n for all x from an interval J from R.

If 1*1 < |j/| (*1/ > 0 ,y € J) , then

(12) g(x) < g(y) ■

The function g w also convex.

Remark. Using the substitutions: l/g< —> Wj(52j=1 Wj = 1) , qtAi -* Xi , r = 
1 , we get that (12) is also valid if

n n
s(x) = 52 wif(xXi+(i - *) 52 w*x*) •

i=i *=i

Remark. For some further generalizations of some of the previous results, see
[13] and the references given there.

3. Some inequalities for means. Note that inequality (1) is, in fact, the well- 
known inequality between the harmonic and arithmetic means. We can, therefore, 
consider generalizations to means of arbitrary orders.

We consider a power mean of stricly positive operators C = {C,} , with weights 
w = {wj , Wi > 0 , i = l,...,n i.e.

(13) MW(C;w) = (i^£wiCr)1 .
Wn ,=i

If w = (1,1,..., 1) we write Al[,r’(C) .

The following results are proved in [15]:
(i) r > j , j £ (-1,1) , r £ (-1,1) implies

A/M(C) > mN(C) ;
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(ii) For a finite set of positive operators

Ml2r’(C) > Afj,r'(C) for r > 1/2 .

Moreover, we have the following ([16]):
Let A dnote a set of strictly positive operators. Then

(14) mH(C;«)>MW(C;w)

is valid if either
(a) r > s , r £ (-1,1) , s g (-1,1) 5 or
(b) r > 1 > s > r/2 ; or
(c) s < -1 < r < s/2 .

This is a simple consequence of Theorem 1. Namely, the function /(x) = is 
concave for 0 < p < 1 and convex forl<p<2,or—l<p<0, while the functions 
g(x) = for s > 1 and /i(x) = —x1/’ for s < — 1 are operator-monotone.Now, 
using these facts and substitutions /(x) = x’/r , Xj = Cf (or /(x) = xr/a , Xj = C*) 
we get (14).

Let us consider the cases (b) with r = 1 and (c) with s = — 1. If 1 > s > j , then

and if — 1 < r < — j , then

a4_1,(C;w)<mM(C;w).

Moreover, since for all r > 1 , we have

AfHiCiw)^'-^«),

and for all s < —1 ,

combining the previous inequalities we get that (23) is valid if either (c), or
(d) r > 1 > s > | ; or
(e) s < -1 < r < - j .

Similary,substitutions /(x) = x*lr , Ci —> C[ or /(x) = xTt‘ ,Ci —» C* can be 
used in Theorems 2-10 as well. Here we shall only introduce three sorts of mixed 
means, i.e., we shall use these substitutions and Theorems 5,6 and 7.

Af„(s,<;fc) :=

w’fiC'/, + • • + w,kc‘r '<1 >/*

w«i + • • + Wi* J

1 »/«I J/«

J J ’

vfr —1/ ..<«*<»

M(s,t; k) :=

{ E (w<> + ’'' + W,‘)

' V fc — 1 ' l<»i <...<»* <n

+ 1
Wi, + • • • + Wik J
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i,...,n.

(15)

(16)

(17)

Remark. Note that the means Afn(s, t; k) are only found in the literature in the 
discrete case and with uq = • • • = w„ = 1 (see [4], pp. 191-193).

The following theorem is a consequence of Theorems 5,6 and 7.

Theorem 11. Let A be an n-tuple of stricly positive operators, w,- > 0 ,t = 
Then the following inequalities

M^(C;w) = M„(s,r;l) < ... < Mn(s,r-,k) < ... < M„(«,r;n)

= MW(C;w);

A/W(C; w) = Mn(s, r; 1) < ... < M„(s, r; k) < ... < A/W(C; w) ;

MW(C;w) = M„(s,r;l) < ... < M„(*,r;k) < A#l(C;w) ;(1 < fc <n) ,

are valid if either (i) 1 < s < r ; or (ii) —r < s < —1 , or (Hi) s < —1 ,r > s > 2r ; 
while the reverse inequalities are valid if either (iv) r < s < — 1 ; or (v) 1 < s < — r ; 
or (vi) s > 1 , r < s < 2r , are valid. For some related results see [17], where 
generalizations of symmetric means are considered.

4. Some inequalities for operator monotone functions. The following 
results is given in [l,p.29].

Let f be a continuous positive function on (0, oo), and A, B be positive operators. 
If f is operator-monotone, then

(18) B) < M[-'\f(A), f(B)) .

This is a simple consequence of the fact that the function j(A) = /(A-1 )-1 is operator- 
monotone and hence operator-concave.

Moreover, T.Ando [2] proved the following result:
Let f be a positive operator-monotone function on (0, oo)|. The function j(A) = 

/(A1/p)p is operator monotone and hence operator concave if either p < — 1 or p > 1 .

Remark. In fact, Ando considered matrices but, the proof is the same for 
operators.

For an n-tuple of operators C = (Ci, ...,C„) , we shall use the notation f(C) = 
(/(C»),...,/(Cn)).

The following generalizations of (18) holds:

Theorem 12. Let C be an n-tuple of stricly positive operators, let w be an 
ft-tup/e of positive numbers and let f be a positive operator-monotone function on 
(0, oo). Ifp> 1

(19) /(AfW(C;w))>JMW(/(C);w)
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while for p < — 1 , the reverse inequality holds.

Proof. In both^Tcases p > 1 and p < —1, we have that the function g(\) = 

is operator-concave. Thus, theorem 1 gives

WiC’
v n i=l / ,=1

i.e.

(20)

If p > 1, the function h(t) = is operator monotone, so (20) gives (19). 
Moreover, if p < —1, the function /(t) = —t1^ is operator monotone so that (20) 
gives the reverse inequality in (19).

Similarly, we can use Theorems 2-10 to obtain various related results. We shall 
only give some interpolations of (19) as consequences of theorems 5,6 and 7.

We introduce the following expressions:

St,n(p,/) :=

{ p-niy E (wu+’-' + WiJ/ w^ + .-. + wj/y izinv,/ -■>-«! '____ ' "•»-»> \1 /p
Wj, + ••• +wit

Ï

9k,n(P,/) =

and

*1

The following theorem holds:

Theorem 13. Let the conditions of Theorem 12 he satisfied. If p > 1, we have 
the following series of inequalities

/(A/W(C;w)) = S„,„(p,/) > ... > St+l,n(p,/) > fft,n(p,/) > ÿl,n(p,/) 

= A/W(/(C);w)

/(^nPl(C; w)) > ... > fffc+1>B(p, f) > gk'„(P, ?1,„(P,/)

= AfnW(/(C);w)

(21)

(22)
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(23) /(MW(C;w)) > g_k+l n(p,f) > &,>,/) >••£,>,/) = MW(/(C);w)

If p < —1, the reverse inequalities in (21), (22) and (23) are valid.
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