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Some Properties of Inflated Modified Power Series Distributions

Pewne własności zmodyfikowanych rozkładów szeregowo-potęgowych ze zniekształceniem

Некоторые свойства модефицированных распределений степенных рядов с искажением

1. Introduction. The interest concerning the inflated power yeries distributions has 
increased lately. These distributions include a vast class of discrete inflated distributions 
which constitute adequate descriptions of some natural phenomena.

Gupta [2] has defined the so-called modified power series distribution fromwhich the power 
series distribution follows as a special case. It seems to be quite natural to introduce a 
more general distribution, namely an inflated modified power series distribution.That 
generalization gives a possibility of an investigation of a quite large class of discrete dis
tributions; in particular, the inflated generalized negative binomial distributions. The aim 
of this note is to give the distribution of the sum of random variables having inflated 
modified power series distributions. The result which has been obtained in [6] is a 
particular case of our results.

Let N be the set of positive integers and let 7\ = { x0, xltx2, ...| be a given subset 
ofNujoj.

The random variable X is said to have the inflated modified power series distribution 
with parameters a, X, if

Л, ,,, *(*)[*(<*)]* r
1 - X + X -------- —-----------for x - x0,

P[X=x ]= .
/(«)

0)
„ *(*)[*(«)]* e ,
X---------—-------- for x£f, and x#=x0,

/(«)

where 0 < X < 1, f (a) = 

forx S N U {o} \7\.

(x) [Л(a)]x, a(x) > 0 for x e Г,. a(x) = 02 
x e N и
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2. Distribution of the sum. It is well known that the sum of independent and identically 
distributed random variables having the power series distribution is also power series 
distributed. In the case of the sum of independent random variables having inflated 
modified power series distribution the situation is different.

Form > 1, define

I'm - jxeN:jr»x/( + xfj + ...+xim,xi/GTiJ = l,2,..,m}

Theorem 1. If Xit X2, Xm are independent random variables having the same 
inflated modified power series distribution (1), and if Z =X1 + X2 +... I Xm, then

P[Z = z]=3
/><«)

m\~„ _ j , fl, (2-(ffl-i~)xo)[/i(a)]
(2)z - (m - i) x

2 Tm andz =£mx0,

where X + y = l,ao(0) = l,/o(O) = l,/I<a)=//(a)fl,I^ai(JC) is tfie coefficient of [h(d)]x 
in the expansion of f,-(a).

Proof. We apply the mathematical induction. If m - 2, then for z = 2x0 we have

P[Z-2x0]=P[X1 =Xo]P[X2=x0] = 's (b'y’-'X* 
i = o ' //(«)

for z G T2 and z =£ 2x0,

7’[Z = z]= 2 PIX, = x]P[X2 = z-x]«
Ixer, iz-xeTJ

2 P[X1=x]P[X2=z-x] =
x e <x0, z -x,>

Ł h\ i-i.i 0i(z-(2-i)x0)[h(a)]
■*.WT x ïir

r-(2-i)x,

what proves (2) id the considered case.
Suppose that (2) holds for m > 2. Then for z = (m + l)x0,

./’(Z = (m + l)x0]=/’(A'm + , =x0]P[A'1 +X2 +... +Xm=mx0]
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g (x0)[ft(a)]x° , m Sm\ m_, i g,(fro)[ft(a)]lx<»
7 m " ' X'

/<(«)

rk♦1+ 1 ■(,-,) * (7) ‘ ‘

("0+ 1^ xm + r am + 1 ((^ + l)x0)[h(a)]^ + 1)^

+ l

= m + i m + 1 „ + , _, x< a/fop)[ft(a)]'*’ .
/ = o «' 7 /,(«)

for z G Tm + i and z ¥= (m + 1)x0,

P[Z = z] =
(x G Tf : z x G Tffi J

P[Xm + 1=x]P[X, + X2 + ... + Xm = z -x] =

X P[ym + 1=x]P[X,+X1+... +Xm=z-x]-
x 6 tx0, z - mx,)

(7)
+ , gf (Z-(w + 1 -Qxo) [ft(tt)l» - <w + 1 - Q *■

//(«)

+ 7« X *1(z-MX0)[ft(a)]*-'w*. +

+5 w<,)l—
i=i\‘/ fi+l

/(«)

z-(m-i)x,
—------ X g1(x)gJ<z-(»t-i)xo-*)=
(a) xe<x#( i-mx,)

m + i + J _, z g, (z-(tti + l-Qxo)[ft(a)]* <w + 1 °x»
•»2/ j ' A. 11 •

1=51 /f(a)

Thus (2) is proved. .
In the particular case when/(a) = (1 - a)_",h(a) = a (1 - a)^ ~ 1, T\ = N U }0j, we

have the so-called inflated generalized negative binomial distribution

P[X=x] =
1 - X + X (1 - a/1 for x = 0,

n____ fn + 0x\
n+px \ x J

ax(l-a/*+*x x forx = l,2....
(3)

V.
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where 0<a< 1,P€<1, + <»)u£o^, Ia0 l< 1 and« >0.
If X = 1, then we have the generalized negative binomial distribution, introduced in 

[3],[l],i.e.

F[X = x] =----- - ----- (" + ) ax (1 - a)" x = 0,1,2,... (4)
n + 0X \ X J

where 0<a< 1,06(1, + °°)U Ia0 l< 1 and« >0. t
It is known that the classical negative binomial distribution with parameters a and « is 

a special case of the generalized distribution (4) with parameters a, n, and 0 and is obtained 
for 0 = 1. The binomial distribution is also a particular case of the generalized negative 
binomial distribution and is obtained when 0 = 0. It can be seen that (3) includes the 
inflated binomial distribution and the inflated negative binomial distribution [7], [5].

Corollary 1. Jf Y = Xt + X2 + ... + Xm where Xj, /=1,2, .., «/, are independent 
random variables having the same distribution (3), then according to Theorem 1 and 
applying Lagrange’s formula [4] we have

[l -X + X(l -a)" ]m forj = 0,

i = i in + Py v ' A y '
v for^ = l,2,...

For 0 - 0 the distribution given by (5) is identically the same as that of (2) in [5], i. e.

P[y=j] =
’ [1-X+ X(1-a)”]'" forj = 0,

‘ p)^Tm’T''x'a?'(l-a)"/->'forj = l,2,...

Now, we are going to discuss the distribution of the sum of sums of generalized inflated 
negative binomial variates, which are truncated at the point 0.

Theorem 2. Let Z,. Z2, .., Z/ be independent and identically distributed random 
variables having probability function

■Xi7m-ia2(l-a)ni + ^-1)z , forz = l,2,..,
(6)

where Q<\< 1,X + 0 = 1, 0<a< 1.06<1, +«)Ufo}, Io0l< 1 a«d« >0.
If Y = Z, + Z2 + ... + Z/, then the probability function of the random variable Y

is given by

P[Y=y}= ^1-{7 + X(1-q)" fj 'I
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------------ X*7«r-»[l-X(l-a)" ]m'-r^(l-ars + l3y-y ,
ns +py

fory = l+ 1,1 + 2,and Ootherwise.
Proof. Let Tz(x) be a generalized probability generating function, i.e.

Tz(x)= ZP[Z = z][f(x)]’. 
z

Of course, the generalized probability generating function of the sum of independent and 
identically distributed random variables is equal to the product of generalized probability

generating functions of respective random variables. Putting/(a, x) = x (-------------)p " *,
1 -a

where 0 < a < 1 and I afi I < 1, we will compute the generalized probability generating 
function of the distribution (6).

Namely, we have

rz(x)=.Il-[7+X(l-a)"rt-1 2 f7)[X<1’•

ax \-0z

z = l in + (iz 

Using the expression (2.2) of [3], i.e 

(1 + z)" = 2
X = l n +x

■ax

we get

rz(x) =
E + X

n +x ?(i +z)-^,

1 -a n

1 - ax

0Z

1 + z

-[y+ \(1-a)n ]n

1<1 (8)

1 - [7 + X (1 - a)n ]m 

Now, we will find the generalized probability generating function of Y.

7 + X
TY(x)^

1-a " m _ 
1 -ax J [7 + X(1 -a)n f

1 —[7 + X(1 —a/4 fj 

ryW = {l-l7 + X(l-«)"rJ ~‘^o XSymr'S

which can be written as follows:
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[7 + X(l-a)" f
1—a Ans

l-ax

In order to finish the proof of the theprem we expend the function

according to Lagrange’s formula [4].

ax

1

1 -ax

Putting in (8) z =

1
= 2

1 -ax

ns

, we get

(l-ax)nî y = o ns + fty

Equating coefficents of
11-ax )IP-1

X
V-a ,

we complete the proof. For 0 = 0 the

distribution given by (7) is identically the same as that of (3) in [5].
3. The formula for a reccurence relation between i-th moments of the inflated modified

power series distributions.
Theorem 3. If X is a random variable with the distribution (1), then the central 

moments of Xsatisfied the relation:Mo = 1,3/, = 0, and for k^ 2

h(a) TdA/jt <№X "1? 7
+ > = 777 ”7^ +k -7- Mk-i\+ -~(x0-EX)Mk+ -^(x0-EX)

h (a) Ida da J X X
k + l

(9)

where X + y = 1 and EX = yx0 + X
h'(a)/(a)

Proof. For k > 2 we have

Mk = 7 (x0 ~EX)k + X 2 (x ~EX)k 
x e 7\

fl(x)[h(a)f

/(«)

Differentiating it with respect to a, we obtain

dMk

da

= ~k~- |7(*0-^-*+X 2 (x-EX)k~l

da [_ x e r, /(a) J

+ X/i'(a) 2 x(?-EX)k 
xer,

«WtW* x /'(a) 2

/(«) /(a) x e r, /(«)

Multiplying both sides of the last expresion by h(a), we get:
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dMk dEX , . , . а(х)[Л(а)1хA(«) -Л = -*A(«) —+XA'(a) Е (х-ЕХ)к + 1 - 7/--J ■ +
v ' da ' ' da * х е Г, /(а)

+ Х 2 (х-ЕХУ------—  [h(à)EX-h(à)——— .
х е Г, /(а) /(а)

Using the formula for EX, we have

h(a)EX-h(a)
/'(«)

/(a)
h'(a)(x0-EX)

proving (9).
Putting in (9) h(a) = a(l - ay3 *,/(a) = (l-a) n and 7, = N <J {Oj, we get the 

reccurence relation between fc-th central moments of the generalized inftaled negative 
binomial distribution, i.e.

1

Mk
a(l - a) f dMk

1 -û/3
i------- + X------
|_da (1

nk
off)2

na

l-a/3
Л/fr + ?X*

a/3-1+ i ■Mk-
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STRESZCZENIE

W pracy wprowadzono definicję tak zwanego zmodyfikowanego rozkładu szeregowo-potęgowego 
ze zniekształceniem, a także wyznaczono rozkłady sum niezależnych zmiennych losowych o rozkła
dach wyżej wymienionego typu. Wyprowadzono również wzory rckurencyjne na momenty centralne 
dla zmiennej losowej o zmodyfikowanym rozkładzie szeregowo-potęgowym ze zniekształceniem.

• РЕЗЮМЕ

В работе введено определение так называемых модифицированных распределений степен
ных рядов с искажением, а также исследовано распределение сумм независимых случайных 
величин, имеющих распределение дагшого типа. Выведено рскуррстнью формулы на централь
ные моменты для случайной величины, которая имеет модифицированное распределение 
степенных рядов с исскажением.




