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Inverse Coefficints for (a, §)-convex Functions
Wspétczynniki funkcji odwrotnych do funkdji («, §)-wypuktych

KoadpduuneHTe 06paTHbIX GYHKUHA K GYHKUHAM (a, ) -BBMYKIBIM

1. In this note we deal with some classes of holomorphic functions f in the unit disc
D ={z tlz I 1} which have the form

f@=z+az* +., zED. (1)

By M(a, f), > 0, 0 < 8 < 1, we denote the set of functions f of the form (1) which
satisfy theconditions z ~ ' f(z)f '(z) # 0, z €D, and

Re{(l—a) 7@ +a(l+ zf,(g))} >p z€D. - Q)

f@@) f

The class M (e, B) is known as the class of a-convex functions of order § in the sense of
Mocanu [6], [9].

We remark the obvious rclations M (0, B) = S5 , M(1, B) = K5, where S3 , K5 denote the
familiar classes of starlike and convex functions of the order f respectively.’

The important role within considered classes plays the so called ’Koebe-type” function

1
men@=2f ~ fHT AT 0D a Teenap. @)

*) This work was done while the first author visited the Institute of Mathematics of M. Curie-
-Skiodowska University, Lublin, Poland.
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In this note we are concerned with the estimates for the coefficients of the inverses
of functions in the class M(a, §).
We denote by

A vg 2y ] . ]
M(a,ﬁ)—{F.F—f ,f&M(a,B)J

where F is defined by restricting f to a sufficently small neighbourhood of the origin.
We have F(w) =w + A,w? + ... and notice the relations

A2=—a2,A3=—a3 +2a§,A4=—a4 +5a203—5a§. (4)

So far there are known the estimates for the coefficients of the inverses of functions in
the class S of holomorphic and univalent functions obtained by Loewner [4] and very nice
and surprising result for the class Z, dene by Netanyahu in [7].

In both cases there exists only one extremal function namely the inverse to the classical
Koebe function.

In (2] Kirwan and Schober found the exact bounds for 14, |, |45 | (k> 2)and for

I
14, 1(k>2 ;) if function f belongs to the class ¥y of functions of bounded boundary

rotation (¥, = Ko). Moreover they remarked the interesting fact for the class Ky :
max | A, 1> 1 and is not attained for the “Kocbe-type” function F(w)=w(l —w) "~

In [3] Krzyz, Libera and Ztotkiewicz determined the exact bounds for 14, |, 145 las
well as the order of magnitade for 14, lif fES] .

For further references concerning the problem of inverse coefficients we send the
reader to (1, pp. 183-188).

In this note we find the precise bound for the functional

J4(f)=|a4 + sa,a, +uﬂ; | (5)
for arbitrary real numbers s and « within the class M(a, ).
As an application we obtain the exact estimate for 14, |, 14; |, 14, |1fF€M(a [i))
as well as some other results.

. The main key which we use is the lemma (it has also an independent interest) concern-
ing the sharp estimate of the functional

V(w)=ley +peyc, +vel |, v are real, (6)
within the class € of all holomorphic functions w of the form
w(2)=c,z +c32* +¢c32° +.., ZED, W)

and satisfying the condition lw(2z) I< 1,z E€D.
By the way it is worthwile to mention that the estimate of the functional of the fourth
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order (5) within the class of bounded univalent functions in D has been found by
Fawrynowicz and Tammi [5].

2. We will need in the sequel the following

Lemma 1, [9] If f € M(a, B) then for complex number o the following sharp estimate

1-8 max(l. 40 (1-8)(1 +2a)-2(1 +3a)(1 ~B)-(1 +oz)’|\1
(1+w? ’
(8)

-o0a3 1< X

+ 2a

holds.
Now in order to formulate the next lemma we should write down the following
denotations, where u and v are real numbers:

{(yv): Ip|<-;- . -1<v<1 }

1 4 3
D, = { w, v): £<|p|<2, 2—7(Iul+l) —(pl+ )<<l }

1
Dy, ={ @v): lul<z, v<-1
1 2
Dy =\ W) lul=35, V<"3‘(|#'+1) }
Dy ={ @u: <2,  v>1 }
D, ={ @v) 2<|uI<4, V>-l-l-2-(;12+8) 1
Dy ={ @ iui>e,  w>3qui-n ©)
Ds ={ v %<|u|<2, ——(Ipl+l)<v< 4 G+ -+ }
2 2(ul(lul+1)
Dy = V) 22, =g l+ DSy ——
R SIS L oy oy v Y
20p il l+1)
Dy = W) 2€ | p, <4, —— < <——’+2
o={ e 2<1n, TS TR Tl N }
[ 20 l(lpl+1) 2lui(iul=1)
Dy=1{ wv:inl>a, AL LEVALIFITE . |~
* { G, 2): i w+2iul+4 # w=-2lul+4

S22l l(lp 1-1)

<r<gul-n ]
2 -21pl+4 5

Du={ v lui>4,
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Now we may state the following
Lemma 2. If w € Q, then for any real numbers p and v the following sharp estimate:

¥ (w) < $(u, v) holds, where

[ if u»)€D, UD, V{2, N}
vl if (u,v) € l‘,J_ Dy
iwl+1 w2 e
d(u,v)= ﬁ —(Ipl l)km) if (U, V)EDg UDy (10)

u —4)( 30)—” 1/2 if (4, €Dy UDy {2, D}

u -4y

2 lul-1 V2 )
‘ ;(lyl—l)(—;—(m) if (u, v) EDy, .

Proof. If w(z)=c,z +c12® + ¢3z° + ... € then the function

1+w@)
P@)= ————= =1+2b;z +2byz* +2by2%+ ... (11)

1-w(z)

has a positive real part in D,
For the coefficients of p the following Caratheodory—Toephtz inequalities

1 by by by
1 b R 0L 02 B, 1 b, b
I3, '|>o 5, 1 b, |>0, F‘ 5 1' b’ >0,. (12)
b, 5, 1 =2 ==
by by, by 1

hold (e.g. [8])-
By using (11) and (12) we obtain the following form of the first three inequalities (12)
within the class 2:

|c| <1 :
ICz|<l—IC| 2 - (13)
ey (M=ley B)y+e,ad IS =ley P =ley B

Without loss of generality we may assumne ¢; > 0 and remark that if ¢; = 1, then w(z)=2
and ¥(w)= vl

In the case v & O the sharp estimate for (6) is given in [10], however of » > 0 in order
to get the sharp estimate of (6) it is necessary to argue in a different way.
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Let us observe next that if w(z) € Q then — w( — z) € Q which implies that we can
restrict our considerations to the case 2 0, v 2 0.

Now we are going to find sup ¥(w), where ¢,, c,, ¢; satisfy (13) and u> 0, »2 0,
are arbitrary fixed numbers.

Let us assume that ¢; and ¢, are fixed as in (13). Then by straightforward calculations
may be checked that sup ¥(w) in the disc

C]C% | ‘Cg |2
cy + <1-6 - , 0<
3 1 _d 1 1 "L‘} € < l'
is attained on its boundary, i.c. when
CIC% lCz P
€y =- +(1-6 - d%,0<6<2n.
3 1-& ( 1 1-c ) 2n

Sofor0<e¢; <1, lc; I<1-¢}, we have

¢, 3 le Ph
\Il(w)<|- li’l +(l- 2 - l:c})e“+yc,c,+vcil.

Putting ¢, =x, ¢, =yl 0<x<1,0<y<1-x2,0<¢<2m, we should find the
supremum of the expression

2,2 ii‘

l(l -x? - l:‘-ﬂx’ )e” +x (vx‘ +pyel® - )l’—x’ )I r

For fixed x, y we have

y: yor
=5 < e +x (vx® +pyel® - j<
( 1-x ("_ SalEE T

y yreis

< (1-x* - —— + x* + L

( 1-x2 ) $ | . pl)'!’ 1-x* I
and the sign of equality in (14) holds i.f and only if

Y

l—x’)'

0 =arg (vx’ + pyel® -
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We find that

2,200
; yie 2 2y 1

vx? +puye'® - 5 l = 3 r—2wr’yt2 +uEx* (1 -x2)-y*) +vxty | +

1-x 1-x* L e

y‘
+uy? +ixt+ ——),
(uy = ],)

t=cos ¢.

If we denote
gt)y=—2vx’yt? + p(x*(1-x*)-y?)t +vx’y

then we see that for fixed x and y max g(t)=g(to), where:
<t1<1

-1

(a) foru<4
-1 if0<x<x", y,(x)<y<1-x?
3 =J plex (1-x*)-y* ] ifo<x<x",y,(x)<y <y;(x)
0 4vxty orx"€x<1,y; x)<Sy<1-x?
l 1 if0Sx<1,0€y <y, (x)
(b) foru=>4
-1 ifo<x<x", y,(x)<y<1-x?
ol ppx? 1-x)-»" ] ifo<x<x",y,(x)<y <y2(x)
4vxty orx"<x<x',y,x)<y<1-x
1 ifo<x<x',0<y<y, (x)
orx'<x<1,0<y<1-x?,
where
u 1/2 . 1V;
X"=( ) x =( H 2
“wtu+dy Nwtu—4v /
X s
Yix)=— (\\/41",1'2 +utv(l —x’)-va) i
u
x
ya@== (Vaia +utv(1-x7) +20x) .
u

(15)

(16).
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Now we are in position to determine sup h(x, y), where
X,y

y 2,2 I

2
I -
. )+xl vx? +pye'® -

h(x, y)= (l -x? -

1 1 -x?

and cos ¢ =t is given by (15) or (16) respectively. We will distinguish two cases: (A):
< Lo (B):v> 0t
v —u?, (B):va2—u.
s e 1
Nowthe case (A):v < ;p’ . We show in fact that sup 4(x, ) will be attained fory =0
x’ y
ory=1-x*.We have

1.if y =0, then h(x, 0) =1 —x* +vx?® <max (1,v);
2.if t, = — 1, then according to (15) and (16) we have

h(x, y)=h_,(xy)=1-x* +x|vx’ —py- l—zx' i— li’; = - l+]x Y+
+uxy +(1-x* —vx3), for0<x<x", y,(x)<y<1-x.
The function h _ , attains maximum at yo(x) = %ux (1 +x)if0<x< e or at
y=1-x?if vt < x < x". Moreover, we have
h_ (x,yox)=1 +(%u2 -1)x? +(§;12 -»)x3, 0€x< (18)

Z+u

From (18) we get at once that

: 2 2
max h_,(x,yo(x))=max[h_,(O,yo(O)),h_l( Dol 2_“‘))] .

0cx<—— 2+u
24
which implies
sup Aoy (x,y)=max[h-,(0,0), sup _h_,(x 1-x")); (19)
0<x<x 0<x <x"
Y, (x)<y<1-x?

e upx? (1 -x2)-y>?
3.ifty = x” ( s L , then we have
4vx’y




132 Dmitri V. Prokhorov, Jan Szynal

h(x, y)=ho(x, y)=

, p vxz uz _(#2 __4v)x2 . y2 (ﬁ:'-(“j _4u)x2 —2\
2 v 2(1-x*) \ v i
\/ 1 - (2 - 4v)x?

v

Because for v < i— 12 the inequality 2 2 holds, then taking into

account (15) and (16) we obtain

ho (x, ya x)) if 0<x<x" 420,
max Ny (x, )= (20)
y ho(x, 1-x*) if x"<x<1,0<SK<4,
or x"<x<x',u>0,

But ho(x, y2(x)) =h — ; (x, y2(x)) and this case was already discussed above (2),
4.if to =1, then according to (15) and (16) we have
y? ' ¥y
+x|vx? tpuy- ——| =
A (R ey |

h(x, y)=h;(x, y)=1-x* -

1 2 2 3
= - Yyt + uxy +(1-x* +vx?).
1+x

When 0 < p € 4 we obtain max h, (x, y) =h, (x, ¥, (x)), whereas if u> 4, then
Yy

(h(xpy(x) if 0<x<x'
max hy(x,y) = 4 o e e
y Lh,(x,l-x)lfx <xsl.

The equality h; (x, ¥; (x)) = ho(x, y; (x)) together with (20) and (19) imply the final
relation

sup h(x,y) = max [h(0,0), sup  h(x, 1 -x?)],
0<x<1

0<x<1
0<y<1~x?

where the function A is given by the formula (17).
Now we determine (17). We have £(0, 0) = 1 and in order to find 1 sup 1h (x, 1-x?)
<x <

we should calculate the maximum of the following function (0 <» < ;“z j:
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-

h_oyx)=+Dx-@u+1+¥x® if 0<x<x", u>0

I 2w 2_4 2
h(x)= ho(x>=5[(v—1)x’+11/“ el b @1

v

ifx"<x<1 when0<pu<4
orx"<x<x' when u>4

Lh,(x)=(u—l)x—(p—l—v)x’ ifx"<x<1, u>4.

One can check that 2’(x) has at most one zero in the interval [0, 1] in which A attains
its maximum.

Namely:

(i) h has the maximum at the point x _ , in the interval [0, x"] if and only if

u+1

1
x2g=e- ——
3 u+l+y

<x"

which is equivalent to the inequality

2uE+1)
#2 +2u+4

v&

(i) A has the maximum at the point X, in the interval [x"”, 1] when 0 < p<4orin
the interval [x", x'] when u > 4 if and only if

32 =242 +2)v [x",1] when 0<p<4

3w-1)@v-u*) [x"?,x?] whenu>4,

1
#lLv+# ;u’ ), which is equivalent to the inequalites u > 2 and

- +1 1
—“0‘———)<v<—(y’+8) when 2<u<4
b +2p+4 12

2 +1 2 <1
—21(”—-)—<v<——;—‘-}-1——)—whenu>4.
u+2u+4 M —-2u+4

(iiii) & has the maximum at the point x, in the interval {x"', 1] when u> 4 if and only if

1-op=1 ,
x"{=--"——-€[x".l],
3 u—-1-v»
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which is equivalent to the inequalities

2u(u-1)

2
—————q Y S =(u—1), 4.
w2 -2u+4 301 » ¥

(iv) h has the maximum at the point x = 1 if and only if #’(1) > 0, which is equivalent
to the inequalities

v 2 —(u +8) when2<u<4,
u>-3-(p—1) when p=24.
1
In order to finish the proof in the case v < ;y’ we should compare the values #(0, 0),

—1(x = 1), ho(xo), and l1;(x;) in the appropriate sets, which leads to the inequality
12 h_,;(x_,) which is equivalent to

: 2> 4(u+1)3 m+1)
o v 2= — e .
i 27

Now we consider the case (B):» > % u? . First of all let us observe that for the point

u=2,v=1 we obtain forx € [0, 1]h _ ; (x — ;) = ho (x) = 1, which implies that for these
values of parameters the functions w(z) = z and w(2) = z* are extremal for ¥(w).

Further on we remark that the set G of values (u, v), v 2 0, in-the plane for which the
function w(2) = z is extremal appears to be a convex set.

Indeed if (ug, vx) €EG, k=1, 2, then for any A €[0, 1]

les +Quy + (1 =N pa)erer + Qg +(1 =N py)ef I<
Khley tuyeicy vl 1+ (1 =N) 1cy + 3 ¢,00 a6 1< +(1=-N) v,

and the sign of equality holds for the function w(z) =z.
The same property has the set H of values (u, ») in the plane for which the function

w(2) =23 is extremal.
In [10] it was proved that the function w(z) =z is extremal w.r.t. ¥(w) in the set

{(y,v)0<u< w1} {(p,u)u> P (;4+1)}
We have shown above that w(z) = z is also extremal in the set
Wieiis & g &4 digp 1a s ik B 1
G,—{(y,v).2<p<4,12(p +8)<v<4p}u{(y,v).u>4,3(p l)<v<4p’}.

Taking into account the convexity of the set G we conclude that G = conv (G, U G,).
In the similar way we find the set 4. Namely in [10] it was proved that w(z) =23 is
extremal w.r.t. ¥ (w)in the set
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1 1
H, ={(y,v):0<u< 5,0<v< E}U
1 3V3 4
U{(p,v): ;(p( ——2 —=1,0<v<(u+1)- 2—7(;1+l)’}.

On the other hand we have shown above that w(z) = 23 is also extremal w.r.t. ¥ (w)
in the set

3V3 1
H, ={(p.v}:0<,u< -1,0<»< Zp’}u

3V3 4 X I
U{(p,v): SISHS2, —wHD - @ DS Sl

From the convexity of H it follows that A = conv (H, U H,).

Now if we take simultineously the results which we proved above in the case v > 0 with
the results from [10] in the case » < 0 we obtain (10).

The extremal values of W (w) are equal to h(0, 0), h(1, 0), h _ | (x — ,), ho(xo).
h, (x,) respectively.

The form of the extremal functions w.r.t. ¥(w) (up to the rotation) depends cn the
values (u, v). We have:

I. if(u,v)ED,UD, U{(Z 1)} then the extremal function has the form w(z) =23;

II. if (u,v) € kU Dy U{ 2, 1)} then the extremal function has the from w(z) =z;
=3 .

I if (4, ¥) EDg U Dy, then the extremal function has the form

Wo1@=cf Y2+ 02+ V23 4+, (22)
where
1 p+1 1/2 [
(—'l)_.s ‘} (=105 _(g=cl-D2 c -z -0 =0

IV. if (u, ¥) € Dyo UD,, —{(z, 1)} then the extremal function has the form

we (2) = c(°)z +6972 +92% + .., (23)
where

32 =202 +2)v | wa
(0) _ (o)= _ (0 - (o) 0) id,
f [3@_1)(4”_“,)] (1 —cf??)ef%e o f

and
H(2 @ +2)- (@ +8)v]
2[3u -2@ +2)v)

$p =% arc cos
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V. if (u, ) €EDy,, then the extremal function has the form
w @) =cPz +c§922 + {023 + ..., (24)
where

(l)_{l - )"’ ) = (1 - {0?), § == ¢V V|
-1-v

Remark 1. The explicit formulae for extremal functions (22)—(24) may be found from
the relation (11) where p is the function with positive real part in D and has the form

l1+ez 1+e,2 .
P@) =N ——— +(1-N)———, 0KA<], I I=iey =1,
1_€|Z 1_622
with
¢, —€,)? C1€,—C, —CF
N ,’) v € = arg ((e2 — €1 )} +¢3)=2arg (¢ —€3),
(&2 —¢) +c €3 —Cy

where ¢,, ¢, are given by (22)—(24) respectively.
Remark 2. Obviously an analogous result like Lemma 2 is also true for the Carathéodory
class of functions with positive real part.
3. Now we are in a position to prove
Theorem 1. If f € M(«a, ) then for any real numbers s, u the following sharp estimate
2(1-6)

lay +sa,a4 + a3 IS ——————— d(u, v 25
4 203 2 3(1 4 30) w,v) (25)

holds. The function ® is given by (10) with

A (1 +30)s+(1+50)
a3 (1 +a)(1 +2a) -8 (26)

3(1+3a){4(1+2a)(1 Bu+[2(1+3a)(1- )+ (1 + o) Js}1 —B)
(1+a)® (1 +20)

+
()

P 217 +6a+1)(1-6)7? +3(1 +a)? (l+Sa)(l—B)
(1+a)(1+20a)

Proof. Let f € M (a, ). In order to get (25) we showld find the connection between the
coefficients of functions from the classes M(a, ) and 2: From the definition (2) we have
the equality
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zf ( ) (‘ '@\ 1+(1-28)w(z)
1- 1+ =
( @ ) T . (28)

where w is an arbitrary function from Q with the expansion (7).
Comparing the coefficients in (28) we obtain the relations

& 1+a
Cy 2(1_5_) a,,
N l+2aa n [(l+a)’+2(l+3a)(l—B)] 2
e g 4(1-py e
3 1+3a 1
C3='2' l_ﬁ .a‘— 2(1_6)2 [3(l+5a)(l—ﬁ)+2(l+2&)(l+a)]azag+
+ W [4(1+7a)(1-p} +4(1+a)(1 +3a)(1-p) +(1 +a)*]a} .

Now if we apply Lemma 2, then we obtain (25) with u and v as in (26) and (27).
From Lemma 1 and Theorem 1 follows
Corollary 1. If f€ M (a, B) then the following sharp estimates

2(1-B)

la, 1< ;
q l+a

1-P)[a® +(8-6B)a+3-20)
(l+a(1+20a)

|ﬂ3 I<

lag 1<
4(1-6)[2(17a +6a+ 1)(1-p)* +3(1 +a)’ (1 +5a)(1-B) + (1 +a)*(l +2a))
3(1+a) (1+2a)(1 +30a)

hold. The extremal function in all three cases is the ""Koebe-type” function (3).
Let now introduce some denotations

Bla® +33a+8)(1 +2a)
. 9@2+5al (1+a)

A=A (@)= ; (29)

i 2+S5a : 5
g (1+a)(1+2a) ° (30)
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- +3a+2 » = 21
BO(a)= E » BO—BO(O) 3.'
38024 -Vt oo i aads
Bi(x) = 3B(24~1) T PO g
124B-2A+1)- V1-124° = (0)=3s—\/‘3"3'
Ba(x) = 12 4B » B2 =82 3T

=0.609... ;

i i i i ion 68 (1 —1)=1)* =
a) is the unique root in the interval (0, 1) of the e(!uatlon ( '
5351)6,48’ (1 = 7)* ;B3 =B5(0) is the unique root in the interval (0, 1) of the equation

1728 7* — 4656 12 + 4164 1 —1235=0,0.77 <f3 <0.78;

31+ (2+5a)

. N
s 2031 +33a+8) '

o’ is the unique root of the equation
23731772 -207-4=0, 14<a’<1.5;
a” is the unique root of the equation
1572 -2612-397-10=0, 2.7<a" <28.
Theorem 2.If F e')'!\l (a, B), then the following sharp estimates

2(1-p)

14, I<
+a

"1 [26+500-8
1+2¢xl_ (1 + )
2T

1+ 2a

e

1] ifa €0, ap), BE [0, Bo(a)]

(31

(32)

(33)

(34)

(35)

if @ € [@p, +°), f € [Bo(a), 1)
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2(1-8) if « €0, ¢'}, BE[0, B, (a)]
3 +3a)" ora€[d,a"], F E[O0, f(@)]

if a €[0, '], B € [B1(a), B2(a)]

20-B)(* -49) r‘uzl—4 12
9(1 +3a) (1 —4v)l 3pw-1) 4

V. PUL < 4a(1-8) . B [ 1%, ]1/3 . ’ (36)
9(1 + 3&) (l M) 3(1 - +V) 1 06[0,0 ]nBe [ﬁz(a):ﬁs(a)]
2(1-p8 ifaG[O,a'],ﬁG[ﬂ3(a),l)
3(1 +3a) ora€a’,a’],p € [B(a), 1)
~ ora€fa", +),8€{0,1)

hold.
A
Proof. If F € M (a, f), then the relations (4) hold. The inequality (34) follows from
Corollary 1 and the inequality (35) follows from (8) if we put in it o =2. In order to get
(36) we put s =—5,u =S5 in Theorem 1. We obtain

u=2-6B(1-6), v=pu—1+A4 @u-2)*, 37

where A and B are given by (29), (30).
For fixed a the equation

v=A@-20 +u-1 (38)

is the equation of a parabola in the (u, v) plane. It may be checked that A, > 0 for every
a2 0. Taking into account that 2 — 6 B < u < 2 we obtain the ar¢ of parabola (38) which,
according to the Lemma 2, may interSed the curves

2uu-1)

1
b= — @ +8), p= —o L
12(}‘ ) w-2u+4

=i(1— P -(1-p),v=1
v 7 ) u), .

We observe that all these curves have the common end point u =— 2, » =1, which lies on
the arc of parabola (38) with 4 =4 (a'), & is the unique positive root of the equation (32).

Now we find the values of parameters a and § for which the function (3) will be
extremal. It corresponds to the fact that in the class £2 the extremal function w.r.t. ¥(w)
is the function w(z) = z. This will be equivalent to the inequalities

1
A@p=2P +pu-1> — @’ +8),2-68<u<-2,
or 12
Ap=-2 +pu—-131, -2<u<2.
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. According to (37) these conditions are equivalent to the inequalities § < 6, (), 0 < a < a,
or f < (@), @ > a'. The last condition has sense if a(a) 2 0 and leads to the inequality
15a® - 26 a® — 39 a- 10 < 0, satisfied for a € [, a"].

Now we find the values of a and $ for w-hich the are of parabola (38) lies between
the curves

“2u(—putl)

1
v=—(u® +8) and v=
12(# ) w2 -2u+4

,—4ug -2,

According to (37) it occurs if B, (@) S B < B,(a), 0<a<a'.
In the same way, according to (37) we check that the arc of parabola (38) lies between
the curves
“2pu(-put+l)

4
p= —————— and v=—(1-p)’ -1 -n
i pd 27( B’ = (1-n)

if B2(a) <B<B3(a),0< a<a’.

Taking into account all facts mentioned above we see that:

(a) ifa€[0,a'],B €0, B;(a)]ora € [a',a"], BE [0, B(a)] then the extremal func-
tion w.r.t. ¥V(w)is w(z)=2z;

(b) if a € [0, &', B € [B,(a), B2(a)] then the extremal function w.r.t. ¥(w) is w(z) =
= Wy (2) given by (23) with the substitution — u instead of u;

(c) if a €[0, a'], B € [B2(a), B3(a)] then the extremal function w.r.t. ¥(w) is w(2) =
= w _ ;(2) given by (22) with the substitution — u instead of u;

(d) ifa€[0,a'}, B E [Bs(a). 1) or a€[e’, "], BE [B(@), 1) or a E [o", + =), BE [0, 1)
then the extremal function is w(z) = 2.

The function f corresponding to F =f ~' for which |44 | is maximal in (36) may be
found from the relation (28). In this way the proof of Theorem 2 is complete.

As corollaries we have:

Theorem 2'. If F eﬂ(a, 0) then the following sharp estimates

1 4;]<
+a
- +8a+5$ 3+v17
ats_ el 3T

(1+2a)(1 +a) 2

| 4,1< 1 3+\/l_7
e ST
1+2«a 2
: if e[d "
_— ifa ,a

3(1+3a)

| 4,1< 2

m ifa€fa’, +)
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hold where o is given by (33) and v, is given by (27) with § =0, u=+5,s=—~5. The
extremal functions have the form: mq, oy @),[M(q, oy (2* )3, [ma, o) z))]"3.
Theorem 2" If F € M(0, )=, then the following sharp estimates hold

| A,1<2(1-B)
~ 2
(1-B)(5-6p) if BE€[0, -]
| 451< 53
(1-8 ifﬁe[g,l)
;(I—B)(3‘4ﬂ)(7-83) ifﬁe[o.gl
G d i 2-38 w2 3 35—\/3]
“e-mpe-amo-sn - e[l =
| A <
2 11-128 3n . , 35-4/33
3 ——6 1fBE[—-————48 ,gJ
2
~(1-p) ifBE (B3, 1)
L

where B is the unique root in the interval (0, 1) of the equation (31).
Proof. We have fora=0:u =12 - 10 and v=32 > — 528 + 21 in Theorem 2 and
hence the result follows immediately.
Corollary 2. If F € n (1,0 = Ko, then | Ax|1<1,k=2,3,4,and the result is sharp.
In the case k =4 this result improves the result of Kirwan and Schober [2}].
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STRESZCZENIE
Praca zawiera doktadne oszacowanie funkcjonatu
la, +sa,a, +uajl, s, uER
dla funkcji holomorficznych
f@=z+a,2? +.., 12I<],

spetniajgcy ch warunek

@S @) +#0, 121 i

______zf @ +a (l + ———4 @)

Re{(l—a) = e )} >8, 121<1,a30, 0<B8<]1. ®

Jako zastosowanie otrzymano doktadne oszacowanie dla
lag !, |Agl, k=2,3,4(F=f"" Fw)y=w+A,w? +..)
dla funkcji f, spetniajgcych warunek (*). §
Podstawowg nieréwnoscig (majacq réwniez inne ustosowaniq)pozwalajch otrzymaé wynik jest
doktadne oszacowanie dla funkcjonatu
ley +peye, +qe}l,p qER
w klasie funkcji holomorficznych

w(@)=¢z+..,lw@i<l],lzI<].

PE3IOME
B paGore nopaxa ToyHas oueHka GpyHKUHOHAIA
. la, +5a,a, +uall, s, u€R
it GyHkuni ronoMopdHnix

J@)=2+a,2} +..,121<1,

Y OBIETBOPSIOUIHX Y CIOBHIO
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' @) f'@2)#0,121<1 w

Re {(l—a) % +a (1 + ';((:)) )} <8, 121<1,a>0, 0<B<1. *)

Kax npimeHcHHE MONYYCHLI TOGHBLIC OLCHKH 1A
lag!, Agl, k=2,3,4(F=f ', F(wy=w + A,w* +..)
g GyHkuMft f ynoBneTBopAOLMX Y CTOBHI (* ).
OCHOBHOE HEpaBEHCTBO (HMEET TaK)Xe H ApYyrWe MpHMeHEeHUA), H3 KOTOPOro BLITEKAeT pelynb-
Tab paGoOTh! €CTh TOYHAR OlieHKa GYHKIHOHaNa :
ley +pc,c, +qcdl,p,qER
B Knacce ronoMepdHLIx GyHKUHA

w@)=¢z+.., lw(@)i<l, I21<1.






