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On a Structure of Tensor Fields of Type (1,0), (0,1), (0,2), (1,1) 
on a Linearized Tangent Bundle of Second Order

O strukturze pól tensorowych typu (1, 0), (0,1), (0, 2), (1,1) na uliniowionej wiązce stycznej 
drugiego rzędu

О структуре тензорных полей типа (1,0), (0,1), (0, 2), (1,1) 
на линеаризованом касательном расслоении второго порядка

The aim of this paper is to find forms of tensor fields of type (1,0), (0,1), (0,2), (1,1) 
in adopted frame on total space of linearized tangent bundle of second order.

Introducing a linear connection T on a manifold M allows to define a vector structure 
for a tangent bundle of second order J /t : 2M -* M. Moreover a linear connection T in 
tangent bundle otr : TM -> M allows to induce a linear connection (T, T) in linearized 
tangent bundle of second order lit: 2M ->M, [1].

In § 1 we introduce an adopted frame and adopted coframe on a total space 2M with 
respect to induced linear conection (T, T) in a linear bundle J/r : 2M ->M, There is also 
used concept of Af-tensor on a total space 2M with respect to a linear connection (T, T) in 
a bundle Jjr: 2M -+M.

In § 2 we shall find forms of horizontal and vertical vectors on 2M and horizontal lifts 
of sections of TM and vertical lifts of sections of 2M. Next, we describe forms of Yano- 
-Ishihara lifts of type: 0,1, II of vector fields and 1-forms onAf into 2M.

In § 3 we consider forms of tensor fields of type (0, 2) on 2M. In particular we define 
a metric tensor of Sasaki type on 2M. Moreover, we describe forms of Yano-Ishihara 
lifts of type 0,1, II for tensor type (0, 2).

In §4, we consider tensor fields of type (1, 1) on 2M. We find forms of tensor of type 
(1, 1) in adopted frame on 2M. Also, we describe forms of Yano-Ishihara lifts of type 
0,1, II of tensor fields of type (1, 1).

§ 1. Let M be an «-dimensional manifold of the class C"*, with a given linear connection 
r : (r.p i.e. connection in tangent bundle irr : TM -» M. Then, the tangent bundle of 
seconc/order Jir: 2M-*M has a vector bundle structure with coordinates
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,o/_vof -li-„ii -2i - „zi i rf _i/„iA: Z — X , Z — X , Z — X 1- 1 jkX X (1.1)

and basis local sections:

d

3x'

•_ a k , a ___a_
" ~ **oi _r’7'S«‘ fa'k kx’As«)’ 11 ~ ax”' l(x#/ 0)' (1-2)

The tangent bundle of second order o»r : 2Af -> M with coordinates (xoi, xl x2i) induced 
by coordinates (x°‘) on M, is not linear. Moreover, the linear connection T in the tangent 
bundle induces the linear connection F in the linearized tangent bundle of second order
off: 2M-*M of the form:

*1 — n P1’pi I _ pi p21 _ pi pit __  n p21 __ n
ljlk 1 jk' 1 j2k 1 jk' 1 jzk 'J,ljik u (1.3)

The connection T in the bundle qit : 2M -> M induced by a linear connection T in the 
bundle on : TM -* M may be regarded as a left splitting of an exact sequence of vector 
bundles on 2M of the form:

TCM) —*2M X TM—»0 
M

f •/ -

TM X TM—>0 
M

(1-4)

r(zof, z*f. z2';/z, y2 l, y2i) = (z0/. z1 f. z2<; 0, z1 f +1^ z*k y0/, z2i + z2k y°\ 

A connection map for this induced connection T is of the form:

D : TCM)-*2M, '2vCM) "r >
(1.4)

K/Vo/ 3 _ , VU _2_ , v2i 3 
D(y dzoi +y dzli +y az2’}

= (yu + ij* z‘ k yoi)E^i + (y2i + zlk yol)E^i.

where: iy^j^y : V(*M) -» 2M X 2M is a canonical isomorphism of vertical subbundle 
M

VfM) into the Whitney sum of 2M, and p2 : 2M X 2M -> 2M is a projection on the 
M

second component and 2tr: 2M-> TM is a projection.
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Definition 1. A bundle with a total space HQM) — Ker D is said to be horizontal 
subbundle over 2M of a bundle Tt^M) -* 2M.

A bundle with a total space = Ker (off*) is called vertical subbundle over 2M.
Then for any A 6 2M, we have decomposition:

rx(2JW)=^t(2AO©K?1(2^). (1-5)

In a local hart (off- 1 ((7 ), z°', z1z2i) we have:

d d d

(1.6)

V?M)= [YETeM):Y=yli ^r+y2l-^rj .

For the cotangent bundle T*QM) -♦ 2M we define a decomposition corresponding 
to (1.5):

r*(23f)=//(JAf)i® VQM)L, (1.7)

where:

V(2M)k = ^eT^(2M):^ = aidzoi\ ,
( (1-8)

HfM)^eT*CM) :u = aa (dz'1 + z1 k dz01) + a2i (dz2i+ Vijkz2k dz°^.

Definition 2. A system 3n-vectors (Do/, Dti, D1j') that span H^M) and K^Af), locally 
defined by:

Doi — D.,=
9zii D2t —

dz 21 (1.10)

is called an adopted frame on 2M with respect to the induced connection r in bundle 
Sir: 2M-*M.

A system of 3n 1-forms (to01, to1*, to1*) that span respectively K^Af)1, H(2M)1 and 
locally defined by formulas:

to0' = dz°',to‘* =dzli + r*Jtz1* dz°‘, u,2i = dz2i + Tjikz2k dzof (1.11)

is called an adopted coframe on 2M. For the adopted frame and coframe on 2M with respect 
to coordinates (z°*. z1 *, z2') and (z01, z1', z*' ), where:
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we have:

zor=z°r(zo/), zlf=xfz2Uf = 3z'of

3z',0/ (1-12)

Poi, Dt i, D2i] = Pof, D,D2i']
Aj O O 
O Aj' O 
O o Aj

cX

co1'

c3
___

1

(1-13)

cu.01

co1/

co.2 i

The formulas of adopted frame and coframe in natural frame and coframe on 2M with 
coordinates (z0/, z*z2') can be writen in the from:

(114)

We denote:

pi/_p/ -ik p2i__p/ 7ik~ljkz ’ ~'jkz (115)

Definition 3 ([2]) By an A/-tensor of type (r, s) on a total space 2M we mean an 
object determined in a local chart (otr" 1 (U), z°‘, z1', z2') by a set nr+ f functions:

pi, ... i^oi, 2i z2i\ whjCh transform themselves in the following way:
J I ••• is

f, (1.16)

tor the change of a local chart (1.12)
Remark. Any tensor F of type (r, s) on the total space 2M has in adopted frame and 

coframe the form

F = F“.-°r (zotiZli,z2i)Da ® ... ® Da ® </■ ® ... ® c?*.(1.17) 
0, ... Pt 1 r

where: Op = 0/, If, 2/, Pq = Qi, 1/, 2/. The tensor F is described by y+ s Aftensors on 2M.
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§ 2. The horizontal vector field A* on 2M, as a section of horizontal subbundle 
H^M) -> 2M is of the form: % = f? (z0,\ zl/, z2') DOj and is determined by an M-tensor 
(V) on 2M. The differential of projection off : 2M -* M i.e. off* : T(*M) -* TM is an iso
morphism of horizontal subbundle ll^M) into tangent bundle TM. Then for a section 
X G TM there exists a section Xfil G H(fM), so-called horizontal lift of X, such that:

Jff. (A^£) = %, D(XHL) = 0.

For X = £' —j- , the horizontal lift Xf,L = £'£>Ol- isthe horizontal field.
3x

A vertical vector field B on 2M, as a section of a vertical subbundle V(?M)

(2.1)

2M) is

of the form:/? = $l,(z°f z'f z2^DXj + £2'(z°^, Z'A z2^)Z>2/- and is determined by two M- 

Censors (£n), (|21) on 2M. For the vector bundle 2M-+M there is the canonical isomorphism

into vertical subbundle V(fM) -+ 2M, and for a section A & 2M, A = /I1' (z°) +
+ A2i {z°)E^i there is so called vertical lift/? - A B =Ali (z°)Du- + ?42Z (z°)D2,-. 
Let A be a section of class C” of the bundle off : 2M -> M over U and XG TM. In local

chart they have the forms: A = Al/ E°u- +A2' £%j, X = —t- respectively. Then for
3x

the value of the differential A* : TU T(*M) on the vector field X is:

A*X = Ç
3

3z°'

3
3z1'

Thus we have: ~
Proposition 1. Any vector field X on 2M is the sum of horizontal and vertical vectors 

and is determined by three M-tensors on 2 M:

% = Jo,(zo,z1,zJ)£>of + iU(2o,zI,z2)Dl/ + ^'(zo,z1,z1)DJi. (2.2)

For C°° section A G 2Mand vector X G TM the value of the differential A+X G TQM) is 
the sum of the horizontal lift of X and the vertical lift of the value of the connection map 

D(A^X)E2M

A ,AT = XUL + [5 (A«,*)]VL . (2.3)

Any section of a subbundle VQM)^ -+ 2M is called a vertical 1-form wv on 2M and it
is of the form: wv = a0,(z°, z*. z2) a>0/, where (a0/) is M-tensor of type (0,1) on 2M. 

A map ff* : T* QM) -*■ T*M defined by the formula:

(ff*w)(JQ = <o(X//£), (2-4)
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is an isomorphism of bundles: K^A/)1, T*M, where X G TM and XtIL G HtfM) being 
its horizontal lift. This follows from that: Ker jr* = Zf(2Af)i.

A vertical lift of 1-form co G T*M is called a section G V^M)1- such that: 
= co. In a local chart for an 1-form co = a/dx’ the vertical lift has a form: co^ =

= a,-co01 and is vertical form.
Any section co77 G is called a horizontal 1-form on 2Af and is determined by

two Af-tensors of type (0,1) on 2M :

coff = a, ,(z°, z1, z2 ) co1 ’ + a2 ,(z°, z1, z2 ) co2/.

A mapD* : T*(?M)-+ 2M* defined by the formula:

(D*co)(^) = w(^Ki). (2.5)

is an isomorphism of bundles2 A/*, because: KerD* = K^Af)1.
A horizontal lift of covector rj G 2M* is called a section t)777, G H^M)1 such that 

ij = D *r)^L. In local chart we have:

i? = au£’V + a2/£»f, rjffL = anco1’ + a2Ico2/, 

where: £V, E»‘ is a dual basis to E0^, E°2 j.
Now, we determine a form of Yano-Ishihara lifts of tensors of type (_l,0), (0,1) into 

linearized tangent bundle of second order 2M.
Proposition l.LetM be n-dimensional manifold of class C~ with a given linear connec

tion T : (rj.^) in the tangent bundle TM -* M. In the linearized tangent bundle of second 
order 2M -» M with coordinates (1.1) : (z°', z11, z2’) is given induced connection (1.4), 
r = (T, r): , r2^ = rj*, r^k = 0, r2[k = 0) and on the total space 2M there

are adopted frame and coframe (1.10), (1.11), (£>Oi, ^1/, #2/), (co°7, co17, ofi'flfX G TM 
and co G T*M are a vector field and an l-form respectively on M with representations in 
a local chart (U, x*):

X^^'^-, ca^Ofdx1'
9x

then their Yano-Ishihara lifts of type: 0,1, II into the tangent bundle of second order 2M 
have the form in the adopted frame and coframe:

X° =

X1 = {fDl/ + 2(?*V*6^/, (2.6)

**’ = VOo/ + (z,*V^f)Dl/ + (z2*?JtV + zltz‘/?jt?/{‘+/?;jt/*z1/^)D2/



On a Structure of Tensor Fields of Type (1,0), (0,1), (0, 2), (1,1) ... 75

w° = a,- co0 ‘,

wl = (z1^'7yaj)woi+ a,wli, (2.7)

co11 = (z27\7/a/+\7/\7jka/z1V*-Rl.-kz'i’zlk a/)w°‘ + 2(z,/\7/aI)w1' + a,w2'.

The symbols: and R^kl denote a covariant derivative and components of a curvature

tensor R respectively for the linear connection r : (T^).

Proof: Because of (1.12) and (1.13) we can observe that locally defined fields (2.6), 
(2.7) determine the fields on 2M. Using (1.1) we get:

.pi z1^zlk --—9 3

9x°’ 9z01

9 9
9xu 9zu

9 9
dx2i 9z2f

dzoi = dx01,

dz2i = dxli,

dz2i = dx2i

+ z't------
* 3z2i *

(2.8)

7* 7*

The adopted frame and coframe (1.10), (1.11) in the induced coordinates are of the form:

£>o« =
dx1

--------,7 —Ê— +
of lijx +

2/ , zp/n pr _a pffl +2rr rm}xip xlqX ——. I liix lir lpq ipq'^tpr(pX X J 3jfaf '

D,f 9x“' 2rt*l/ 9x2* 

9
^af — a a»' 

3* (2.9)
W°' = dx°', 

ou=dxUH
w2' = dx11 + 2Tjk x*kdxl,+ (Tl.jx2/ + 9, x1'x1* + rj, Vjk xl/x**)dx°l.
cail = dx21 + rl.k xlk dx°^,
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The easy calculations, in vievof (1.1), (2.8), (2.9) give thesis.
§ 3. Asymmetric tensor field G of type (0,2) on a total space 2M in adopted frame and

co frame has a form:

G = Goi of uoi ® co07 + Goi if cooZ ® co v + Go/ 2/ ooZ ® co2/ + G& lf co* ‘ ® w0/ +

+ G,/,/ co1' ® to*7' + Gxi 2j co1' ® co2/ + G& if u2i ® co°7 + (3.1)

+ G,7/ if co2 7 ® co*7 + Gj/ if co21 ® co27 .

The tensor G is determined by 32 Jf-tensors on 2M and G, / Oj - G^i xj, G2/ 0/ = Gj/ 2/, 

G2/ i/ = G,7/ if denote the transpose matrices.

Proposition 3. Let Jtt : 2M ->M be the linearized tangent bundle of second order with 
coordinates (1.1), (z°', z1', z21) and with given induced connection (1.4), r,(T^k = 

= r/k’ r/2h = r/k’ r/2k ~ °> r/i* = andadoPted frame and coframe (1.10), (1.11): 
(Poi, Dii, D2j), (co°7, co17, co27). Any symmetric tensor field G of type (0,2) on total space

2M has in the natural frame and coframe with respect to coordinates (1.1): (• 

d 3
3zoZ

3z bz2i
), {dz°f dz'1’, dz2’) the form ’.11

Goi oj ~ Goi o/ + k Gok xj + r|’ G^t 2/ + GOJ-T? + G0I- 2fc r2* +

+ r^f Gik u r‘z.+ if Glk u if + if Glk n if + r2Z Gik 2l if,

Goi if = Goi if + if Giklf+ r2’ G[k if,

Goi 2/ ~ Goi 2/ + r'jt* + ^k‘ 2j>

Gii tj —Gii ij, Gii ij = Gxi if, Gif if = Gif if •

Moreover, coordinates: Gl{ xj =Git,/ = G(Dii, DXj),Gu 2j = G2i 2/ ,Gxi 2j = Gxi if, 
are .independent on the connection. In adopted frame the symmetric tensor field has a 
matrix: G = [Ga(J]a Q. ,. and coordinates G^, a = Oi, If, 2i, P = 0/, If, 2j, are

P'<= of, 1/, ij
M-tensors on2 M. We denote (1; 15), if = If z1 *, if = V'-k z2 k.

Proof: Using relation (1.14) : (co°) = N • (</z“) we get for matrix G in natural frame:
G=NT -G:N. Moreover,wehave:G1( l/ = G(-^lT, -^lT) = G(D,/.£),/) = G,/,/, 

oz dz

Gn 2f = G(Dii, Dij) = Gxi if, G2i if — Ga 2f-
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Asymmetic tensor field G of type (0.2) on 2M defines at each point A G 2M the 
symmetric uilinear form: G^ : T^ (fM) X QM) -* R as the inner product on fMj. 
By means G^ we define ‘ortogonality’ in (*M). Subspaces: horizontal (fM) and 
vertical (?M) are ortogonal, if G0J- = G(Z)0,-, £>i/) = 0, GOl- 2/ — G(DQi, Dij) — 0.

Let g'be a metric tensor on a manifold M.
Definition 4. The tensor 2g induced by the metric tensor g into : TM •* M in the 

following way:

zg(A, B) =g(iir*A, iir.S) + g(D(A),D{B)),A, Be 2M (3.3)

is called a metric tensor of Sasaki type in fibre of the tangent bundle of second order 
2M-*M, where D is a connection map of T.

Definition 5. The tensor G induced by the metric tensor g and the tensor 2g and 
defined in the following way:

G(X, Y^gfot.X, faY) + 2g(DX, DY), X. YeTfM) , (3.4)

is called a metric tensor of Sasaki type on the total space 2M of the tangent bundle of 
second order Jir :2M-+M.

Remark: It is easy to see that the definitions justify the names for 2g and G. Bor the 
metric G we have:

G(X, Y)=g(s>^X, o**?) + gfaM c^DY) +g(DDX, DDY) . (3.5)

In adopted frame (1.10) we can writte:

G(Doi, Dof) = gij, G(pt i, Dlf) = gij, G (PU, Dlf) = gij. (3.6)

Thus we have:
Proposition 4. The metric G of Sasaki typeonfaal space 2M has in the adopted frame 

(1.10), (1.11) with respect to the induced connection T, (1.14), in the bundle ' 2M ■+ M 
the form:

G = gij w°' ® + gij uli <8 + gij co21 ® . (3.7)

The horizontal subbundle H^M) and vertical subbundle V(?M) are orthogonal with 
respect to G.

the tensor G has in the natural frame with respect (1.1) the matrix G:

Goi o/ =gif + gkl TJL rj z'P z'< +gk, Tlk r1 z2p z2\
_ ■ _ (3.8)

GOi ij~gkj zlp. Goi ij~gkj T[p z2p, Xj ^gy, Gu if = gy,

Proposition 5. Let $ be a symmetric tensor field of type (0,2) on n-dimensional 
manifold M with given linear connection f : (f‘k), that is, in a local chart (U, x*), g is of
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the form g = gjf dx1 ® dx?. The lifts of Yano-Ishihara [3] :g°, g1, g11 into the total space 
2M of the linearized tangent bundle of second order 20ti : 2M -*■ M with the induced 
connection T, (1.4), have in the adopted frame (1.10), (1.11) in the local chart 
Coit'1 (U),z0i,zl‘,z2i)theform:

g° = gtj u>oi ® w0/,

#’ = (zlr Vr#//)co°'® too/+#,yco°'® +#//colf ® coo/,

g11 = [z2r yrgi/+z'rz's ę^,^rgii-gikRfsr-gklR^]^oi®^oi +
(3.9)

+ 2zlryrgij co1' ® co0/ + 2zXr,\Jrgij co0' ® co1' +gi] co2i ® co0' +

+ 2gjj CO* ' ® CO*' + gjf co0' ® co2' .

Proof: Using the formulas (1.1), (2.8), (2.9) and after some calculations we obtain our 
propositions for the fields#0, gl, gr ([3], p. 332).

§ 4. We now consider a tensor fields of type (1.1) on the total space 2 AT.
Proposition 6. Let fa : M be a linearized tangent bundle of second order with

given induced connection T, (1.3) and the adopted frame (1.10), (1.11) on 2M. Any 
tensor field F of type (1.1) on the total space 2M has in the adopted frame the form:

F = F^ Dot ® «°' + Dot ® co1' + F^j Doi ® co2' + FlJ D, ,■ ® co®' +

+ FxjDlt® co1' + ^/Dit « co2' + F2/ D2i ® co0' + F2jD2i « co1' + F2JD2i ® co2'.

The tensor F is determined by 32 of M-tensors on 2M: Ff (z° k, zl k, z2k), a,fl- Oi, li, 2i 

and components: F°}, F°‘ are independent on the connection T. The field F has in

the natural frame with respect coordinates (zoi, z1', z2') the matrix F = {F“ J. We denote:

pl/_pf -lfc p2/_ p/ »2k
l/kz ' ~ljkZ

h‘, - <;■ - fi' Tr;'+f; '* 17 * - r;< f«,* r; <+17 *.

- f;; - rf rtf - if rtf itf+fj< 17 ‘ -rtf rtf itf+fj' 17*.
(4-2)

- f:i ~ If- - Fil - FV-
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Proof: Using (1.13), (1.16) we obtain (4.1). Because of (1.14) (tj°) = AC(dza) (0^) =

9 - -
= ( —— ) • TV* we get for matrix F in natural frame: F = N' -F -N. Moreover, we have: 

dzP '
F^j = F(Dll,^),F î/ =F(Dib^).

Now we determine Yano-Ishihara lifts of a tensor field F of type (1.1) on A/ into the 
total space 2M in the adopted frame (1.10) with respect induced connection T, (1.3), 
given in the natural frame with respect induced coordinates on 2M, [3].

Proposition 7. Let on an n-dimensioruil manifold M with a linear connection T : (1^) 
(torsionL&s) be given a tensor field F of type (1.1) having in the local chart (U, x‘) the

form: F = Fi —r- 
1 ax'

® dxk Then Yano-Ishihara lifts ([3], p. 331) : F°, F1, F11 into total

space 2 M of linearized tangent bundle of second order 20u :2M -+M in the adopted frame 
(1.10), (1.11) with respect to the induced connection T = (T, f), (1.3), has in the local
chart (off" 1 (II), zoi, z1 ', z2i), (1.1), the form:

F° =FjDii<3<J>/

Fl = F.ZD, i ® to0/ + 2FjDit ® ulf + 2z*k \7jt F!£>J( ® w°'
(4.3)

F11 = F‘Doi ® w0/ + FjDu® + F‘.D2i ® w2/ +

+ z1* VjtF^D,,® w0/ + 2zu ?JfcF^JD2/®o1/ +

+ [z2* 7*^ +?'?'(?, V^ + F/F^-F/F^pp,,®«?/.

Proof: If we use the formulas (1,1), (2.8), (2.9) for the field Q3], p. 331) F°, F1, Fn 
given in the induced coordinates (xoi, x1', x2 ) we obtain our proposition.
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STRESZCZENIE

W pracy wyznaczamy postaci pól tensorowych typu (1,0), (0,1), (0,2), (1,1) w reperze adoptowa
nym na przestrzeni totalnej uliniowionej wiązki stycznej druguego rzędu j»: Wprowadzamy
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reper adoptowany na przestrzeni totalnej ’M względem koneksji liniowej Г w wiązce induko
wanej za pomocą koneksji liniowej Г w wiązce TM-*M. Wyznaczamy postaci podniesień horyzontal
nych przekrojów TM — M, podniesień wertykalnych przekrojów ’M -* M oraz postaci podniesień 
Yano-lshihara ((3J) pól typu (1,0), (0,1) do 2M w reperze adoptowanym. Definiujemy metrykę 
riemanowską typu Sasaki na 2M i wyznaczamy postaci podniesień Yano-lshihara dla tensorów typu 
(0,2) do 2M. Ponadto znajdujemy postaci tensorów typu (1,1) oraz podniesień Yano-lshihara dla 
tensorów typu (1,1) w reperze adoptowanym na 2M.

РЕЗЮМЕ

В работе определено вид тензорных полей тира (1,0), (0,1), (0,2), (1,1) в адаптированом 
репере на пространстве расслоения 2М линеаризованного касательного расслоения второго 
порядка Jя : 2М -» М. Вводим адаптированный репер на пространстве расслоения 2М относи
тельно линейной связности (Г, Г) в расслоении 2„-п : 2М -* М индуцированой при помощи 
связности Г в расслоений ТМ -» М. Определяем вид горизонтального лифта сечений TM -* М, 
вертикального лифта сечений 2М -* М, а также вид Яно-Исихара лифтов ( 3] полей типа (1,0), 
(0,1) в адаптированом репере на 2М. Определяем риманову метрику типа Сасаки на 2М, а 
также вид Яно-Исихара лифтов тензоров типа (0,2) в адаптированом репере. Также находим 
вид тензоров типа (1,1) и Яно-Исихара лифтов тензоров типа (1,1) в адаптированом репере 
на 2М.


