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O KpyYeHHH BEKTOPHOIO MONs

There is a number of varigus definitions of the torsion of a linear connection (see for
example [2]). In this paper we introduce one more. We use the definition of an absolute
derivative of a field of geometric objects to Ehresmann [1], and the idea of
the torsion of a vector field introduced by Koldf in [3]. We consider the affine bundle
F@M,A(n)) over M with the affine group 4 (n) as its structural group. Given connection
[ in the linear bundle L (M, GL (n)). Let f' be a connection in F(M, A(n)) obtained as the
extension of I" by the canonical form 8 on L (M, GL (n)), (see [2]). We will show that the
torsion tensor of I is the torsion of the null cross section of TM relative to I in the sense
of Kolat. The conclusion is that the torsion of a linear connection is a special case of the
torsion of a vector field relative to an affine connection. '

The affine bundle F(M, A (1)) may be constructed in the following way. For any x € M

let F, be the set of all affine isomorphisms from R" into TyM. We set F = UMF,.The
x€

elements of the affine group A (n) may be naturally identified with affine automorphisms
of R", For any f € F and a € A (n) the result of the action of @ on f is usual composition
f +a, which defines the action of A(n) on F. Let (x', = x") be local coordinates in the

) d
neighbourhood of x € M, and (_é;‘_ o -537 ) be a local basis of vector fields on M.

d o
Any f € Fy is determined by its value f(0) =f"' 2 + . tf" , and by values
, x "
1 a n a 1 a n
f‘(lv 0! ooy 0) =fl a.l'l Fa +fl ax" o.--;f‘(on (1]} 0, l)=fn ax| +---+fn axq

of the linear isomor;;hism Je associated with £, therefore (x'l j'li, f ‘) may be taken to be
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local coordinates of f. Since any a € A (n) isidentified with (a‘ ’) for some (a') € GLf1)and
(@ ) € R, we get the following local coordinate descnpuon of the action ofA (n)on F:

oA @y =, Flaf. fid* +11).

Affine group 4 (n) acts naturally on R” from the left, then we can construct an associated
fibre bundle E(M, A(n), R", F). It is easy to check that E = TM i.e. that the tangent
bundle TM is a fibre bundle associated to the affine bundle F(M, 4 (n)).

Now we use the definition of a linear connection in a principal fibre bundle P(M, G)
introduced by Kolaf in [3].

Definition. Connection in the principal fibre bundle P(M, G) is a G-invariant cross sec-
tion o : P> J'P. J'P is a fibre bundle of 1-jets of local cross sections of P over M and
G-invariance is understood as follows: if 0g(yx) = ,i;gt then 0g(x) . ¢ = jx(¢ - &) for any
2€C.

Let ' : L > J'L be a connection in the linear principal fibre bundle L (M, GL (n)) (i.e.
T is a linear connection on M) and let f: F-J'Fbethe extension of I' to a connection
in the affine principal fibre bundle F(M, A (n)) by the canonical form 6 onL(M GL(n))
(i.e D is an affine connection on M), (see [2]). Any I‘u lS of the form jy¢ for some
cross section ¢ : M = F such that ¢(E) @ If (x', .., x") are local coordinates in a
neighbourhood of x € M and (x‘ 8 0) are local coordinates of &7 € F then ¢ may be
written as follows:

o:(c, . H— . XY ¢]‘: @, x™) 0 (x)) .. X))

3 _ > Bl e
()=—r,d(x) = & =-45}, 0, &)=8), ¢'&)=0,where I} are

.

2

L\

and

tL

Chrtistoffel symbols of the linear connection I, [2]. Let § be a covariant derivative in the
sense of Ehresmann for the affine connection T, [1), [4). If v : M > TM is a vector field
onM then

~
(Vo) @) =i5 0x) ¢ ' x)v(x)) EJ: M, TzM).
Set ng =) - J% (M, TxM). It can be easily shown thatF (M is isomorphic to
x €
the fibre product TM @ T V)M of a tangent bundle and a fibre bundle of tensors of

type (1,1) on M Local coordinates of /& (¢~ ' (x) v(x)) GJx (M, R™) are local coordinates

for j} (¢(") ¢ ' () v(x)) EJL (M, TyM). The mapping ¢~ *+v : M = R" has the following
expression in local coordinates

" tv:i(x!,.., x")—»%} oL x Y ol )+ et LX)

with ) ¢f s 8},3'; ¢k +9'=0.
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It should be remarked that in our case the mapping ¢ ~*

B ot ) .
matrix to the matrix representing ¢. Since Tix—"‘ &x)=T, y (x) and —a:-% (x) =5, then

is represented by the inverse

= .
Vv is the local cross section of TM @ T ')4f of local coordinates
i

r 2 o K
(p! a.\* k}’v + k)

. .
or (V, V, v') where V, v' are the coordinates of covariant derivative of » relative to I" and
~
V¥ =V vl + 6;.
Set F'M = U Jl W, TXM). Evidentlyd .M C 3' M and even more &' M is a fibre

bundle M, J'M R") A@), F’) associated with the afﬁne bundle F (M A(n)), (see [4)). Since
V v is a cross section of ' M the second derivative \72v =T ( v v) may be computed.

(T @ =4 6@ ™' o) el o, Tem)

where —f} (M, TyM) denotes a fibre bundle of semiholonomic 2-jets. The mapping

o~ —
#(®) ¢~ * Vv has the following form in local coordinates onF 3M = U # T2 M, T.M)
X €
naturally induced from M.
o x> (L, X 3; e« XMyl oL XM+
A ' '
+ e, L V] (L x™)
A g
Then (V2v) (8) =/ (¢(x) ¢~ ' (x) V v(x)) has coordinates:
i i g, 1 i i / ’ r
@ VeI, (T}, 0" + 3w +8,) + 9,0y, v + T, i 9p v+ 300" )5
A
Since V2 v is a semiholonomic 2-jet then the difference tensor A introduced by Kolaf in
[3] may by applied. (A is the symmetrization relative to the lower indices of latest
coordinates of semiholonomic 2-jet).

Definition (due to I. Kolar). The torsion T of a vector field v relative to the connection

[ on M is the value of the difference tensor A on the second absolute derivative Vv
relative to I". ¢
In our case the torsion of a vector field v at ¥ € M relative to an affine connection is

(M) (x)=A (62 V)@ ET, &) TsM)@ A* (TIM), (see [3]).
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The space Ty (x)y (TxM) may be identified with the set of pairs (v(x), w) for w € T, M

then elements of Ty, () (TxM) ® A? (TsM) are of the form (v(x), hw), with h € A* (T, M).
We get
Theorem. The torsion T(v) = A (\e/’v) of the vector field v relative to the affine

connection T is a cross section of the bundle U S Tyx) TxM)® A*TEM of local
X €

coordinates (x', !, R }k ; vl 4 Z s with R ;k ,and Tz  beeing to coordinates of the curvature

tensor and of the torsion tensor respectively fg{ the linear connection I" whose extension
by the canonical form is the affine connection T.

If v is assumed to be null cross section of TM then Tp (x) (TxM) = TyM. As the
consequence we obtain

Corollary. The torsion of the null vector field on M relative to the affine connection
T equals to the torsion tensor of the linear connection I" whose extension by the canonical
form is
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STRESZCZENIE

Niech I' bedzie koneksjg liniowa w wigzce liniowej L(M, GL(n)) a 'I: jej rozszerzeniem na wigzke
afiniczng F(M, A(n)) za pomocs formy kanonicznej 6 na L (M, GL(n)). W oparciu o definicje pochod-
nej absolutnej pola obiektéw geometrycznych podang przez Ehresmanna i pojecie torsji pola wekto-
rowego wprowadzone przez Kolafa, wyprowadzone zostajq wzory we wsp6irzednych na torsje
przekroju wigzki styczncj TM wzgledem koneksji T w scnsie Kolara, W szczcgélnoéa okazuje sie, ze
torsja przekroju zerowego jest tensorem torsji koneksji I'. Wynika stad, Ze tensor torsji koneksji linio-
wej jest specjalnym przypadkiem torsji pola wektorowego wzgledem odpowiedniej koneksji afinicznej.

PE3IOME

Mycrs T GyneT nHHeAHOA cBA3HOCTHIO B MMHeHHOM paccnockuu L (M, GL (n)), a ?ee pacnpo-
cTpaHeHHeM Ha addHHHOe paccnoelne F (M, A (n)) npu ynorpeGneHuH KaRoMHucckoR ¢popMul 8
Ha L (M, GL (n)). Onupascb Ha onpeacacHue a6cONMIOTHOR MPOH3BOAHOR MOMA IeOMETPHYECKH X
06LeKTOB MpencTaBneHHOe JpeCMaHKHOM H Ha ONpefe/icHHe KpyweHHA BEKTOpHOTro MOnA Mpen-
CTaBnemHoe KONAXOM, 2BTOphI BLIBOLAT KOOPIHHATHLIE GOPMYNB! IS KPYUeHHS CeucHUA Kaca-
TensHoro paccnoewns TM oTHouTensHo cBA3nocTH I B cmbicne Konaxa. Kpyueume Hynesoro
ceqeHus paccnoeHua TM oxa3emacTca TeHCOpoM KpyucHMs cBasioctH I'. Orcioma cnenyer, yro
TCHOOp KPYWYCHHR NHHCAHOA CBA3HOCTH eCTh CHCUMSUTBHBIA cnyyaR KpyweHHR BEKTOPHOMO Mons oT-
MOCUTCAMND COOTBEICTREMEOR adduuiioll CBAIHOCTM.



