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Some Properties of Inflated Modified Power Series Distributions
Pewne wiasnosci zmodyfikowanych rozktadéw szeregowo-potegowych ze znieksztatceniem
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1. Introduction. The interest concerning the inflated power <eries distributions has
increas-ed lately. These distributions include a vast class of discrete inflated distributions
which constitute adequate descriptions of some natural phenomena. :

Gupta [2] has defined the so-called modified power series distribution fromwhich the power
series distribution follows as a special case. It seems to be quite natural to introduce a
more general distribution, namely an inflated modified power series distribution.That
generalization gives a possibility of an investigation of a quite large class of discrete dis-
tributions; in particular, the inflated generalized negative binomial distributions. The aim
of this note is to give the distribution of the sum of random variables having inflated
modified power series distributions. The result which has been obtained in [6] is a
particular case of our results.

Let N be the set of positive integers and let T, = {xo, X, Xy, } be a given subset
of NU{o}. '

The random variable X is said to have the inflated modified power series distribution
with parameters a, A, if

PR Gl A B T
f(a)
P[X=x]= . (1)
J\M for x €T, and x #x,,
. f(a)
where 0 <A1, f(a) = Z x) (h(@)])*,a(x) >0 for xET,,a(x)=0
x€NuU {of

forx ENU {93 \T,.
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2. Distribution of the sum. It is well known that the sum of independent and identically
distributed random variables having the power series distribution is also power series
distributed. In the case of the sum of independent random variables having inflated
mod4fied power series distribution the situation is different.

Form > 1, define

Tp= {xeN:x =xq, *+xy, +...+x,m,x,-/€7',.1=1,2, ..,m}

Theorem 1. If X,, X,, .., X are independent random variables having the same
inflated modified power series distribution (1), and if Z = X, + X, +... + X, then

m m)T,,._,l, aj(ix,) [h(a)]*s

z i » Z=MXg,
i=0 fi(®

P(Z=z]= - @)
2 () gm =i ai¢ — (m =) xo)[h(@)}* ~ (" ~D %o
=1\ 77 fil@)

-

2E€ Ty, and 2 # mx,,

where A + v =1,a,(0) = 1, fo(0) = 1, f{a) =f {(«) and ay(x) is the coefficient of [h(a)}*
in the expansion of f{a).
Proof. We apply the mathematical induction. If m = 2, then for z = 2x, we have

/ ix,
PlZ=2x5) =P X, =x4) P [Xs =xo}= & ()2 int HEO)
i=o0 fi(@)
forz€ T, and z # 2x,,
. PZ=1)= > P[X, =x]P[X; =z-x]=

[xeET, :2~-x€T,]

= p) P(X;=x)P[X;=z-x]=
XE(xy,2-Xx,)

2 ! E-Q2-i)xo) [h(x))*~C ~Dx
- % (3)7, PRL i) Xo) [h ()]
Ji(@

i=1

what proves (2) i1 the considered case.
Suppose that (2) holds for m 2 2. Then for z = (m + 1) x,,

P[Z‘(m"' l)Xo]:’P[Xm +1 =x°]P[X, +X3 + ... +Xm=m°].
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a o) [h@1*®  m fm\ oy Gi@o)[A@)*e
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m+1 1 ' m .m y =i i 8 (xo) [A(2)
’( 0 )’M +,_§,l(,-_,)+(,-)1'r’“ T v

l!x,

b ’"+1) am + 1 Im + 1 ((m+l)x°)[h(a)](’" +1)x,
m+1 fm+|(")

ix,

m+1 +1-1 4 a; (ixo) [h ()]
i b fi(a)

m+1

= Z

i=o0

forz€T, +,andz#(m+1)x,,

P[Z=z]= z PXp 4 1=x]PX1 + X +..+ X =z-x]="
[xET, :z=x €Tyl

-, z P[X,,,+1=x]P[X, +X1 +... +Xm=z_x]=
x €&y, 2-mx,)

+

-3 (';').,m._:,g a:(z—(m+1—i)xo)fi[(f;()a)1'"""“‘“"°

=1

fymy L (Z-mxo;(lo’:)(a)] o

R WO (10) ity s fois s’ Sy
+{§.(,—)Y” X @ xeu."&z_mx')an(x)az(z (m—i)xo —x)

m+1 o ai(z—(m+l—l')xo)[h(a)]t—(m +1-=Dx,
A

&y Tq +1-=1
ke fi(a)
Thus (2) is proved.

In the particular case when f() =(1-a)™h(@)=a(l1-a)’ ~!, T;=NU {0§, we
have the so<called inflated generalized negative binomial distribution

" 1-A+X(1~-a) forx=0, ' (5)
PlX=x]= . n {n +""‘¢‘(1—a)" +8x—-x forx=1,2,..
n+px \ *
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where 0<a < 1,B€(1, +=)U{0}, laf I<1andn >0.
If A = 1, then we have the generalized negative binomial distribution, introduced in

3], [1),ie.

/ \
P[x=x]=7%‘;('25‘)aX(1—a)"*“**,x=o,1,2,... “)

where 0 <a < 1,8€(1, +w)U {0}, lag I< 1andn >0. .

It is known that the classical negative binomial distribution with parameters a and # is
a special case of the generalized distribution (4) with parameters , n, and  and is obtained
for § = 1. The binomial distribution is also a particular case of the generalized negative
binomial distribution and is obtained when B = 0. It can be seen that (3) includes the
inflated binomial distribution and the inflated negative binomial distribution [7], [5].

Corollary 1. If Y =X, + X, +.. + X,,, where X;, i =1, 2, .., m, are independent
random wariables having the same distribution (3), then according to Theorem I and
applying Lagrange’s formula [4] we have

=X +A(1-a) | fory=0,

j ~ (
mo_m (mN\fin Y me—isig il B-1)y
z‘El in+py VI y )7 Al

P(Y=y]= 5)

fory=1,2,..
For B = 0 the distribution given by (5) is identically the same as that of (2) in [5], i. e.

([1-A+X(1-0)")" fory=0,

P[y=}’]= :] : iy
ir)ri (r:z)(t;) Yy i - Y fory=1,2,..
=]

Now, we are going to discuss the distribution of the sum of sums of generalized inflated
negative binomial variates, which are truncated at the point 0.

Theorem 2. Let Z,, Z,, .., Z; be independcnt and identically distributed random
wariables having probability function -

PZ=1)= {l—[7+>\(l—a)" lm_}"' E: (T)(m:ﬁx) 3 gir inﬂz ;

'ki1"'_iaz(1-a)"i+(a—l)z’ f0r1=1,2""

Q)

where 0 AS 1, A +8=1,0<a< 1. BE(, +)U L0}, lafi<1andn>0.
IfY=2, + 2, + .. + 2, then the probability Juaction of the random variable Y
is given by

P[Y=y)= {l-[‘)’+)\(l —ay' ]’"_j -'”1':0 ’,”’io (—1)I-r(£) (";r)(w;ﬁy)
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ns

e NSy =S A (l =) Y —aYIS+ By -y
Y hel [1=A(l-a)] o (1-ay ,

fory=1+1,1+2,..,and 0otherwise.
Proof. Let 77 (x) be a generalized probability generating function, i.e.

T,()= §P[Z=2] [fe))* .

Of course, the generalized probability generating function of the sum of independent and
identically distributed random variables is equal to the product of generalized probability

! . | —ox
generating functions of respective random variables. Putting f (&, x) =x (————— i

where0<a<1and laf 1< 1, we will compute the generalized probability generating
function of the distribution (6).

Namely, we have

Tye={1-lr+ra-of pleos By (\"f)[k(l-a)" &

1

.5 n in+pz ax z |+ ax \-ﬁz-
z=1 in+fz z 1 —ax lwax)

Using the expression (2.2) of [3], i.c.

- n +x Bz
1+2)'=% PEXIx(+2) 8, | <1 8
( Y. x=1 n+x (J‘ ) - veaunng 1+z | ®)
weiget l-a :m
y+AN —mm “y+rA@-" "
1 —ax

T, 6=
L~fr +A(- ) "

Now, we will find the generalized probability generating function of Y.

svﬂ — "—JI"'—hn(l-a)"J"’}'

ax

{l—-[1+)\(l—a)“ 1'"_}'

Ty(x)="

which can be written as follows:

Tye={1-tr+r0-ar I} _’,ZI:., (—n’-'(i) (’"") UMLUSER

s
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\
1-a \as

. = m (I—r)
[r+r(1-af) (l_u)

1
In order to finish the proof of the theprem we expend the function )"
-ax

according to Lagrange’s formula [4].

Putting in (8) z = , we get

1 - ns l—ax \g-1
1 3 B (mtE) o -af-7 |, v
(1 -ax)?® y=o0 ns+fy y 1=o

1-ax \p—x

Equating coefficents of | x { & we complete the proof. For =0 the

\ l-a ¥
distribution given by (7) is identically the same as that of (3) in [5].
3. The formula for a reccurence relation between kth moments of the inflated modi fied
power series distributions.
Theorem 3, If X is a random wariable with the distribution (1), then the central
moments of X satisfied the relation:My =1,M, =0, and for k> 2

h( rdM dEX
Meoy= o My B |+ Lao-EN M+ Lp-Enk+
h'(a) | da da A A ©)
h (@)
where \ + y=1and EX=9yxq + A M ;
h'(a) f(@)
Proof. For k > 2 we have
h X
Mk=7(xo—EX)k+k 5 (x—EX)k M
x€T, f(a)
Differentiating it with respect to a, we obtain
dM,, dEX - _ a(x)[h(a)]"-l
i -E l+a T (x-E XIS A
da da E(x" i e i f@ ]

. x —1 ’ x
+\H(@) é:r x@-ExK a(x)[(h(a)} I [ (@ - EX} a(x) [h(e)) '

z
f@ f@=xer, f(@)

Multiplying both sides of the last expresion by h(a), we get:
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M dEX h@)*
h(o) __" =~ kh(e) —— My -1 +7\h'(a)x§T‘ @-Ext*! a(X)f[(:;)] +

. a@)h@]* £'(@)
2\ -F ——— (W' ()EX - h(a) ——
S AT ey - )

Using the formula for EX, we have

I ’
h(a) EX = h(a) f((:)) = —I— K'(a) (xo — EX)

proving (9). 1 .

Putting in (9) h(a) = a(1 — @)® ~ !, f(@) = (1 — @) ~"and T, =N U {0}, we get the
reccurence relation between k-th central moments of the generalized inftaled negative
binomial distribution, i.e.

a(l-a) I"de nk na k n*
Mg 4, = +2A Mk - Mg + N ———
1-of | da (1-of) —of -1
REFERENCES

{1) Nelson, D. L., Some Renarks on Generalizations of the Negative Binomial and Poisson Distribu-
tions, chhnomctna 17 (1), (1975), 135-136.

{2]) Gupta, R. C., Modified Power Series Distribution and Some of its Apphcanons, Sankhya, Series
B, (36), (1974), 288-298.

37 ain, G. C,, Consul, P, C., A Generalized Negative Binomial Distribution, SIAM J. Appl. Math.
21, (4), (1971), 501 -513.

[4) Jensen J. L., Sur une identité, d'Able et pur d autres formules analogues, Acta Math. (26), (1902),
307-318.

[5) Sobich, L, Szynal, D., Some Propertics of Inflated Binomial Distribution, Canad. Math. Bull.
17.(4), (1974),611-613. '

[6] Sobich, L., Distribution of Sums of the So-called Inflated Distributions, Ann. Math. Mariae
Cune—Sktodowska Sect. A, 27, (4), (1973), 31-42.

{7] Singh, M. P, Inflated Bmomml Distribution, The Journal of Scicntific Rescarch Banares Hindu
University, 16, (1965-1966), 87-90.

STRESZCZENIE

W pracy wprowadzono definicj¢ tak zwanego zmodyfikowanego rozktadu szeregowo-pot¢gowego
ze znieksztatcenicm, a takie wyznaczono rozktady sum niezaleznych zmiennych losowych o rozkta-
dach wyiej wymienionego typu. Wyprowadzono réwniez wzory rekurencyjne na momenty centralne
dla zmiennej losowej o zmodyfikowanym rozktadzie szeregowo-potegowym ze znicksztatceniem.

- PE3IOME

B pafore BBeneHO onpencreHHe TAK HalbiBaeMbIX MOOMGMHUHMPOBAHNBIX pacnpcaencHHA cTenchR-
MBIX PHAOB C HCKAXEHHEM, 8 TaKXKe HOCACAOBANO pacTipe[IcICHHE CYMM HCIABHCHMBIX Cl1y“aRHBIX
BEJINYMH, HMCIOMIMX paclipencieHHe OaNHOM0 THA. BrBeaeno pexyppeTHbr GOpMynsl Ha LEHT palh-
Hbie MOMEHTH UIE CAY4YaRHOR BenMWMMLI, KOTOpad HMeeT MOMM(HUMPOBaHHOE paclipcaerncHue
. CTCDEHMAIX PAZOB € HCCKANEHHEM.






