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On a Structure of Tensor Fields of Type (1, 0), (0, 1), (0, 2), (1, 1)
on a Linearized Tangent Bundle of Second Order

O strukturze pél tensorowych typu (1, 0), (0, 1), (0, 2), (1, 1) na uliniowionej wigzce stycznej
drugiego rzedu

O cTpyKType TeH3opHBIX noneft Thma (1,0), (0, 1), (0, 2), (1,1)
Ha NIKHEeapy 30BAHOM KacCaTe/ILHOM paccioeHHH BTOPOro NopsAnKa

The aim of this paper is to find forms of tensor fields of type (1, 0), (0,1), (0,2), (1, 1)
in adopted frame on total space of linearized tangent bundle of second order.

Introdiging a linear connection I" on a manifold M allows to define a vector structure
for a tangent bundle of second order 3 : 2M - M. Moreover a linear connection " in
tangent bundle ym : TM — M allows to induce a linear connection (T, T) in linearized
tangent bundle of second order 37 : 2M - M, [1].

In §1 we introduce an adopted frame and adopted coframe on a total space M with
respect to induced linear conection (T, ) in a linear bundle 37 : 2M - M, There is also
used concept of M-tensor on a total space 2M with respect to a linear connection (T, T') in
abundle 37 :2M->M.

In §2 we shall find forms of horizontal and vertical vectors on 2M and horizontal lifts
of sections of TM and vertical lifts of sections of 2M. Next, we describe forms of Yano—
—Ishihara lifts of type: 0, 1, II of vector fields and 1-forms on M into M.

In §3 we consider forms of tensor fields of type (0, 2) on 2M. In particular we define
a metric tensor of Sasaki type on 2M. Moreover, we describe forms of Yano—Ishihara
lifts of type O, 1, II for tensor type (0, 2).

In §4, we consider tensor fields of type (1, 1) on 2M. We find forms of tensor of type
(1, 1) in adopted frame on 2M. Also, we describe forms of Yano—Ishihara lifts of type
0, I, II of tensor fields of type (1, 1).

§ 1. Let M be an n-dimensional manifold of the class C", with a given linear connection
| Qe (l".’k) i.e. connection in tangent bundle ym : TM - M. Then, the tangent bundle of
seconc{ order 3w : 2M = M has a vector bundle structure with coordinates
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2 =xL M = M + T X E (1.1)

and basis local sections:
) i)

; )
ESj=—= —Trks/ , Bi= — . 1.2
L 3x0! i ax'k | (x°/, si) 2 axll |(x°l. 0) (1.2)

The tangent bundle_of second order 3 : 2M - M with coordinates (x°', x! ‘, x? ’) induced
by coordinates (x°") on M, is not linear. Moreover, the linear connection I in the tangent
bundle induces the linear connection I" in the linearized tangent bundle of second order
37: M - M of the form:
S0 S A i = il e Lopiepatindy

Tiik =Tier Tk =Tjps Tjop =0T} =0. (1.3)
The connection T in the bundle 37 : M > M induced by a linear connection I" in the
bundle {n : TM - M may be regarded as a left splitting of an exact sequence of vector
bundles on 2M of the form:

-
0— VCM) - TCM) —3*M X TM—0
: = M (1.4)
3-1[:@ J l%u.
0— V(TM) T(TM) -—’TM;(l ™ —0
r

r '7 — Hytl MYy )
F(zof’ Z‘ i. ZZI;yO“ yl i' y2l) 1A (201, Zl l" 221; 0' Zli L r!;:k zl k yol' 221 + I\}k zlk yol).

A connection map for this induced connection T is of the form:

b:1CM)- M, D=p, 'iV(aM)'?'.
(14
by 9 d
i 14 i 2
A 3z ke 3z 2 322! )=

=o'+ I‘;k X B+ 02 + F}k 2* B, .
where: iy VCM) - M ;(’ IM is a canonical isomorphism of vertical subbundle
VM) into the Whitney sum of *M, and p, : *M X M - M is a projection on the
M

second component and } 7 : 2M = TM is a projection.
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Definition 1. A bundle with a total space HGM) = Ker D is said to be horizontal
subbundle over 2M of a bundle T3 M) » 2 M.

A bundle with a total space V(M) = Ker (3 n4) is called vertical subbundle over 2 M.
Then for any A € M, we have decomposition:

T4 CM)=HsCHYBV4 (M), (1.5)

Inalocal hart Gr~ ! (U), 2%, z'%, 22%) we have:

d ) 9
HCM) = {YETCM): ¥ =M (g ~Tht—3 —h 2 —p,

(1.6)

VM) = {Yer(w):}'=y” 2 +y3! 2 }

az'! az?!

For the cotangent bundle T*(®M) + *M we define a decomposition corresponding
to (1.5):

T*CM)=HCM)' o V(M)?, (1.7)
where:
V(’M)lzdngT'(’M):w=a;dz°';}, =
HCM)* = { WET*CM): w=a,; (@' + r}& 2% 4% + 0y (d2? + T 22 dz°§)}.

Definition 2. A system 3n-vectors (Doj, Dy 4, D1;) that span H(* M) and V(2 M), locally
defined by:

0 9 9 9
Doy = ot =Ty e ~ Ty o Du= o, Du= oy (110)

is called an adopted  frame on 2M with respect to the induced connection ¥ in bundle
2,.12 M-M
oW . . X

A system of 3n 1-forms (w?', w'!, w?®) that span respectively ¥ CM)*, H(M)* and
locally defined by formulas:

W =d, ! =d! + 1y 2'%ar, W =dt ey 2k a (L

is called an adopted coframe on M. For the adopted frame and coframe on M with respect
to coordinates (z°/, z'/, z2¥) and (z°%, 2' ", z*7), where:
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» ! .3t
2OF = 7 (08 z:t‘=,|!r M zzi‘___Al!‘ 2""‘4:’ TR (1.12)
we have: : -
A’ 0 O
[Doi. Dy D2t} = [Dot', Dy, Day] |0 AF 0 A
0o o A
oo s e (1.13)
! Al 0 0 (]
w”' = 0 A{ 0 Wt
W 0 0 Af w?!

The formulas of adopted frame and coframe in natural frame and coframe on 2M with
coordinates (z°/, 2!, 22%) can be writen in the from:

W 8t 0 o0 |a?

. j :
W'l = F]-” 5; 0 dz'! s [Doi, Dy, D3j] =
w?! pi~@ H dz¥
1.14
s/ 0 0 e
-t 0 i) 2 |- I"j s o
oj G 2] i
32 az az —in 0 8{
We denote:
i i l i _ i k
r; _rj fn_rlk Z2 A (1.15)

Definition 3 ([2]) By an M-tensor of type (r. s) on a total space M we mean an
object determined in a local chart Gn~ ' (U), 2, 2 4 z*) by a set ' * ¥ functions:

.’;Ti ] '"l.:'(z° i 2'% 22!y which transform themselves in the following way:
-

A - . i’ %
i 7, A 2 T F 'r A 1 All
fy . Js i, 7y T ey Dy 0

tor the change of a local chart (1.12)
Remark. Any tensor F of type (7, s) on the total space 2M has in adopted frame and
coframe the form

Ferl = @2, 2D, @ ..@D, @ @ .0 " (117
1 e Pg

where: ap = 0i, 1i, 21, B3 = 0j, 1/, 2j. The tensor F is described by 37* % M-tensors on 2 M.
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§ 2. The horizontal vector field X on 2M, as a section of horizontal subbundle
HEM) - *M is of the form: X = £ %/, z*/, 22/) Dy, and is determined by an M-tensor
(¢") on *M. The differential of projection 37 : 3M - M i.c. 3n, : TM) > TM is an iso-
morphism of horizontal subbundle /{(*M) into tangent bundle TM. Then for a section
X € TM there exists a section X't € (M), so-called horizontal lift of X, such that:

I, (XLy=x, D xHly=0. 2.1
- d ' 8 ‘e
For X = ¢! o the horizontal lift X'~ = ¢! Dy; is the horizontal field.
¥
A vertical vector field B on *M, as a section of a vertical subbundle V(2M) = M) is

of the form: B = ¢'!(z%, zV/, z’/)D,j + 20 2, z’l)Dz,- and is determined by two M-
‘tensors ('), (¢*') on *M. For the vector bundle 2M - M there is the canonical isomorphism

into vertical subbundle V(M) ~ *M, and for a section 4 € 2M, A = A" °) E3; +

+ A% (%) EY; there is so called vertical lift B=A "', B =4 2°)D,; + 4*' (°) D,;.
Let A be a section of class C™ of the bundle 37 : 2M = M over U and X € TM. In local

. 2
chart they have the forms: A = Ml ES JHAYEL X = E’ —a--l- respectively, Then for
x
the value of the differential A4 : TU - T(*M) on the vector field X is:

d a4 2 . 24Y 23
- 4+ TR e
28 i G v ot oz

AX =¥ >

Thus we have: a _
Proposition 1. Any vector field X on *M is the sum of horizontal and vertical vectors
and is determined by three M-tensors on * M:

:\7=g°‘(z°,z‘,z’)D°,+£”(z°,z‘,z’)D,1+E’i(z°,z‘,z’)D,i. 2.2)

For C" section A € *Mand vector X € TM the walue of the differential A« X € TCM) is
the sum of the horizontal lift of X and the vertical lift of the value of the connection map

DAX)EM
AX=X1L 4 (D (4, X)) VL . (2:3)

Any section of a subbundle VGM)! + 2M is called a vertical 1-form « on *M and it

is of the form: w¥ = ao;(z°, z%,:22) w°', where (ao;) is M-tensor of type (0,1) on M.
A map n* : T* (M)~ T*M defined by the formula:

(m*w) () =w(xHL), (2.9)
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is an isomorphism of bundles: ¥(*M)*, T*M, where X € TM and XL H(CM) being
its horizontal lift. This follows from that: Ker 7* = HM)*.
A vertical lift of 1-form w € T*M is called a section w’t € VCM)' such that:

*w"L = . In alocal chart for an 1-form w = a,~dx the vertical lift has a form: w"% =

= a,-woi and is vertical form.
Any section Jen (®*M)* is called a horizontal 1-form on 2M and is determined by
two M-tensors of type (0,1) on 2M :

W = i(°, 2", ?) ' T + 0y, 2, 2%) 0?!

A map D* : T* (M)~ 2M* defined by the formula:
D*w) ()= w@"h), 2.5)

is an isomorphism of bundles # (*M)*, 2M*, because: KerD* = g
A horizontal lift of covector n € 2M* is called a section n € H(‘M)1 such that

n=D*n"L Inlocal chart we have:

HL o1 ' + g5 0??

n=0y; By +ay; B3,
where: EA E3 is a dual basis to £3;, E3;.
Now, we determine a form of Yano-Ishihara lifts of tensors of type (1,0), (0,1) into
linearized tangent bundle of second order 2M.
Proposition 2. Let M be n-dimensional manifold of class C “ with a given linear connec-
tionT : ([‘; ) in the tangent bundle TM - M. In the linearized tangent bundle of second

order *M - M w:th coordmates (1.1) : (2%, 2", 22%y is given induced connection (1.4),
rF=r,n: T !ik l'jk, Tak [‘:7‘, F;zik =0, I‘;l'k = 0) and on the total space *M there

are adopted frame and coframe (1.10), (1.11), (Doi, Dy, D), (w®, ', w?).If X € TM

and w € T*M are a vector field and an 1-form respectively on M with representations in

a local chart (U, X*): .

. 0 ¢

X=§ = w=0dd
¢ ad o

then their Yano-Ishihara lifts of type: 0, 1, Il into the tangent bundle of second order *M
have the form in the adopted frame and cofraine:

Xo = #Dil!
X = ¢Di+2:"* Vi ¥)Dyy, (2.6)

X = gDo,+(zlka EI)D”+(z’k Vk£‘+z' "z”VkV;H+R}k,z”‘z”tf).D,,
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2 1
w° = w°',

w " Vi o) W + o', .7

ol (z’iV;ai + Vg oz 2tk —Rlﬂ'k P o) I 2(z‘i\7jai)w' L

The symbols: \Ij and R;“ denote a covariant derivative and components of a curvature
tensor R respectively for the linear connection I : (I‘;k).

Proof: Because of (1.12) and (1.13) we can observe that locally defined fields (2.6),
(2.7) determine the fields on 2M. Using (1.1) we get:

0 d 2
S 6 LY Y Al

T - a0l ol 2z ot

0 b}
Y bt - sl b 11}

'l agM s az3l ’

) )

axt! ~ el

d® = O (2.8)
dzll = dxll'

¥t = ax¥+ 2F;kx”dx’k + Bf?‘;kx”x'kdx“ :

The adopted frame and coframe (1.10), (1.11) in the induced coordinates are of the form:

] )
k 1/
Do = ax°! Ly x T Sl
a
—pm_2f ,_npmpr _ rmlplq?
+{ L xilar =T Lh. a,.rl’;; +2r;, L) x ¥ x T

‘ 9
Dl"— 3 14 2[‘:,2:” 3 2k *
b a
w0l=dx°‘,

SM=adf+r! xlk dxol,
wt =ax* + 2rf ¥ a4 @ 5 oy T M MK T T ot y ant,
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The easy calculations, in viev of (1.1), (2.8), (2.9) give thesis.
§ 3. Awmmetric tensor field G of type (0,2) on a total space M in adopted frame and
coframe has a form:

G =Gojoj W ® W +Gop 1y @Y +Gopaj® @ + G0 @ +
+Gyj 1@ ® W +Gyy ' @ W +Gl M @ + (3.1
+G|Tl 2j w”®w1i+Gu zjwziawzl 0

The tensor G is determined by 3? M-tensors on *M and G,; o; = G 1jo Gai o) = Gl 2js
Giiy= 0,7, »j denote the transpose matrices.

Proposition 3. Let 3 om _2M - M be the linearized tangent bundle of second order w:th
coordmates (1. 1) (z°' " ") and with given induced connection (1.4), T, (

= r" . 12k l";zk nk = 0) and adopted frame and coframe (1.10), (l ll)
(Doi, Dy, Dyj), (w et w” ). Any symmetric tensor field G of type (0,2) on total space

*M has in the natural frame and coframe with respect to coordinates (1.1): (57

) d L
ST 57 0@, dz, dz*) the form:
z z

Goioj = Go of + Ty Gk 1j+ T3 Gk 2 +Goj 1k T3 ¥ + Goj 1 F}k +

+T Gk u T+ T Gk u T} + T} Gok a T} + T Gar T
(3.2)

Cot 17=Got1y + I‘;‘i Gikij+ l‘;i Gk 1),
d;l 2/ =Goiaj + 1";" Gikaj+ l":' Gak 2,
611 1/'Gu‘ 1/ 611 2i=0112/.ml 2I=Gzlzi .

Moreover, coordinates: Gyi yj =Gy 17 =G(Dyi, D1j),Cai 2y = Gaiag, Criaj =Giiajs
are .independent on the connection, In adopted frame the symmetric tensor field has a
matrix: G = [Gaa]a % 0d 2L 4 and coordinates Ga ,a=0i 14, 2i, p = 0, Vj, 2, are
B'=0j, 1/, 2f . !
M-tensors on *M. We denote (1;15), [‘l“ = l‘l'. etk I‘;' = F;'k
Proof: Using relation (1.14) : (w®) = N - (dz*) we'get for matrix G in natural frame:

0 0
G=NT .G:N Moreover, we have: (T“- ,/=G(—a';'l—i' , ?z_iT)=G(D”'le)=Gl“/'

Gui 2f =G(Dyi, D2j) =Gy 2. Ga 2/ = Gaq 4.
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Asymmetic  tensor field G of type (0.2) on *M defines at each point A € M the
symmetric vilinear form: G4 : T4 M) X T4 *M) = R as the inner product on T4 CM).
By means G4 we define ‘ortogonality’ in T4 G M). Subspaces: horizontal #4 (M) and
vertical ¥4 (M) arc ortogonal, if Goj j = G(Doj, D1j) = 0, Goj 25 =G (Do, Daj) = 0.

Let g'be a metric tensor on a manifold M.

Definition 4. The tensor 2g induced by the metric tensor g into gm : TM = M in the
following way:

2g(A, B) =g(omaA, ymaB) +g(D(4),D(B)), A, BE*M (3.3)

is called a metric tensor of Sasaki type in fibre of the tangent bundle of second order
3M - M, where D is a connection map of I".

Definition 5. The tensor G induced by the metric tensor g and the tensor 2g and
defined in the following way:

s Bt ~ ~ et ade N
G(X, Y)=g(ma X, 3mY) + 2g(DX, DY), X, YET(M), (34)

is called a metric tensor of Sasaki type on the total space 2M of the tangent bundle of
second order 37 : 2M > M.,

Remark: It is easy to see that the definitions justify the names for ?g and G. For the
metric G we have:

G Py=g@neX Ina¥) +2(muDX, bn,DP) + DX, DDY). (3.5
In adopted frame (1.10) we can writte:

N . ~ X ~ X
G Doy, Doj) = gij, G(Dyi, Dyj) =gij, G(D,4, Dyj) = gi. (3.6)

Thus we have:

Proposition 4. The metric G of Sasaki type ontatal space 2M has in the adopred frame
(1.10), (1.11) with respect to the induced connection T, (1.14), in the bundle ‘M +~ M
the form:

C=gi @ +gi @M +gij @Y. (3.7

The horizontal subbundle HGM) and vertical subbundle V(*M) are orthogonal with
respect to
The tensor G has in the natural frame with respect (1.1) the matrix G:

Coroj =8y +8uTL, T}, 2P 29 +g1 Th, T, 2 "’2". Chiay=0,

o , S 33)
Goi1j =8kj r‘ip ZhE Gol 2/ = 8kjf ka gL, a'u 1/ =&if. Gagaf = 8ijs

Proposition §. Let g be a symmetric tensor field of type (0,2) on n-dimensional
manifold M with given linear connection T" : (l‘”‘) that is, in a local chart (U, x‘). gisof
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the form g = gy dx @ dx!. The lifts of Yano-Ishihara [3) 1%, 8l g" into the total space
M of the linearized tangent bundle of second order 37 : 3M - M with the induced
connection T, (1.4), have in the adopted frame (1.10), (1.11) in the local chart

Crn~ ' ), 2%, 2!, 2%y the form:

go =g”w01®wol'

g ="V @+ @w +gy 'l @wY,

gll

]

(z” V,gg +2z'7 '8 ( v, V,gil—gu- Rll:’ — 8k} Rl’:r)] Ol ® wo/ +

: (3.9)
+ 22"V gy @ + 22"V gy o @ 0! + gy w0t @ W +

+ 2gjj W' ® '/ + gif Ll TR

Proof: Using the formulas (1.1), (2.8), (2.9) and after some calculations we obtain our
propositions for the fields°, g', g'* (3], p. 332).

§ 4. We now consider a tensor fields of type (1.1) on the total space M.

Proposition 6. Let 3n : f_M ~+ M be a linearized tangent bundle of second order with
given induced connection T, (1.3) and the adopted frame (1.10), (1.11) on *M. Any
tensor field F of type (1.1) on the total space *M has in the adopted frame the form: -

F = Fg;Do,Qw°/+Ff;DM®w"+F‘2’I’Do;®w’/+F;;D,i®w°/+ 2

+F Dy ®w +F)ID, @ ¥ + F2 Dy @ W + F2 D3y @ 0 + F2I Dy @ ¥,

The tensor F is determined by 3? of M-tensors on *M: F§ (2° k 2tk 22k o B =0i, 1i, 2

and components: F ‘l’; F: ; are independent on the connection I'. The field F has in

the natural frame with respect coordinates (z°!,z'%, z”) the matrix F = [F‘:]. We denote:

1 “lk 21 _ i k
I‘)f -I‘;kz A -—I‘ikz’
Toi _ poi i ik i pak Foi _poi Foi_
F"j—F‘;}+F‘:*r‘j +P’;t['}. F‘:,—F‘;,, F‘;f—F"

0,

i i ok _ pli ok 11 1l mk __ pti ok al i 2k

Fy =F T Fof =Ty T + O I — T Ry T +F 17,

T ipok O optd M ok

Fj=—Ty Py +Fy Fy=Fj—Ty Fy. (4.2

Tl _ pai { ok i ok 1l ik a2l gok 2l 2f r2k
Fo=Fyf -y Fof —Ty FIF Iy + FH X — By T + FL T,

Taf _ pal _pai pok  pai _ pal _ pai gok
Ty LT AL T
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Proof: Using (1.13), (1.16) we obtain (4.1). Because of (1.14) (w*) =N-(d2°),(Dg) =

= (—a-—;) N" we get for matrixFin natural frame: F=N -F + N. Moreover, we have:
z

Ry =F©.1, ")), F3{ = F©ay, ™).

Now we determine Yano-Ishihara lifts of a tensor field F of type (1.1) on M into the
total space *M in the adopted frame (1.10) with respect induced connection T, (1.3),
given in the natural frame with respect induced coordinates on *M, [3].

Proposition 7. Let on an n-dimensional manifold M with a linear connection I" (I‘.’k)
(torsiontess) be given a tensor field F of type (1.1) having in the local chart (U, xi) the

a
form: F = F; -g- ® dx’. Then Yano-Ishihara lifts ([3], p. 331): F°, F l, FWinto total

space *M of linearized tangent bundle of second order yn : *M - M in the adopted frame
(1.10), (1.11) with respect to the induced connection T' = (T, T), (1.3), has in the local
chart Gn™ " (U),2°), 2", 23%), (1.1), the form:

F® = F/Dy;®
F! = F},’D,,@w°/+2F}Du®w"+22"‘ \7u~:."o,,-om°f

: (4.3)
FU = F;Do,®w°’+F;D,,®w”+F}.‘D,1® w + :

+ 2K U FIDy @ o +22'% V, FIDy @ W +

+ [22* O, Fl‘ +217 204V, \7,1-‘;+ FI’RI’"— p;'g;’,)]o%, ®w .
Proof: If we use the formulas (1,1), (2.8), (2.9) for the field ([3]. p. 331) F°, Fl, Fl
given in the induced coordinates (x°’, x'?, x3) we obtain our proposition.
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STRESZCZENIE

W pracy wyznaczamy postaci pél tensorowych typu (1,0), (0,1), (0,2), (1,1) w reperze adoptowa-
nym na przestszeni totalnej uliniowionej wigzki stycznej druguego rzedu j=: *M —+ M. Wprowadzamy
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reper adoptowany na przestrzeni totalnej * M wzgledem koneksji liniowej I w wigzce M = M induko-
wanej za pomocg koneksji liniowej I' w wigzce TM — M. Wyznaczamy postaci podniesieni horyzontal-
nych przekrojéow TM — M, podniesiefi wertykalnych przekrojéw M — M oraz postaci podniesiefs
Yano-Ishihara ([3]) pdl typu (1,0), (0,1) do *M w reperze adoptowanym. Definiujemy metryke
riemanowskg typu Sasaki na M i wyznaczamy postaci podnicsieri Yano-Ishihara dla tensoréw typu
(0,2) do *M. Ponadto znajdujemy postaci tensoréw typu (1,1) oraz podniesiet Yano-Ishihara dla
tensoréw typu (1,1) w reperze adoptowanym na M.

PE3IOME

B paGoTe onpegeneHo BHA TeH3opHmx noneft mupa (1,0), (0,1), (0,2), (1,1) B amanTHpoBaHoM
penepe Ha NPOCTpaHCTBe paccioeHHS M NHHeapH3OBAHHOIO KACATENLHOIO PaccIOeHHs BTOPOIO
nopanka 3« : M — M. BBoouM ananTHpoBaHHbIi peflep HA NPOCTPAHCTBE paccnoeHH A * M OTHOH-
TensHo nuHefHoft cBA3HOocTH (I, I') B paccnoenun jn : M — M MHAYUHpPOBaHOR MpH NOMOLM
cBasHoct I B paccnoernit TM - M. OnpenensieM BHO MOpH3IOHTATBHOIO NHGTA ceveHut TM — M,
BepTHKANBLHOIO NHPTa ceyeHuit *M — M, a Takxe BUR SHo-Ucuxapa nudTos [ 3] nonest Tuna (1,0),
(0,1) B ananTMpoBaHoM penepe Ha M. OnpenensieM pHMaHOBY MeTpHKY THna Cacak® Ha M, a
Takxe BHO AAHo-Uatxapa nndToB TeH3opo Tuna (0,2) B amantHpoBaHom penepe. Taxxke Haxomum
BHA TeHaopoB Thna (1,1) u SHo-Mcnxapa nu¢dros Tenzopos ™vna (1,1) B aganTtHpoBaHoM penepe
Ha M.



