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Inverse Coefficients for (a, /3)-convex Functions 

Współczynniki funkcji odwrotnych do funkcji (a, 0)-wypukłych

Коэффициенты обратных функций к функциям (а, 0)-выпуклым

1. In this note we deal with some classes of holomorphic functions f in the unit disc 
D ={z : Iz l< l} which have the form

/(z) = z+a2zJzGD. (1)

By Af(a, 0), a > 0, 0 < 0 < 1, we denote the set of functions/of the form (1) which 
satisfy the conditions z “ l/(z)/ '(z) =# 0, z 6Z), and

t
z/'(z) z z/"(z)x1

(1 -a) ------— +a { 1 + ) f >0. zGD. - (2)
/(z) < /'(z)

The class M (a, 0) is known as the class of a-convex functions of order 0 in the sense of 
Mocanu [6], [9].

We remark the obvious relationsM(O,0) = Sp , M{\,P)-Kp, whereSp , Kp denote the 
familiar classes of starlike and convex functions of the order 0 respectively.- 

The important role within considered classes plays the so called ”Koebe-type” function 

"i(a.0)(z) = z[^/,f1/a-* (l-fz)-J(‘ ~V'adt J“eA/(a,0). (3)

*) This work was done while the first author visited the Institute of Mathematics of M. Curie- 
-§kiodowska University, Lublin, Poland.
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In this note we are concerned with the estimates for the coefficients of the inverses 
of functions in the class M(a, (S').

We denote by

M(a,(S) = ^F: F-f~ 1, f (=M(a, p)j

where F is defined by restricting f to a sufficiently small neighbourhood of the origin.
We have F(w) = w +A2w2 + ... and notice the relations

t42 = -a2,/lj = ~a3 + 2a2,?l4 = -a4 + ^2^3 ~ 5a2 . (4)

So far there are known the estimates for the coefficients of the inverses of functions in 
the class S of holomorphic and univalent functions obtained by Loewner [4] and very nice 
and surprising result for the class 20 do*1© by Netanyahu in [7].

In both cases there exists only one extremal function namely the inverse to the classical 
Koebe function.

In [2] Kirwan and Schober found the exact bounds for IX2 1, I (k> 2) and for

1.4 4 I (k > 2 - ) if function f belongs to the class K* of functions of bounded boundary 
3

rotation (K2 = Ko). Moreover they remarked the interesting fact for the class Ko : 
max IA ,0 I > 1 and is not attained for the ”Koebe-type” function F(w) = w(l - w) - 1.

In [3] Krzyz, Libera and Zlotkiewicz determined the exact bounds for l.42 I, l.43 I as 
well as the order of magnitude for \An lif/GS^ .

For further references concerning the problem of inverse coefficients we send the 
reader to [1, pp. 183-188).

In this note we find the precise bound for the functional

A(/)= 1^4+M2a3+uo2 I (5)

for arbitrary real numbers s and u within the class M(a, 0).
As an application we obtain the exact estimate for 1A2 I, l/l3 I, I/I4 lifFGAf(a, (S) 

as well as some other results.
. The main key which we use is the lemma (it has also an independent interest) concern­

ing the sharp estimate of the functional

'k(w)=lc3 + nctc2 + vc3 I,g,pare real, (6)

within the class £2 of all holomorphic functions co of the form

to(z) = c,z + c2zJ +c3z3 +.., z&D, (7)

and satisfying the condition 1 co(z) I < 1, z G D.
By the way it is worthwile to mention that the estimate of the functional of the fourth
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order (5) within the class of bounded univalent functions in D has been found by 
Ławrynowicz and Tamtni [5].

2. We will need in the sequel the following
Lemma 1. [9] Iff G (3) then for complex number o the following sharp estimate

lû3 - oa2 l<
1-g 

1 + 2a
max

I4g(l -<3)(1 +2tt)-2(l + 3a)(l -/3)-(l + a)2 |\ 

(1 + a)2 '
(8)

holds.
Now in order to formulate the next lemma we should write down the following 

denotations, where p and v are real numbers:

(P,p): >Ml <“ »
1

z?2 = { (P,p): - < | p | < 2,
1D3 ={ (p.p): lp|<-,

D< = { (p,p): |p|>|,

Ds = { (p.p): lp|<2,

D6 ={ (p,p): 2 < | p | < 4,

Z>7 ={ (p,p): | p | > 4,

Dg ={ (p.p): i<| p| <2,

d9 ={ (p.p): |p|>2,

Dï0 = { (p,p): 2<| p, <4,

Dn= )> (p.p): ip|>4,

Du~-‘[ (p,p): |p|>4,

-1<p<1 }

^(lM 1+ l)3-(Ip 1+ 1)<p< 1 }

27
p<-1 }

p<-|(lpl + l) }

p> 1 }

P>^(p2+8) }

1-1) } (9) 

- |(lp I+1)<p<^(Im I+1)3-(Im 1+1) }

2 2|pl(lpl+l)

1+2)
p2 + 2 Ip 1 + 4 12

)

2 Ip l(lp 1+ 1) 2 Ip >(lp 1-1) i
p2 +2 Ip 1 + 4 p2- 2 Ip 1 + 4 J

2 Ip l(lp 1-1)
p2 -2 Ip 1 + 4

<p<j(lpl-l) }
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Now we may state the following
Lemma 2. If co S £2, then for any real numbers p and v the following sharp estimate: 

4» (co) < 4>(g, v) holds, where

1 if (m,p)GD1 U£>, u{(2, l)}

Ip I if (M, p) e U Dk 
k = 3

4>(g,p)= <
2 Z Ijt 1+ 1 \J/2

O»)

1z/j2-4vZj?-4^i/j c -vrfcrJfe?) 4c.')}

1/22 z Ijtl-l V*
- (l/x I-1)(----- ;—;---------- ) if (p, p) SD,, ■
3 ' 3(lp I-1-p)>

Proof. If o}(z) = c2z +c2z2 + c3z3 + ... e Q, then the function

1 + CO(z)
P(Z)!

1 ~<o(z)
= 1 + 2b2z + 2b2z2 + 2b3z3+ (ID

has a positive real part in D.
For the coefficients of p the following Carathe'odory-Toeplitz inequalities

11 
15.

b2
l
7,

b,
*1
1

>0,

1 b2 b2 
b2 1 b2 
F2 Ti j_ 

b2 b2

bs

1

(12)
l

hold (e.g. [8]).
By using (11) and (12) we obtain the following form of the first three inequalities (12) 

within the class £2:

Ic.Kl
k2l<l-lc, I2 (13)

• lc3 (1 - k| I2)+FjCj l< (1 - I Cl I2)2 - \c212 .

Without loss of generality we may assume c, > 0 and remark that if Ci = 1, then co(z) = z 
and 4'(co) = IpL

In the case p 0 the sharp estimate for (6) is given in [10], however of p> 0 in order 
to get the sharp estimate of (6) it is necessary to argue in a different way.
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Let us observe next that if <u(z) S £2 then - <u( - z) e £2 which implies that we can 
restrict our considerations to the case p > 0, i> > 0.

Now we are going to find sup ’P(w), where ct, c2, c3 satisfy (13) and n > 0, 0,
are arbitrary fixed numbers.

Let us assume that cx and c2 are fixed as in (13). Then by straightforward calculations 
may be checked that sup 'P(w) in the disc

CjCj , lc2 I2
Cl + T=T

is attained on its boundary, i.e. when

c3=--^j +(l-c?-4^4Ve.O<fl<2jr .

1-Ci ' l-Ci /

SoforO<Cj <1, lc2 l< 1 -Ci,we have

*(«)<!- + (l-c? - -^7'V* +ucica +pc? I.

I 1 — Ci v 1 ~ Ci ' I

Putting Ci =x, c2 =yei<l>, 0<x<l,0<y < 1 -x2,0<$<2jt, we should find the 
8upremum of the expression

K1"xJ“7^')eW+x(Fxa+^*"7T7")| •

For fixed x, y we have

|(j _xa _ y^-)ew +x (wr2 + «**♦- <

< (1"x’“7zp') |

and the sign of equality in (14) holds if and only if

y2e2/* s 
0 = arg f vx2 4- nye* t - ) *
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We find that
yZ ^2 i<t> 2 2y r ’1

\px2 + yye“t>----------- — = ------ - -2px2yt2 + p(i>x2(l -x2)-y2)t +vx2y +
1 -x2 L J1 -X

+ (yy2 + P2X4 +
(1 —x'

t = COS <t>.
If we denote

g(t) = -2px2yt2 + y(yx2 (1 -x2)-y2)t + px2y

then we see that for fixed x and y max
-l < f <

£(O=£(fo)> where:
1

(a) forpt<4

f-1 if0<x<x'',>'2(x)<>’< 1 -x2

y [px2 (1 -x2)-y2 ] if 0 < x < x", ji (x)< j < (x)
4px2^ or x" <X < 1 ,y! (x)<y < 1 -X2

1 if 0 < x < 1,0 < y < yt (x)

(b) for y > 4

'-I if0<x<x", 3'2(x)<j< 1 -x2

'o = "
p[PX2 (1 -X2)-/ ] 

4px2j
if 0 <x <x", Ji (x)<y <y2(x) 

orx" <x <x', Ji (x)<j < 1 -x2

11 if 0 <x <x , 0 <.y <yt (x) 

orx'<x < 1,0<.y < 1-x2 ,

where

».( " v/2 x’-f * y'2

•
X I j

' yp + y + 4p ' ' yv + y-4p '

y, (x)= - ( V4p2x2 
P

+ p2p(l-x2)-2px) ,

(15)

_y2(x)=.~ (V4p2x2 +/?«'(!-x2) + 2i>x) .

(16)
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Now we are in position to determine sup h(x, y), where 
x. y

/t(x(/)= (i-*1 2- 7Z7)+xr*2 +^e'0- “jTT'l

and cos <f> = t0 is given by (15) or (16) respectively. We will distinguish two cases: (A):

\n2,(_By.v>\n2.

4 1
Now the case (A):p< -g2. We show in fact that sup h(x,y) will be attained fory = 0 

4 x, y

ory = 1 -x2. We have

1. ify = 0, then h(x, 0)= 1 -x2 + px3 < max (1, p);
2. if t0 = - 1, then according to (15) and (16) we have

i y2 i y2
/j(x,y) = /t_1(x,y)=l-x2 +x|px2 -iiy-7^7 / +

1 +x

+ gxy +(1 -X2 -px3), for0<x<x",y2(x)<y< 1 -X2.

1 2
The function h _ , attains maximum at y 0 (x) = “ (1 + x)if0<x< 2+ n °F 3t

, 2
y = 1 -x2 if-------- <x <x . Moreover, we have

2 + g

1 1 2
h_,(x,y0(x))=l+(-g2-l)x2 +(-M2-0x3, 0<x< —— . (18)

4 4 2+g

From (18) we get at once that

max 2 /i_1(x,yo(x)) = max|h_,(0,yo(0)),/«-i (y—.Jo( 7—-j)J ,

2 + p

which implies

sup
0 < x < x" 

y,(x) < y < 1 -x*

Zi„ ,(x, y)= max[/i _ ,(0,0), sup
0 < x < x‘

/t_,(x, 1-x2)]; (19)

3. if t0 =
g [px2 (1 -x2)-y2 ] 

4px2y
then we have
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/i(x,y) = A0(x,y) =

j 2 vx2 /n2 -(p.2 -4p)x2 + y2 , jp2 -(jj2 -4i>)x2 \

X <> ■ » 2(1-x2)' « '

1 / M2 “(M2 -4i>)x2
Because for v < - p2 the inequality V--------------------------> 2 holds, then taking into

account (15) and (16) we obtain

h0(x, y2(x)) if 0<x<x",/< > 0 ,
max/t0(x,7) = 

y
(20)

h0(x, 1-x2) if x''<x<l,0<>t<4, 
or x"<x<x', g>0 .

But h0(x, y2(x)) = h _ ! (x, y2(x)) and this case was already discussed above (2); 
4. if f0 = 1, then according to (15) and (16) we have

y2 I y2 I
h(x,y) = hi(x,y')= 1 -x2 - - ------ +x px2 + py- - ----- - =

1 ~x 1 1 -x I

1 +x
y2 + nxy + (1 -x2 + l>x3).

When 0 < jt < 4 we obtain max h, (x, y) = h, (x, yi (x)), whereas if jz > 4, then 
y

max ht 
y

fA,(x,y,(x)) if0<x<x' 

(/t,(x, 1-x2) if x'<x< 1 .

The equality /t, (x, y, (x)) = h0(x, yt (x)) together with (20) and (19) imply the final 
relation

sup h(x,y) - max [h(0,0), sup h(x, l-x2)l, 
0 < x < 1 0 < x < 1

0 < y < 1-x’

where the function h is given by the formula (17).
Now we determine (17). We have h(0, 0) = 1 and in order to find sup h(x, 1 -x2) 

0 < x < 1

1 .
we should calculate the maximum of the following function ( 0 < v < - m y
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/i_,(x) = (pi + l)x-(pi+ 1 + p)x3 if 0<x<x", pr>0

*(*) = M*)3 -[("-O*2
+ j] -/ g2 ~(pr2 ~4p)x2

(21)

ifx”<x<l when0<pi<4 

orx''<x<x' when pi> 4

^/i,(x) = (pi-l)x-(pi-l-i>)x3 ifx"<x<l, pi>4.

One can check that h'(x) has at most one zero in the interval [0,1 ] in which h attains 
its maximum.

Namely:
(i) h has the maximum at the point x _ , in the interval [0, x”] if and only if

, 1 M+l
x-l =------- --------<x"2

3 pi + 1 +p

which is equivalent to the inequality

2g(M + l) 

(i2 + 2pi + 4

(ii) h has the maximum at the point x0 in the interval [x", 1 ] when 0 < pr < 4 or in 
the interval [x", x'] when pi > 4 if and only if

, 3M2-2(m2 +2)f c
•*o = 3(v- 1)(4p —pi2)

[x"2,1 ] when 0 < pi < 4 

[x"2, x'2 ] when pi > 4 ,

(y ¥= 1, v & - pi2 ), which is equivalent to the inequalites pi > 2 and 
4

—----- — < v < — (pi2 + 8) when 2 < pi < 4
piJ+2pi + 4 12

2pr(M + l) 2pz(px —1) ,
< v < —;—-—— when pi > 4 .

pi2 + 2pr + 4 pi2 - 2pi + 4

(iii) h has the maximum at the point Xj in the interval [x", 1) when pr > 4 if and only if

3 pi-1 -v
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which is equivalent to the inequalities

(iv) h has the maximum at the point x = 1 if and only if ti (1) > 0, which is equivalent 
to the inequalities

1 ,
p > — (^2 + when 2 < M < 4 ,

In order to finish the proof in the case v < - p2 we should compare the values h(0,0), 
4

h _ j(jr _ i), /i0(x0), and in the appropriate sets, which leads to the inequality
1 > h _ J (x _,) which is equivalent to

H = 2, v = 1 we obtain for x £ [0, 1 ] h _ i (x _ j) = h0 (x) = 1, which implies that for these 
values of parameters the functions w(z) = z and w(z) = z3 are extremal for 'F(co).

Further on we remark that the set G of values (p, p), p > 0, in the plane for which the 
function o>(z) = z is extremal appears to be a convex set.

Indeed if (p*. Pfc) £ G, k = 1,2, then for any X e [0,1 ]

lc3 + (Xp, + (1 -X)p2)c,c2 + (Xpj +(1 -X)p2)c? K 

<X lc3 +g|C,c2 +PiC? I + (1 -X) ic3 + p2 c,c2 +p2c3 KXp! +(1 -X)p2

and the sign of equality holds for the function w(z) = z.
The same property has the set H of values (p, p) in the plane for which the function

u>(z) = z3 is extremal.
In [10] it was proved that the function <o(z) = z is extremal w.r.t. 'F(oj) in the set

We have shown above that w(z) = z is also extremal in the set

Taking into account the convexity of the set G we conclude that G = conv (G, U G2). 
In the similar way we find the set H. Namely in [10] it was proved that to(z) = z3 is

extremal w.r.t. 'F(u)) in the set
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Hi ={(pi, v):0<pi< -,0<p< -]u

U
r 1 3V3 4 9

-------------l,0<p<(pi + l)- — (pi + 1)3J .

On the other hand we have shown above that co(z) = z3 is also extremal w.r.t. 'k(cj) 
in the set

-i,o<p<

u
3V3 4 i 1
—— - 1 <pi<2, — (pi + l)3-(pi+l)<p< -p?£

2 2/ 4 J

From the convexity of H it follows that H = conv UH2 ).
Now if we take simultineously the results vihich we proved above in the case v> 0 with

the results from [10] in the case v < 0 we obtain (10).
The extremal values of 'F(w) are equal to h(0, 0), /i(l, 0), h _ , (x _ ,), /i0(x0),

hi (Xj) respectively.
The form of the extremal functions w.r.t. 'I'(to) (up to the rotation) depends on the 

values (pi, p). We have:
I. if(pi,p)eD, UZ>2 (2,1)^ then the extremal function has the form co(z) = z3;

II. if (pi, p) 6 U £>* u^(2,1)J then the extremal function has the from to(z) = z;

III. if (pi, p) GDg UZ>9, then the extremal function has the form

where
to_,(z) = 4 *>z + 4 °z2 +4 l)Z3 + ... ,

*>- -777-11,2 *> = - (1 - 4- »’U" *>=c<- » 4- *>.

(3 pi + l+pJ

(22)

IV. if (pi,p)GD10 UD,i -^(2, l)^then the extremal function has the form

oo0 (z) = 4°>z + Cio)z2 + 40)z3 + ..., (23)
where

c(x0) • R-Xffi] l'Ua=(1
and

■■ ± arc cos
pt(2Q? + 2)-(pt3 + 8) p] 

2[3pi2 -2(piJ +2)p]
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V. if (g, p) S O12, then the extremal function has the form 

u, (ft = ci0* + 4°z2 + 4°z3 + ...,

where

(24)

c(oJI ŁLL_\1/ł
13 g-l-p

,cV>=(i-cV>W=-c?Ml)

Remark 1. The explicit formulae for extremal functions (22)-(24) may be found from 
the relation (11) where p is the function with positive real part in D and has the form

1 + e,z 1 + e2z
P(z) = \ ---------- — + (1-X) —------— , O<X<1, ie, l=ie2i=l,

1 -e,z 1 -e2z

with
(c, -e2)2 c,e2-c2-ci

X =------------ --------- t €, =-----------------------t arg ((e2 - c,)2 + Cj) = 2 arg (c, - e2),
(e2 - cj2 +c2 e2 -c,

where c,, c2 are given by (22)-(24) respectively.
Remark 2. Obviously an analogous result like Lemma 2 is also true for the Caratheodory

class of functions with positive real part.
3. Now we are in a position to prove
Theorem 1. If f e M(a, (3) then for any real numbers s, u the following sharp estimate

2(1 -ft
la4 +sa2a3 + ual i< - 4>(g,ft

3 (1 + 3a)
(25)

holds. The function <t> is given by (10) with

(1 + 3a)s + (1 + 5a)
g = 2 + 3-

(1 + a)(l +2a)
(1-ft (26)

3(1 + 3a){4(l + 2a)(l -ftu + [2(1 +3a)(l - ft + (1 4- a)2 ]s)(l -fl)

P_l + (l+a)3(l+2a) +

(27)

2(17 a2 + 6a + l)(l-ft2 +3(1 + a)2 (1 + 5a)(l -ft 

(1 +a)3(l +2 a)

Proof. Let f&M(a, ft. In order to get (25) we should find the connection between the 
coefficients of functions from the classes A/(a,ft and Q. From the definition (2) we have 
the equality
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z/'(z) f zf"(z) (1-a) - - ■ + a[l + 1 ’
/(z) \ /'(z) ) 1-

-20)o(z)
œ(z) (28)

where w is an arbitrary function from fi with the expansion (7). 
Comparing the coefficients in (28) we obtain the relations

1 + a
Cl " 2(1-0) a”

l+2a [(1 + a)2+2(1 + 3a) (1-0)]
C2 1-0 °3 4(1 -0)2 °2

3 1+ 3a 1
c3 = 7 ——— a* ~ ——TT [3 (1 + 5 a) (1 -0) + 2 (1 + 2 a) (1 + a)]a2a3 +

2 1 -0 2(1 -0)2

1
8(1-0)3

[4(1 + 7a)(l-0)2 +4(1 + a)(l + 3a)(l-0) + (l + a)3]fl3 .

Now if we apply Lemma 2, then we obtain (25) with p and v as in (26) and (27). 
From Lemma 1 and Theorem 1 follows 
Corollary 1. IffEM(a,ß) then the following sharp estimates 

2(1-0)
lfl2 l<

1 + a

la31<
(l~0)[a2 +(8-60)a + 3-20] 

(1 + a)2 (1 + 2 a)

la4 l<

4(1 - 0)[2(17a2 + 6a + 1)(1-0)2 + 3(1+a)2 (1 + 5a)(l-0) + (1 + a)3(l + 2a)] 

3(1 + a)2 (1 + 2a)(l +3a)

hold. The extremal function in all three cases is the "Koebe-type” function (3). 
Let now introduce some denotations

A =A (a) =
(31 a2 + 33 a + 8) (1 + 2 a) 

. 9(2+ 5 a)2 (1 + a)
(29)

B = B (a)
2 + 5 a

(1 + a)(l +2a) ’ (30)
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-a2 + 3a + 2 a n 2 
3o(a)= —3+T^ ’ Po_Po()~ 3’

3 5(12/1 - l)-4 o_o,n,_3.
01 (a) =

12AB-(2A + V)- Vl-12/P n 35-<33
02(a) =----------------------- . 02 =02(0)=---------------------------------------- -------- =0.609...;

12/15 43

/33(a) is the unique root in the interval (0, 1) of the equation (65 (1 t) 1)
= 216/1 B2 (1 - t )2 ; 03 = 0a (0) is the unique root in the interval (0,1) of the equation

1728 t3 -4656 r2 + 4164 t-1235 = 0,0.77 <03 <0.78;

0(a) = 1
3(1+ g)2 (2 + 5 a)

2 (31 a2 + 33 a + 8) ’

(31)

a is the unique root of the equation

23 r3 - 17 r2 - 20 t-4 = 0, 1.4<a'<1.5;

a" is the unique root of the equation

15 t3 - 26 r2 - 39 r - 10 = 0, 2.7<a"<2.8.

Theorem 2. If F&M (a, 0), then the following sharp estimates

(32)

(33)

lAt l<
2(1-0)

1+a
(34)

1/4, l<

1-0 T

1 + 2a [_ 

1-0 

1 + 2a

2(3 + 5a)(l~0) 

(1+a)2
ifaG[O,ao],0G(O,0o(a)J

(35)

ifaeiao.+oo^eOMa),!)
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L4«lK

2 (1 -g) 
3(1 +3a)P

2(1-0)Q? ~4) f j?-4*|i/2 

9(1 +3a)0? -4p)[ 3(v-1)J

4(1-0) J 1-M ]i/a 
9(l+3a)U M)L3(1-M + p)J

if a 6 [0, a'], 0G [0,0, (a)] 

or a e [a', a"], 0S [0.0(a)]

ifa6[O,a'],0G[0,(a),02(a)]

(36)
ifaG[O,a'],0G[02(a),03(a)]

2(1-0) if aG [0, a'],0G [03(a), 1)

3(1+3a) or a e [a', a''], 0 e [0(a), 1)

or a G [a", + °°),0G{O,1)

hoW. A
Proof. If F &M (a, 0), then the relations (4) hold. The inequality (34) follows from 

Corollary 1 and the inequality (35) follows from (8) if we put in it a = 2. In order to get 
(36) we put s=-5,M = Sin Theorem 1. We obtain

M = 2-6fi(l-0). p = g-l+yl(M-2)1, (37)

where A and B are given by (29), (30).
For fixed a the equation

p = A(m-2)2+m-1 (38)

is the equation of a parabola in the (pi, v) plane. It may be checked that A'a > 0 for every 
a > 0. Taking into account that 2 - 62? < pi < 2 we obtain the arc of parabola (38) which, 
according to the Lemma 2, may interSedthe curves

” = 12+8)’ V~
2p(M~l) 

M2 ~2pi + 4

We observe that all these curves have the common end point pi = - 2, v = 1, which lies on 
the arc of parabola (38) with A - A (a'), a' is the unique positive root of the equation (32).

Now we find the values of parameters a and 0 for which the function (3) will be 
extremal. It corresponds to the fact that in the class the extremal function w.r.t. 'I'(co) 
is the function w(z) = z. This will be equivalent to the inequalities

yl(pi-2)J +pi-l> — (px1 +8), 2-65<pi<-2, 
or 12

A (pz-2)2 + pi-l>l, -2<p<2.
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According to (37) these conditions are equivalent to the inequalities 3 3i (a), 0 < a < a, 
or 3 < 3(a), a > a'. The last condition has sense if $(a) > 0 and leads to the inequality 
15 a3 - 26 a2 - 39 a - 10 < 0, satisfied for a G [a', a"].

Now we find the values of a and 3 for w-diich the are of parabola (38) lies between 
the curves

1 , -2g(-g + l)
p = — (u2 +8) and p =---- -----------------, - 4 < g < - 2 .12^ g2-2g + 4

According to (37) it occurs if 3i (a) < 3 < 32(a), 0 < a < a'.
In the same way, according to (37) we check that the arc of parabola (38) lies between

the curves

-2g(-g + l) 

g2 - 2 g + 4
and p =

4

27
(l-g)3-(l-g)

if32(a)<3<3j(a);o<a<a'.
Taking into account all facts mentioned above we see that:
(a) if a € [0, a'], 3 £ [0, 3i(a)] or a 6 [a', a"], 3 £ [0,3(a)] then the extremal func­

tion w.r.t. 'T(to) is w(z) = z;
(b) if a G [0, a'], 3 £ [3i(a), 3z(a)] then the extremal function w.r.t. 'P(to) is to(z) = 

= to0 (z) given by (23) with the substitution - g instead of g;
(c) if a G [0, a'], 3 £ [32(a), 3j(a)] then the extremal function w.r.t. 'k(to) is to(z) = 

= to _ i(z) given by (22) with the substitution -g instead of g;
(d) if a G [0, a'], 3 £ [33(a), 1) or aG [a', a"], 3 G [fta), 1) or a G [a", + ~), 3 £ [0,1) 

then the extremal function is u>(z) = z3.
The function / corresponding to F = f ~1 for which II is maximal in (36) may be 

found from the relation (28). In this way the proof of Theorem 2 is complete.
As corollaries we have:
Theorem 2'. If F G^(a, 0) then the following sharp estimates

I A«l<

- a2 + 8 a + 5 

(1 +2a)(l + a)2

1

1 +2a

2

3 (1 + 3 a)

3(1 +a)

ifaG^O, 3 +<17

2
r 3 + V17 \

ifaG[------ - ----- ,+~J

if aG [0, a"]

ifaG[a", + °°)

/IjK

r

]
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hold where a" is given by (33) and va is given by (27) with f) = 0, u = + 5,s = - 5. The 
extremal functions havethe form: 0) (z), [m(ai 0) (*J )]1/2, ["»(a, o) (z3)J1/3.

TTieorem 2’’ If F&M(Q, then the following sharp estimates hold

1/1, «2(1-0)

" (1-0X5-60)

(1-0)
V»

^(1 -0)(3-40)(7-80)

4 2-301/2
- (2-30)(3-40)(7-80) —- 
3 5“o(j

if/3G[0, |] 

if/3G[ |,1)

if0G[O, j]

u4«{
2 11-120 

3 6

3/2

1<1-»
I

if P G [03,1)

where 03 is the unique root in the interval (0,1) of the equation (31)..
Proof. We have for a = 0: p = 12 0 - 10 and v = 32 02 - 52 0 + 21 in Theorem 2 and

hence the result follows immediately.
Corollary 2. If F fit (1, 0) = Ko, then I Ag « 1, k = 2, 3,4, mid the result is sharp. 
In the case k = 4 this result improves the result of Kirwan and Schober [2].
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STRESZCZENIE

Praca zawiera dokładne oszacowanie funkcjonału

le4 + sata, + ua\ I, s, u£R

dla funkcji holomorficznych

/(z)=z+e,z’ + ..., 1x1 <1,

spełniających warunek

7(z)/'(z)*0, IzKl i

Rej (1-a) >P’ 1г|<1’“>0- 0<fKl. C)

Jako zastosowanie otrzymano dokładne oszacowanie dla

I ejk *, 1Л*1, Jfc = 2,3,4 (F=f~ F(w) -w + 4,w’ + ._)

dla funkcji/, spełniających warunek (♦).
Podstawową nierównością (mającą również inne zastosowanie)pozwalającą otrzymać wynik jest 

dokładne oszacowanie dla funkcjonału

I c, + pc, c, + qc\ I, p, qe.R

w klasie funkcji holomorficznych

tu(z) = c,z + ..., lw(z)K 1, Iz KI.

РЕЗЮМЕ

В работе подана точная оценка функционала

1в4 + и,в, +ua\\,s,u^R

для функций голоморфных

/(Z) = Z +«,z’ + Iz KI,

удовлетворяющих условию
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«’’/<«)/'(*) *0, 1«|<1 и

Яе^П-о.) - + а ^1 + -у,^ <0, 1х|<1,а>0, О<0<1. (*)

Как применение получены точные оценки для

1в£|, 14^1, ^ = 2, 3,4 (Я=р ,,К(м') = и/+4,^’ + ...)

для функций ? удовлетворяющих условию (* ).
Основное неравенство (имеет также и другие применения), из которого вытекает резуль-

таь работы есть точная оценка функционала

1с, + рс,с, + ?с} 1,р. ? ел

в классе голоморфных функций

ш(г) = с,г+_., 1ш(г)1<1, 1г|<1.




