ANNALES UNIVERSITATIS MARIAE CURIE-SKLODOWSKA
LUBLIN-POLONIA
VOL. XXXV, 3 SECTIO A 1981

Instytut Matematyld
Uniwersytet Marii Curie-Sktodowskiej

Andrzej BUCKI, Ryszard HOLUBOWICZ, Andrzej MIERNOWSKI

Almost Paracontact Structures on a Lie Group
Prawie para-kontaktowe struktury na grupie Lie'go

Mouti napakoOHTaKTHLE CTPYKTYpH Ha rpyrme Jlu

1. Introduction. In [3] A. Morimoto has dealt with the left invariant almost contact,
normal structure on a Lie group.

In the present paper we shall investigate some relations between the normality and the
weak-normality [1] of almost paracontact structures [3] on a Lie group. It turns out that
the problems can be reduced to purely algebraic ones in Lie algebras. Let £ = (¢, &, )
be an almost paracontact structure on a differentiable manifold M. It is easy to see that
F, =¢-n®% F, = ¢+ n ® £ are the tensor fields of almost product structures M.

Definition 1.1 [1]. An almost paracontact structure Z on M is said to be weak-normal
if the almost product structures F, and F, defined above are both integrable.

In [1] we have defined the tensor field:

VX, V)= $ X, Y1-[6X, Y]~ [X. ¥ ] + ¢ [oX, Y] + {620 (a(1)) - @D} §-

We also have:
Theorem 1.1 [1]. An almost paracontact structure T = (¢, & n) on M is weak-normal
if and only if the following conditions are satisfied: '

@oV) X E=0AY(@¢X,¢V)=0,

for any vector fields X, Y on M.
J. Sato [3] considers the following tensors:
NX, V)=[¢ ¢](X,)-2dn(X, Y)-&,
N (X, V) = (Lox 1) (Y) ~ Loy n) (X)),
Ny(X) = (L 9) (X)),
N =L 1) (),
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where [¢, ¢] denotes the Nijenhuis tensor for ¢, and Ly is the Lie derivative with respect
to a vector field X. We know the following:

. Theorem 1.2. [3]. An almost paracontact structure (¢, ¢, n) on M is normal if and only
ifN;, =0.

Theorem 1.3 [3).IfN, =0thenN;=0,i=2,3,4.IfN, =00r N; =0 then Ny =0.

Theorem 1.4 [1]). An almost paracontact structure T = (¢, &, n) on M is normal if and
onlyif y =0.

Theorem 1.5 [1]). A weak-normal almost paracontact structure T on M is normal if and
only if Ny = 0. .

Combining above theorems we obtain:

Corollary 1.6. A weak-normal almost paracontact structure £ on M is not normal if
andonly if N, #OAN, $+0AN,; +0AN, $0.

Example 1.1. On a Riemannian manifold (M, g) let £ = (¢, £, n) be an almost para-
contact §-structure [1]. In [1] we have proved that &-structure is weak-normal if and only
if dn = a A\ 1 for some 1-form a and §-structure is normal if and only if dp = 0.

In virtue of the Corollary 1.6 we can observe that if dn = @ A  and a % 0, then
§-structure corresponding to 7 is weak-normal and N; # 0, i = 1, 2, 3, 4, for this structure.

2. Almost Paracontact Structures on a Lie Group. Let G be a Lie group and for any
element a € G, we denote by L, the left translation of G defined as follows:

Ly:G-G[/x—+ax.

Definition 2.1. An almost paracontact structure T = (¢, £, n) on G is said to be left
invariant if the following conditions are satisfied:

$0(Lg)e = (l:a)t ¢, 2.1
Lo)e B)=E. ; (2.2)

Corollary 2.1. The following condition holds good:

Le)* m)=n. (2.3)
Let (q, [ ]) be a Lie algebra, and ¢, : ¢ = q be a linear map and §, € q and n, € ¢*.

Definition 2.2. The triple (¢, £o. 1o) is called a paracontact structure on q if the
following conditions are satisfied

%o ((0)=0, M0 0¢ =0,
2.4)
0 (0)=1, ¢ =Idg—mno® %, .
¢o [X, Y] = [ X, Y] +[X, 6o Y]~ 0o [¢0X, 80 Y], (2.5)

where X, Y €¢q
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Remark, We shall call a Lie algebra with a paracontact structure a paracontact Lie
algebra.

Now we shall prove:

Theorem 2.2, If (¢o. o, Mo) is a paracontact structure on a Lie algebra q, then the
following condition is satisfied:

o [X, Y] + 1o [¢oX, Y] =0, (2.6)

where X, Y Eq.
Proof. Operating with ¢, on both hand s ides of (2.5) we get:

85 [X, Y] =¢o [¢X, Y]+ 6o [X, 6 Y]~ 88 (60X, $Y].
Hence

(X, Y]=no [X, Y] =

o (X, Y14 60 L, o I (0o, 0 X1 o, P
Inserting ¢y X instead of X into (2.5) we have:
do [#X, Y] = 2.8)
= [X, Y]~ 10 () [£0, Y1+ [0 X, 6 Y1~ o [X, 00 Y]+ 10(X) o [£o, oY)
Inserting £, instead of Y into (2.5) we obtain:

o [X, o] = [$0X, $0]. . (2.9)
From (2.8) and (2.9) we have: ‘
$o [$0X, Y] =X, Y]=no(X) [£0, Y] + [#0X, 60 Y]~ 60 [X, 6o Y] + 10 (X) [£0, 93] =
=[X, Y]+ [¢oX, 6o Y]~ 60 [X. 60 Y]. (2.10)
Inserting (2.10) into (2.7) we obtain:

[X,Y]-no [X, Y] & =
=[X, Y]+ [¢oX, o Y]~ ¢o [X, 0o Y]+ ¢ [X, b0 Y]~ [00X. o Y]+ 10 [$0X, o Y] &0,

which is equjivalent to (2.6).

Now we can prove:

Theorem 2.3. Let G be a connected Lie group. Then G admits a left invariant normal
almost paracontact structure if and only if the Lie algebra G of the left invariant vector
fields on G is a paracontact Lie algebra.
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Proof. Suppose that G admits a left invariant normal almost paracontact structure
Z = (¢, &, n). For any X € G we have ¢(X) € G, since L« (¢pX) = ¢(LaeX) = $(X) for
any a € G. Hence the restriction ¢, of ¢ to G is a linear map of a vector space G into
itself. Take X € G, then n(X) is a constant function on G, since n and X are left invariant,
Hence the restriction ny of 1 to G is a linear form on G. Moreover, it is clear that £ € G.
Hence, by putting £, = &, we obtain the structure £, = (¢o, £o, M0) satisfying (2.4).
Because T is normal, it follows that y(X, Y) = 0 in particular for X, Y € G. Since

n(X) is constant for X € G and ¢(X) (n(Y)) — ¢(Y)(n(X)) = 0. Hence
do [X, Y]—[¢oX, Y] - [X, 6o Y] + o [#0X, 9o Y] =0

for X, Y € G what means that (2.5) is satisfied and G is a paracontact Lie algebra.
Conversely, suppose that G has a paracontact structure Zo = (¢o, £0. N0o) satistying (2.4)
and (2.5). Let X,, .., X, be a basis of G over R. Then for any vector field X on G we can
find n functions: o : G — R such that X can be written uniquelly: X = ¢/ X;. Now define
Z = (¢, &, 1) as follows:

o) =a'go(X), nM)=a'no(X), £=tko.
Then we have:
& (1) = 6(0X) = alg(boX) = & 5 (X)) = &' (X; ~ 10 (XiDko) = & X; ~ mo @ XDk =
=X-1(NE=Ud-n®H(X),
$(¢) = 90(50)=0, nE)=n0(0)=1,

(10 )(X) = n(a’ 6o (X)) = a'n(go (X)) = &' (no © $o)(X) = 0.

Hence I is an almost paracontact structure on G. Moreover we have:
VX, V) =a'd y(Xy, X))
and in virtue of (2.5) we have:
Y(Xi, Xp) = ¢ [X;, X;) - [6Xy, Xp]— [ Xy, ¢Xj] + ¢ [¢X;, ¢X)) +
+ {UN@O) - PN OXN] &= o [Xi, X1~ [90Xs X1~ [Xi, 4o)) +
+eo [80Xi, 4 i1+ BoXD)(mo (X)) ~ (B0 XM0 (XN} £=0.

Since y is a tensor field on G, ¥ vanishes identically, which proves that ¥ is normal.
Now we have:
Theorem 2.4. Let T = (¢, ¢, n) be a paracontact  structure on a Lie algebra q. Let

d =q ® a be the direct sum of q and 1-dimensional Lie algebra a. Define the linear
map F of q into itself by:-
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F(X, a) = (¢X + at, n(X))
for X € q and a € 4. Then F satisfies the following conditions:
FY=1d7 . (2.11)
F[X, Y)=[FX, Y]+ [X, FY)- F[FX, FY] (2.12)

foraIIY, ?EE
Proof. Let X = (X, @) €q . Then we have: -

F*(X) = F($X + a, n(X)) = ($(8X + a) + n(X)E, n(d(X) +at) =
= ($*X + ap(®) + n(N)E n(#(X)) +an(®) = (X~ n(X)E + (Nt a) = (X, a) =X .

Hence F? =Idg . For X=X, a)and ¥ = (Y, b)€F, we have:

(X, ¥1=[(X. 9), (Y, B)] = (X, Y],0)

a5 F[X,Y]=F((X, Y],00=($[X. Y} n[X, YD = o
= (16X, Y]+ [X, $Y]- 6 [6X, oYL n[X, YD .
On the other hand, we have:
[FX, ¥ = [(#X + at, n(X)), (Y, b)] = ({$X +at, Y], 0) (2.14)
(X, FY]=([X, oY + bt], 0) ' (2.15)

F[FX, FY]=F[(¢X +at, n(X)), (8 + bt, n(Y))) = F(($X +ak, §Y + b], 0) =
= (S [#X +ak, §Y + bE) 0 [$X +ak, oY + bE]) .

Here we shall use the equalities (2.9) and (2.6) and obtain:

FIFX, FY)= (99X, 6Y]+0[4X, bE] +lat, Y] nloX, 0¥ ] +n[oX, b) + nlak, o¥]) =
= (§[6X, 0] + 47 [X.bE) + ¢* [af, Y] ~n[X, YD =
= (@[6X, $Y) + [X, bg] = [X, bE]E + [af, Y) - n [ak, Y], ~n [X. YD

From (2.6) by putting Y = §, we have: n [X, §] = 0. Hence

F(FX, FY)= (¢ [¢X, 6Y] + [X, bE] + [a£, Y],~n [X, YD (2.16)
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(2.14) +(2.15) — (2.16) gives (2.13), since:
(X, Y) +[af, Y] +[X, aE) +[X, oY ] - 6 [6X, 6Y]—[X, bE] —[a£, Y], 0 + O + 0 [X, Y]) =
=([¢X, Y]+ (X, 0Y]-¢ [¢X, ¢Y) n [X, Y] .

which completes the proof.
Let F be a tensor field of an almost product structure on a Lie group G. F is said to
be the left invariant if:

(Lg)t oF=Fo (Ld)"

This condition implies that F maps left invariant vector fields on G into left invariant
vector fields. Let Fy denotes the restriction of F to G, being the Lie algebra of the left
invariant vector fields on G.Andmost product structure F is integrable if [F, F] = 0 where
[F, F) denotes the Nijenhuis tensor for F. We have:

[F,FI(X,Y)=F[X, Y]+ F[FX, FY]-[FX, Y] X, FY].
If an almost product structure F is integrable, then Fy satisfies:

Fo [X, Y]+ Fo [FoX, FoY]=[FoX, Y]~ [X, FoY] =0 (2.17)

F¢ =Idg . (2.18)

Conversely, if a linear map Fy : G+ G satisfies (2.17) and (2.18) then, similarly, to the
second part of the proof of the Theorem 2.3 we can define the left invariant inte-grable
almost product structure on G. Now we consider the left invariant almost paracontact
structure £ = (¢, £, n) on G. Since (L,)«¢ = 0 and (L;)*n = n, then the linear map
n ® £ is left invariant i.e.:

La)*o(m®@E)=m®@E)0(La)*

Let F, =¢—-n®¢§ F, =¢ +n®E, then F, and F, are the tensors of the left invariant
almost product structures on G [1].

Definition 2.3 [1]. The left invariant almost paracontact structure £ = (¢, £, n) on G
is said to be weak-normal, if [F,, F, ] = 0and [F,, F,]=0.

In virtue of the Theorem 1.1 Z is weak-normal if

Y(9X, ¢¥) =0 and (90 ¥)(X, £)=0,

Now let X, Y € G. Then:
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V(9X, ¢Y) = Y (9o X, ¢0Y) =]
= ¢o [PoX, Po Y]~ [0d X, 0o Y]~ [d0X, 03 Y] + ¢o (8¢ X, 03 Y],

(30 V) (X, §)=¢¢ [X, Y]~ [60X, Y)

where ¢, denotes the restriction of ¢ to G.

Theorem 2.5. The left invariant almost paracontact structure T = (¢, £, n) on a Lie
group G is weak-normal if and only if:

do [B0X, 9o Y] = [06 X, ¢o Y]~ [doX, 83 Y]+ ¢o [65 X, 3 Y] =0

¥y [X, Y1=[¢0X, Y]

forany X, Y €G.

Now we have:

Theorem 2.6. Let (q, [ ]) be a Lie algebra, such that q' # q, where q' denotes the linear
space spanned by [X, Y] forall X, Y € q. Then, there exists a paracontact structure on q.

Proof. Let g, be such subspace of g, that ¢ =q' ®q,. Take an arbitrary 0 # {, € q,.
We can define a form ng such, that:

no(¢0) =1, /\, n0(X)=0.
xEq
Putting ¢o =Idg —no @ £, we have: ¢ =Id — 1o @ £ and

#’o (X, Y]-[%X. Y]-[X, ¢o Y]+ ¢ [$0X, 9o Y] =
=[X, Y]+ 10 [X, Y]Eo = [X, Y] + 1o (XN)[£0, Y] —
= [X, Y]+ no(Y) [X, &6] + [X, Y]~ n0(X)[£0, Y]~ n0(Y) [X, E0]— 10 [$0X, $oY]=0.

Corollary 2.7. Every nilpotent (and solvable as well, since nilpotency implies solvability)
Lie algebra admits a paracontact structure.
Let GL (n) denotes the Lie algebra of the linear group GL (n). Since tr[X, Y] = 0 for all
X, Y € GL(n), then GL'(n) # GL(n). Hence we have:

Corollary 2.8. The linear group GL(n) admits a left invariant normal almost
paracontact structure.

Example 2.1. Now we give an example of a left invariant paracontact structure on GL (n).

Let X = (X} a1, ., nand b0 =@ D-Putne@) =n""rX=n"" (X} +.. +X7)

and ¢o =1dG (n) ~ Mo @ 0. Then 1o (§0) = 1 and g [X, Y] = [0 X, Y] = [X, ¢ Y] +
+ ¢o [$oX, do Y] = 0. Hence (¢o, £o. M0) is a paracontact structure on GL (n).
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Example 2.2. In this example we present the left invariant almost paracontact weak-
-normal structure on GL(2), that is not normal. To this end, let g/‘ denote the natural
coordinates in GL(2). We consider the following forms: n = g3 dg! + g3 dg? and

a=-g}dgl -2} de} +27 dg} +23 dg} ,
where g; denote entries of an inverse matrix to a matrix (g;). It is easy to verify, that 9

2 L)
YR

¢=1Idg 3)—n®F we obtain a weak-normal [1] left invariant almost paracontact

and « are left invariant and dn = n A a. Putting ¢ = g} and

structure on GL(2).
Example 2.3. Here we show a paracontact structure on GL () that is not weak-normal.

Let no(X) = n~! i X, £°=(:] [l))and $o(X)=XT —n~1! tr X - &,. The structure

(0o, £0, No) is not weak-normal.

REFERENCES

(1] Bucki, A., Hotubowicz, R., Miernowski, A., On Integrability of Almost Paracontact Struc-
tures, Ann. Univ. Mariae Curie-Sktodowska, Sect. A, vol. 35 (1981), 7-19.

{2) Morimoto, A., On Normal Almost Contact Structures, J. Math. Soc. Japan, 15 (1963) 420-436.

[3) Sato, )., Ona Structure Similar To Almost Contact Structures, 1 Tensor (N.S.) 30 (1976),219—224,
Il Tensor (N.S.) 31 (1977),199-205.

STRESZCZENIE

W tej pracy zajmujemy si¢ badaniem zwigzkéw migdzy normalnoécis i staba normalnoscig [1] pra-
wie para-kontaktowych struktur na grupie Lie'go. Okazuje sig, Ze problemy te sprowadzajg si¢ do
rozpatrywania zagadnien czysto algebraicznych w algebrze Lie'go.

Ponadto podajemy przyktady: lewo-niezmienniczej para-kontaktowej struktury na GL(n), lewo-
-niezmienniczej prawie para-kontaktowej stabo-normalnej struktury na GL(2), ktéra nie jest normalna
oraz para-kontaktowej struktury na GL(n), ktéra nie jest stabo-normalna.

PE3IOME

B 3ToA paGoTe Ml H3IyyaeM 32BUCHMOCTH MEXRY HOPMAaNLHWIMH H 1260-HOPMAILHBIMH NMOYTH
NapaKOHTAKTHLIMH CTPYKTYpamMH Ha rpynne JIu. -

Kpome Toro pacm npumcpsl: ieBO-HHBapHaHTHOA NMapakOHTAKTHOR cTpykTypH Ha GL (n) neso-
#HBapHAHTHOA MOYTH NapaKOHTAKTHOR cnaGo-HopmaneHOR CTPYKTYpH Ha GL (2), KoTopas He
HOpMaNLHas U MapaKOHTaKTHas cTPYKTYphl Ha GL (n), u He ABnsercd cnaGo-HopManLHof.



