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Some Asymtotic Results for Binomial Models

Pewne graniczne własności w modelach dwumianowych

Некоторые предельные свойства в биномяльных моделях

1. Introduction. Let 7r(u) be a given strictly increasing distribution function. We assume 
that the probability P that an individual ‘responds’ depends on the values of / determining 
variables f i,t/, and is given by P = rt(£ 0*) for some unknown parameter values^* ER1.

For p = 1, 2, .., k > I a sample of np individuals are examined with t = tp, of which 
fp are observed to respond. We write T = ({,,... tjt) = (ty)> and assume that T has rank I" 
We also writeup -fplnp, N = diag (rtj,.., nk)

dn/du =g(u),d'iT!ldul = h(ii),d3ir/du3 =k(u), 

rip — = n(fpO)- gp —S(fp6y kp —h(tpQ'),

kp - k(tp0), and ap = l/rrp(l — rrp).

We denote the values of np, gp, ... evaluated at the true value 0* by .., and write

G* = diag (?f,... gjf), A* = (af,... o£).

Then frnp/dOi =gptip, dgp/<Mi —hptip, bhpI^Qi — kptjp and dOp/dd,- = Op (J. rip — V)gptip.

Since fp ~ B (np, ir£) and/i, .., fk are independent, then the log-likelyhood function 

for 0 is

L (0) = const + 2 np(yp In np + (1 -yp) In (1 - jrp)), 0 eR1 
p. i
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and the score-vector has components

bL/^Oj = 2 zip Q'p iTp)oipSptip, i — 1, •
P

A —
The MLE 0jy 1» obtained by solving dL/30, = ... = - 0. Since

32L/90,30y = 2 zip Qzp Up) dtp (hp + Opgp (2ffp 1)) tiptjp 2 np&pgptjptjp 
P P

then the information matrix at 0* is = (w*), where

**S = w* = -E ^L/dOidOf)^ g, = Znpa* gf tipt/p ;
- v p

Thus

w^=TN&*G*2T’>0 (1)

Denoting by Cy a positive definite symmetric matrix such that

CyV^'t^=/z (2)

A D
we show that Cn(0n — 0*) —» U ~ N(0, If), in the multiplyindexed sense of [1]; 
equivalently, that 0yy ~7V(0*, w^~ 1) when all the sample sizes are large.

2. The Taylor expansions. For eachN, we consider the parameters <f>^ = C^0*. Since by

the invariance property of MLE 0^ = Cn&n> the stated results can be written equivalently 
!**

A . 2)
as <t>N ~ 0 v —* u- 

Writing

= Cat1 =^,...,£;) = (a^.) (3)

then An = An, and the log-likelihood function Li (0) for<[> is given by£,(0) = L(An4>), 
and <1>n is obtained by solving dLj/30, = ... = dLx/dQi = 0. Defining now *

■7 - (J.«) - I nr «(«„ -,,)» ERl. °< ,p< 1 

I
and G. = GNj ($, ik) = 2 (4^0, k) fl(?, j *= 1,the equations^ =... = G, = 0

define 0 implicitly as functions of k, which we denote by 4>yv(x), and then

Since from [1 ], Theorem 3,
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/yy = ~ N(Q, Ik ) (5)

we consider first the Taylor expansions of Gj about the point Af(0^, tr*). ForG,- 
we have

GNt^^=GNi^N’^ +

k — 7T*

1
4* — 

2

0~0£ 

A» *“

K — 7T*
Gty G%* $ $N

Gkk k-n. ”• ~
where G§ .Gf are the vectors (9G,/9<fy), (9G//9kp) evahutedat A/, andG^.^.G^ are 

the matrices (92Gy9tfy90jt), (92Gj/9<fy-9Kp), (92Gy/9xp9K(?) evaluated at some point

M{ $Ni>?Ni) between (0, k) and M, i.e.$Ni =$*N + Xf (0 ~ 0yy)> %Ni = J* + \ (“ ~ J*) 
for some

\ ~ \v,(0’between 0 and 1. (6)

Since YNj{Q*, tf*) = 0, V N, j, then GNj(<t>u, »*) = 0 ^N, j. Furthermore, routine 

calculations show that at M • .

ZGilty = - (A^wfrij  ̂= -8.f (using (2) and (3)) 

and dGj/diip = (Bfl/&*G*N)ip, where

BN=ANT = (bl,..,Jik) = (bip), (7)

and that 92Gy/9^90fc = 2 npb,pbjpbkpDlp ,

b2Gi/b<t>.bKp = npbipb.pD2p, 

b2G./bKpbKl = Q,

where

Dip -Dip (QfK-p)-(,Kp ~1Ip)Ap -Bp ,

Ap =Ap(Q) =gpQ-p (3hp (2iip — 1) + 2gpCtp (2itp — l)2 + 2gp) + ctpkp 

Bp = Bpfd,) =gp<*p (2 otpgp (2itp — 1) + 3/tp), 

D2p=D2p(e) = aj,g2p (2trp - 1) + ctphp and 0 = AN$ ■

(8)
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Writing the I Taylor expansions as a single equation gives

Gn =£„(£ k) = <EN-r> (« -fN) + (Bn&G*N + Fn)(k- j*) 
where ~ ~ " ~

(pN^ij = 2 npbfpbjp (bp (<p — ^))Djpj (9)
P

(Ffiriip =npbip (£p (^~0jv))^2/p and£>jp,=Z)ip (dp/j, «Nip) ,

T>2pi=D2p ($m), 0Ni = ANfa/j

3. The functions &N. From 2, the functions ®n(£) satisfy the equations 

(En - 7) ($N + (BN&*G*N + Fn) (k-^) = 0

where now in Ey and F^

$=%N,$Ni = + X/ (4>yv - $♦,) and X/ = \Ni (%n,k) (10)

Changing variables for each N from k to $jy = (7VA*)14 (k - n*), $>N, regarded now as a 
function of fyv, satisfies

A»

(En -r)(*N- 0* ) + (Hff + Fn 0TA*)- »*) iN - 0 (11)

whereHN = B^Gtf(Nix*)i'2, and from (1) and (7),

hnF'n =Anw^An=Ii (12)

and k is replaced by it* + (jVA*)' VJ fjy, so that e.g. in (6)
** »V

ZM-3* +X/(VA*)'W $jy .

To discuss the solution (by) of (11) we use the following
Lemma. 3 C* such that V N the elements of Bfj in (7) satisfy 1 bjp I < C* / 'fnp.

Proof. Since Tfj = Tr (Bff N Bff) = 2 2 np bjp, it is enough to show that 3C* such 
P ‘

that Tflr < C*J V N. From (3) and (7),

rN = Tr ((I"AN)' N (T'An)) - £ C'iNCi, where C, = T' a{.
/• t * * •' ~ *

Also, since AffW^Aff -Jj then from (1),

CiNA*G*2C,= 1 Vf.
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Writ-ring min (af g*2 ) = p* > 0, it follows that

p*C-NCj < Q'ATA*C*3C/ =M V/ ,A»

and hence that Tfj < Z / p* = C*3 ,as required.
It follows that lim B^ - 0, and hence that lim A/y = 0, since from (7), =

N * “ N

^Bjyr'crrr*. , n
For given a > 0 write $!i = | ft; k'k <a2 ,k &R‘ j , and consider values of 4>yv^/v)

defined by (11) and such that 4>yy S tfy. We show that given e0 >0, 3 Mo(fo. a) such 
that V N >n0I has the form

~ <t>*N =Hn Sn + XN $N where I №v) Zp I < e0 V i, P (13)

and the matrix Ajy is defined below.
From (9) and the Lemma,

|(£^|<«/£*3 E \Dipi\/s/7Tp 
P

Since I Kjvip - tfp I < 1 > >t follows from (9) that

l*>ipil<Hp(gwi)l+ ^p(SNi)\

where Om — Atf<lwj = 0* + X;j4;y($jy — </>?,) and IX/I < 1. Since lim = 0 andsw /■*. ft «•

ld>7v - | < a. then lim 0jv/ = 0*, lim Ap(B^i) = A* and lim 5p(g.Wi)='e* V,->

and so the elements ofE^ are all arbitrarily small V TV sufficiently large. The same is then 
true ofwhere (7-£)y)" 1 = I+Efj.

Similarly the elements of Fn are uniformly bounded V i, p and V N sufficiently large, 
and so the elements of 1/3 are also all arbitrarily small V^V sufficiently large.
Finally, from (12), \(H^)ip | < 1 V 4 P. N, and so, from (11)

+ £w)(#W+Fw(WA*)~ ln)iN ~HN Sn + XnSn »

v/\\wXN = ENHN +Ej^Fn(N^*)~ ** +FjV(AfA*)'/''3 has the stated property.
4. Convergence in distribution of <f>N ~ ~ (Qn From Theorem 1 of [1] it

is sufficient to prove that lim P (gw - <t>y £ £&) = P (UG &) for every bounded open

‘rectangle’ $J= { K^a j / < k,- < a2 /, / = 1, 2,.., /J C Rl.
Since from (4) <tw = 4>jy (yjv), then, choosing in (13) a = sup lx I it follows that 

~ ~ K esft» *
iN>noI
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P№n-£n^&}=P(hnZn +XNZp&&t)
D

where, from (5), Z^ —> Z ~ N (0,/*)> and the absolute values of the elements of the 
random matrix Ajy = (£n) are all < e0.

Define now

Qn = f ^Rk-K=HNi + XNi,KeJ^'
I A. * A- <V *

= ^&Rk-,K=HNi, Ke (14)

3r = UeRk;t'?<rJ\

Then p (<jw-</>% ) = P (Zjy e $n)=P(£n& bN)+P(Zpe. B^n ^>n)~

-P(Z/^& b/v f> Bat). Since P (Z,\ G bJy) = /'(//yyZJy £ ,54*), then

(i5)

< \ P(HNZN £ P(U& <&) \ + P (ZN & + P (ZN + P (ZN & 3>),

where

£n = Byv D bjy D and £)y = byy fl f* 3 r. (16)

Consider now the terms in (15)
(a) From (12) for each N there exists ak X k orthogonal matrix R^ = . We

define new variates

7* = (17)№ I

From (5) and Theorem 1 of [1], the c.f. XjvOO °fhas the form

^vM=[exp (/>’ ZN) ] = exp ( - - p’p) + fN(v)

where

lim = 0 uniformly V v in any bounded domain D C Rk
N--

The c.f. ijvO-’i ) of Zfj is then

UQ;i) = %a(J>). wherev'N = p[ RN.

Since Ry is orthogonal, thenj>jvPjv V N, whence

fcvQji ) » exp (- -£i'£i) +Zv(«^) •

(18)
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For fixed Pj, choose in(18) D = { k;k k < p, pt2 . Then \A/Vvpj G D , lim £y(Pi) = 
~ ~ J y

D
- exp (- 1/2 p{ Vi), and so, from Theorem 1 of [1] Z*,---- » Z* ~ N (0, /*), and, in
particular

J/y-^y-^O,/,) and Fy-^F-A^,/*.,). (19)

It follows that, for given e > 0, 3 nt such that

\P(HNZN&&)~P(U&&) l<e/5 VN>n2L

(b) SinceZ~N(0,/jt), then, forgiven e >0, r = r(e) such that?(ZG 3'r)<e/10,

and since Zy—* Z, 3«2 = (e) such that in (15)P (Z^ G 3*r)<e/5 ^N>n2I.
(c) To discuss? (ZN G £y), consider a point ft G £y. From (14),

A

k, =HN^ + XN$l and M f, <r2 (20)
A* A* A» A# ***

Since the solutions f of f = iq are all G by, then the distance dy between and
N satisfies - - ~

dN< inf (lf-fil). 
j:tfy£=,5, * ~

Consider now the solution of Z/y £ = £<>• The general solution is of the from£ = K'n t + 
+ «0.1 G Rk ~ 1 and f'f =/'jf + Ko k0 • From (20), HN (f -J,) = *N fi, whence
dL < f', Xfr Xm fi. Furtherfrom (13) \/N >n0I each component of X^ f/'is less then

A •*»

e0 2 I tip I, whence fi X’n Ajyfi <Weo ti f 1, and so
p A* A/ ** A*

dN<eor\/kl VN>n<>I

Consider now a‘face’ <[k;k,- = am{, atj < k/ < a2j, j ¥= i'J of ,Writing7/y = 
= (hi,... h/), the corresponding ‘face’ of by is

j fif = ^y f+am,A, + 2 ic/ty;teJi*-,,aij<Kj<aJ/J*i'l 
4 a, »v *■ */#/"•“• ->

and since I ft,- I = 1, the parallel‘face’C by at a distance dy has the term ami hj replaced 
by (ami + dy) hj, assuming that amj > 0 (if not, the modyfication is trivial). It follows 
that ^N>rtol

P (Zn€Zn)<P (Zn& U DNmi) , 
m, i

where £>yOTJ- = { f; £ = X’N t + H'n $; t G Rk ~ Z; ami< K/ <ami + e0 r Vkl; atj < 
< K.j<a2j,j * ifrf <r2^ . From (17),? ^Zy GDym/) = ?(Z* GZ)^). whereD'mi-
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= {f*=(«//);\ami < Kf.<ami + e0 rVkT,<a2/,j*i; k 'k + tJ <r2\, 
and sinceC Dmi=[f*;am,<xI<ami + eorvTj, then P^G^y) </»(£*,€£>),

D -i
where D= U Om,-.NowZ*—> Z* ~jV(O,//_•), so that -jn3 such that

\P(Z*n&D)-P(Z*&D)\ <e/5 ^N>n3I.

Furthemore, P(Z* &D) <21 eor \/I7 VN > nJ, whence P(Zn e ) < e/5 + 21 ey Vid 
VN>nJ, n4 = max(zi0,n3).

We find similarly that 3 ns such that

P(ZN& &) < e/5 + 21 VkT VN>nsI

(d) Choosing now e0 = e/20 /r(e) V~ki, it follows from (a), (b), (c) and (15) that 
IP($A' " G >A) -PJJ G 0^)1 <e sufficently large, which completes the proof.

We note that the convergence in distribution of 0# - $N implies that fry - <& and 
asymptotically equivalent, in the sense that

wyv = HNZN - (tpN ~^*N) —* 0 (21)

To estabilish this, it is sufficient to show that given e > 0, r) > 0, 3 n such that 
/’(w^rwyv > e) < j? VN>nl.

For given a > 0,

^(wJvwyv>e)<f’((wX'M’Jv> 6)0(10^-0^1 <a)) +P(| ~VN\ >a).

Since-0^—^U, 3<J=tf(r?),«i = «i(t?) such thatP(| £/v >a)<r?/2

Also, from (13), and 4 (c) given e0, n0 = n0 (e0, a) such that vN>nJ
N>nJ.

P{{w'NwN > e) n ( | <j)N - <f>* I < a))<P((Z'NX'NX„ZN > e) D (| <I>N - <p^\ <fl)) <

< P((Z^ > e/kle2) H (ijy I <a)) < PtyZN > e/klft.

D _
Finally, since from (5) Z'NZN —>Z2 ~ = r(rf), n2=njri) such that P{Z'^/ZN >
>r)<rj/2 VN>nJ. "

The result then follows by choosing ej = e/klr.
5. A goodness-of-fit test of the model. A standard test of goodness offit the model 

uses the statistic X?N - 2 (/p - nprp)2lnp np (1 - rrp) where np = rrp(^yv). We show

va D a that —*4_r

Consider first the Taylor expansion of irp(x) about k = 6*, namely~ rv *

»p(«) - (* - »•) + m*) Qp(k- f ))2
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for some k between k and 0*. Then•w * ***
(«p <*p*)l/2 tfp - = ("p ap)V2^P &V -f) + ;(«Pa;)0 hp (0„) (7' (0N ~0*))2

(22)
~ A •

for some On between On wdO ■ Now from (12)A» * /V

I = An wfr An = 2 np ap gp2 AN tp t'p AN ,
p

whence V ap gp2 (£ ^Njp)2 < £ «/ ^/~"p V £. P- Thus Vih^tt'p (On ~ 0*))2 = 
= ((fa ~ fa)' aN tp)2 < (fa ~ fa)' (fa ~ fa)/ n^p ap gp2, and, since

r .V A- /* ** A. r
_ £) A D

hp (On)---- >hp and (fa ~$n)' (fa -$%) —* U'U ~ X/ it follows that the second
term'in (22) converges in distribution to zero and hence that

(NA*)'/2 (kn ~^)~ (N&*)'12 G*T (fa ~0*) + ?iN ~H'n (fa ~ fa) + t\N, from (12)

D
where —>0. Using now (5), (17) and (21),

(N^y 2 (yN ~ ^n) =ZN~Hn (fa ~ fa) "=^nVn +H'nwn -e^ =K'NVN+ 

where —> 0. Writing An ~ diaS (“t > ••> ®fr),we have

(ATAjy)1^ (yN -ttn) = (An&*- ^K'nVn +«aV ,

D * D . „
where —► 0 since Ayy —* A . Finally

Xft = (?N ~*n)' (Nfa) &N - *N) ~ V'nVn +Y'nKN (!~ 1 fa)KNfa +
A, «. /w ~

+ 2 e'# (A*' 1 AN) K'N VN +e'3Ne3N V' Y~X2k.t

D , D D ,
since Vn —► V ~ N (0,Ik - /), A* 1 Ajy —>Z, —» 0 and the elements of Kn are
bounded in modulusby 1.
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STRESZCZENIE

W pracy bada się graniczne własności ( w sensie określonym w [1 ]) estymatorów największej wia­
rygodności parametrów w uogólnionych liniowych modelach typu binomialnego (opisanych w [2|> 
oraz graniczne własności testu zgodności.

РЕЗЮМЕ

В работе исследуются предельные свойства (в смысле определенном в (lj) оценен макси­
мального правдоподобия параметров в обобщенных линейных моделях биномялного типа, а 
также предельные свойства критерия согласия.


