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0. Introduction. The normality of an almost contact structure Q on a manifold M
denotes, as one knows, the integrability of some almost complex structure on M x R.
In [3] A. Morimoto has defined the integrability of the structure Q by requiring some
almost complex structure on M x M to be integrable, and later he has proved that the
normality is equivalent to the integrability.

In this paper we investigate conditions of integrability of almost paracontact structures
being defined by J. Sato [4]. In the first section of the paper we introduce, analogously to
A. Morimoto, the notion of the integrability of an almost paracontact structure T on M
and in the Theorem 1.5 we show that this is equivalent to the normality.

In the section 2 we define the idea of the weak-normality ofan almost paracontact
structure £ on M requiring some almost product structures F, (Z), F;(Z) on M to be
integrable, which does not posscss an equivalent in almost contact structures on‘account
of the evenness of a dimension of a manifold. In the Theorem 2.1 we show that the weak-
-normality is a consequence of the normality and in the Theorem 2.4 we answer the
questijon for what structures both types of normality are equivalent.

In the last section we present two examples that illustrate the weak-normality of
almost paracontact structures.

In this paper manifolds, vector fields, real valued functions and differential forms
on a manifold are diffrentiable of the class C ~.

1. Normal Almost Paracontact Structures.

Definition 1.1 [4]. Let M be an n-dimensional manifold. If there exists a (1, 1) -tensor
field ¢, a vector field ¢ and a 1-form  which satisfy the conditions:

p*=1d—n®%, (1.1)
n®=1, 1.2
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then we say that M has an almost paracontact structure and M is an almost paracontact
manifold.
You can prove that the conditions (1.1) and (1.2) imply the following:

#¢) =0, (1.3)
no¢ =0, (1.4)
rank¢ = n—1. (1.5)

Definition 1.2 [4]. An almost paracontact structure (¢, £, n) on M is said to be normal
if the following condition is satisfied:

[(6,8]— 2dn® £ =0 1.6)

where [¢, ¢] is the Nijenhuis tensor for ¢.

It is well known that normal almost paracontact structures may be defined in the
following way:

Let us consider the manifold M x R. Having used the almost paracontact structure
(¢, £, n) on M we define an almost product structure F on M x R as follows [4]:

d d
F(X.fd—t)=(¢(X) +/E2(X) ";)- (1.7

We know the following:

Theorem 1.1 [4]). An almost paracontact structure (¢, £, 1) on M is normal if and only
if the induced almost product structure F on M x R is integrable.

In [3] A. Morimoto has dealt with some almost complex structure on a product mani-
fold with almost contact structures and has investigated its integrability. Similar considera-
tions may be conducted in the case of manifolds with almost paracontact structures.

Let M and M be manifolds and £ = (¢, ¢, 7) and £ = (¢, g 1) be almost paracontact
structyres on M and M respectxvely A vector field X on M will be identified with a vector
field X on M x M as follows: X = X, + O for (p, i))GMx M, where 05 denotes

the zero vector of M at p. Smularly, we ldcntnfy X on M with X on M x M such as:
X(p_ p)=0p T X,. Let X + XET(M x M) and put:

F(X + X) = ¢(X) + n(X) £ + $(X) +n(X) . (1.8)

It is easy to see that F? = Idy,  ,,, so Fisan almost product structure on M x M.

Remark. Observe that while M = R, ¢ = 0, £ = d/dt, n = dt, the definition (1.8)
becomes (1.7).

We shall show that an almost paracontact structure is integrable if and only if it is
normal one. To this end we shall use the following definitions and lemmas.

Definition 1.3 Let £ = (¢, £, n) be an almost paracontact structure on M. We define
the following tensor ficld Y of the type (1, 2) and a differential 2-form 6 on M:
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VX, ) =¢[X, Y] —[¢X, Y] =X, ¢Y] +

: 1.9
+9 14X, 9]+ §600 (1) — 61 (00} £ o

6(X, Y) =n[X, Y]— X((Y)) + Y (O) + 0 [4X, 6Y). (1.10)

Now we prove the following:

Lemma 12 Let T = (¢, £, n)and Z = (¢, &, n) be almost paracontact structures on M
and M respectively. Then the induced by (1.8) almost product structure F on M x M is
integrable if and only if the following conditions are satisfied:

V=0, (1.11)
V=0, (1.12)

Where ) is the tensor field of the type (1, 2) on M corresponding to T defined by (1.9).

Proof. The integrability condition of the induced almost product structure F on M x M
is as follows:

FIX+X, Y+ Y]+F[F(X+X), F(Y +Y)]=

(1.13)
=[FX+X),Y+Y]+[X+X F(Y+Y)].
The first term of the left hand side of (1.13) (using (1.8)) is equaled to:
F[X+X,Y+Y]=F([X, Y]+[X, Y])=
(1.14)

=¢[X, Y] +n(X, YDE+O[X. Y] +n[X, Y]E.

The second term of the left hand side of (1.13) is of the form:

FIF(X +X),F(Y + V)] = F[¢(X) + n(X) £+ () +n(N) E ¢(V) +n( E+o(V) +
M) E]=F(lo(X) + n(X) £ ¢(Y) + n(V) £] + [6(X) + n(X) &, ¢(Y) +n(N) ED +
+F([6(X) + n(X) £, 6(N) + n(M ] + [0(X) + n (D £, ¢(N +n(N) §D) =
=¢[6(X) + a0 £, oY) + () E) + 1 [6(0) + n(X) & ¢(V) +n(V) E}E +
+ ¢ [p(X) + (X)) & ¢() + n(N ] + 0 [9(X) + n(XD) E 6D +n (V) E] & +
+F([9(X), 6(D)] + [n(X) £, 6(M] + [n(X) & n(Y) €] + [6(X), (V) €] +
+[9(X), 6(M)] + [¢(X), n(Y) ] + [n(X) £, ¢(N] + [n(X) & n(V) ED =
= ¢ [2(X) + () £, 6(N) + a(Y) ] + 1 [6(X) + a(D) & ¢(V) +n(V) £]§ + ¢ [6(X) +
@) E oM +a(M) El+ 0 [8(0) + () £ 6() +n(NE]E+FEH(N (X E+
T EO@M)E—n(NE @) E+ X)) @) E+ D) ) E - (V) (XN E +
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+X)EOMNE—nMNE QX)) E)=¢ [6(X) + n(X) §, ¢(Y) + n(Y) E] + n[p(X) +
+ X E¢(Y) +a(N) E1E+ ¢ [6(X) +n(X) E,6(Y) + () E] +n[p(X) +
+nX)E oY) +n(N)E)E+ F({- #(Y) (X)) —n(¥) £ (X)) + ¢(X) (n(Y)) +
000 £ @O} £+ {700 £ @) + 600 @) — $(V) (1X) —n (V) £ (D)} ).

If we put:

JX, X, Y, Y)=nX) E () +(X) (1(1) — ¢(Y) (n(X)) —n(¥) £ (X))
X, X, Y, Y)==¢(Y) (X)) —n(Y) § (0(X)) + ¢(X) (V) + n(X) & (n(Y))

and after having used (1.2), (1.3) for Z and Z the second term of the left hand side of
(1.13) is expressed as follows: ;

FIF(X + X),F(Y + )] =¢[d(X) + n(X)§, ¢(Y) + n(NE] + n[o(X) + n(X) &, 6(V) +

(V) E1E+6[6(X) + () &, ¢(Y) +a(N) E] + 0 [6(X) + n(XN) &, (1) +n(Y) £] ¢ +
+(X XY NE+fX, X, Y, NE. (1.15)

The first term of the right hand side of (1.13) is:

[FOX+X),Y + Y] = [(X) +n(X) £+ 6(X) +n(X) §, Y + Y] = [6(X) + n(X) &, Y] +

HPX) + (X E YT+ [p(X) +a(XE Y]+ [#(X) +a(XN)E Y]=  (1.16)
=@+ (X E Y]+ [p(X) + X E Y- Y(X) E—Y(n(X) £ .

The second term of the right hand side of (1.13) equals to:

[X+ X, F(Y + )] = [X + X, o(Y) +n(Y) £ + 6(¥) +n(Y) £] = [X, 6(V) + n(¥) €] +
+[X, 6(N) + a1 ] + [X, () + n(N E] + [X, oD + oD E] = (117)
= [X, 6(N) + n(V) §] + [X. 6(1) + (") E] + Xa(V)) £ + X(m(V))E .

Using (1.14), (1.15), (1.16) and (1.17) the condition (1.13) is equivalent to the following
two relations:

$X, Y] +niX Y}E= (1.18)
==¢[¢(X) +n(X) & o) + (V) E] = n[¢(X) +n(X) &, 6(Y) +n(Y) £} & +
X)) +n(X)E Y+ [X, ¢+ (N E]+ X)) E—Y(X)DE—f(X X, Y, V)E,
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o[X, Y] +nlX Y]E= (1.19)
= - ¢ [6(X) + n(X) & () + (V) E] - n [6(X) + n(X) & (V) + n(V) £} +
+[6(X) + 1) & Y]+ [X, o(V) + n(N) E] + X((V) § — Y(n(X) £ —f(X. X, Y, V) .

Now, putting X = Y = 0 in (1.18) and (1.19) we obtain:
VX, =0, (1.20)
8(X, Y)=0. (1.21)
Putting X = Y = 0 in (1.18) and (1.19) we get:
8(X,V)=0, (1.22)
VX, ) =0. (1.23)

Putting X = Y = 0 in (1.18) and (1.19) we have:

[X. n() 1 - ¢ [X, n(N) E] - n((n(X) £, 6(ND E+ (N E@X)) =0, (1.29)
(M@ E Y- ¢ [n(X) & s(N]—n([(¢(XN), n(N EDE- (XD EMT) E=0. (1.25)

Putting X = Y = 0in (1.18) and (1.19) we have:

X E Y]-¢ [n(X) L o] - n([¢(X), (N EDE-n(XDEM(Y)E=0, (1.26)
X, n(N E)-¢ [oX, n(N E}-a(n(XD) & sMND E+ (N E@X))E=0. (1.27)

These eight conditions are equivalent to (1.18) and (1.19).

Now we shall show that the conditions (1.21), (1.22) and (1.24) through (1.27) are
implied by (1.20) and (1.23). First,ilseasy to see that (1.24) and (1.26) are equivalent
and also (1.25) and (1.27) are equivalent. Now we show that (1.24) is implied by (1.20)
and (1.23). To this end, first we observe that:

¢((X, D) = [¢(X), &] . (1.28)

In fact, putting Y = £ in (1.20) and by virtue of (1.2) and (1.3) we get (1.28). Now the
left hand side of (1.24) is equals to:

MM X &~V ¢ [6X, E]-n(X) n (& (M) E +n(NE@(X)) & =
=) (X, £~ [#°X, £] + EQOOE ~n(D) 7 @(EE YD) =
=a{IX. §]- [X. £ + n(O [& £1 - E@EO) & + EQU) £} =0.
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In the same way we show that (1.27) is impliéd by (1.20) and (1.23). Now it
is sufficient to prove that (1.20) implies (1.21), since (1.22) is implied by (1.23) in the
same way. Operating ¢ on both sides of (1.20) we have:

O*[X, Y] = ¢ [9X, Y] + ¢ [X, ¢Y] - $*[X, ¢Y]. (1.29)

Using (1.20) we can calculate the first term of the right hand side of (1.29) substituting
¢(X) instead of X.

G 10X, Y] = [#° X, Y] + [8X, 0¥ - 6 [¢7 X, Y] - {62 20) (n(1) - 6(Y) (6N} & =
= X =m0 & Y]+ [6X, 8¥]- $ X ~n(D) & $Y] - (6 2) @) -

Inserting this into (1.29) we obtain:

(X, Y]=nlX, Y] E=[X-n(X)E Y]+ [6X, Y] -0 [X - n(X) £, ¢Y] -
—@X) (M) E+ (X, 6Y] - [6X, ¢Y] +n[oX, ¢Y]E.

Hence we have:

“n[X,Y]§ = - [nX)§ Y=o [-n(X)E ¢Y]-(X-n(X) H (V) E +n[¢X, ¢Y {E =

= a0 [ Y]+ Y(@(0) £ - 6 { - 00 [£ 8¥] + 6(Y) (n(N)) £} -
= XYDE+nXDEMM)E+n[eX, Y] E=

=-nX) [ Y] + Y(n(X)) E.+ n(X) ¢ [£ Y] - ¢(Y) (n(X)) ¢(¢) -
X)) E+aXDEMO)E+nleX, ¢Y]E= -

= =n(X) [ Y]+ Y(n(X) E +n(X) [¢ ¢’ Y] -
X)) E+nX) kM) E+n(¢X, oY) E =

= -—nME Y]+ Y@ E+nX)([E Y- (X)) n(V) ¢ £] -
X E@)E-XO) E+ (X)) E M) E+n(eX, ¢Y)DE=

= -X(Y)E+YmX)E+n(¢X, Y] E=

= ~ X - Y () +n (e, ¢Y)

or 8(X, Y) = 0. Thus we have proved that (1.20) implies (1.21) what completes the proof
of the Lemma 1.2.

In the case M = M and £ = T we have:

Definition 1.4. An almost paracontact structure T on a manifold M is said to be
integrable if and only if the product structure F given by (1.8) on M x M is integrable.
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We have the following:

Theorem 1.3. Let £ = (¢, §, n) be an almost paracontact structure on M. Then X is
integrable if and only if the following condition is satisfied: y = 0.

Combining Lemma 1.2. and the Theorem 1.3. we get:

Theorem 1.4. Let T and T _be almost paracontact structures on M andM respectively.
Then the induced by Z and T almost product structure on M x M is integrable if and
only if T and X are both integrable.

If in the Theorem 1.4. we take M = R and X = (0, d/dt, dr) then we shall get:

Theorem 1.5. An almost paracontact structure T on M is integrable if and only if Z.is
normal

In particular, we have:

Corollary 1.6. An almost paracontact structure T on M is normal if and only if condi-
tion (1.20) is satisfied.

2. Weak-normal Almost Paracontact Structures. Assume that = = (¢, §, 1) is an almost
paracontact structure on a manifold M. We define (1, 1)-tensors on M:

=p-n®E, (2.1)
F,=¢+n®Et. (2.2

It is easy to verify that F} = F} = Id),.
Definition 2.1. An almost paracentact structure X on M is said to be weak-normal if

the almost product structures F, and F, defined by (2.1) and (2.2) are both integrable.
Now we prove:

Theorem 2.1, If an almost paracontact structure 2 on M is normal then T is
weak-normal,

Proof, Let [F, F,] denote the Nijenhuis tensor field for the structure F,.It isclear that
[Fy Fy](X, Y) =0 if and only if

F,[F, /,](X,)=0.
Now we calculate:

FilFL FiJ(X, V)= F, [X, Y]+ F, [F,X, F,Y]-[F,X, Y]~ [X, F, Y] = ¢ [¢X, ¢Y] -
~n[8X, oY e - (V)9 [¢X, E]+ n(¥)n(eX, £} £+ 6 (X)) (V) E-u(X) ¢ [ Y]+
taX)n (g ¢YTE- (N AN E- XD E@M)E+n(NE@ENE+[X, T]-
—a({X, YDE-[¢X, Y]+ n(X) [& Y] - Y(n(X)) § — [X, Y] +a(D) [X, §] +
FX((N)E=v(X, =6, NE-n(Y) Y(@@X.E)~0@@X, E)E —n(X) V(& ¢1)-
-0¢ ¢NE .
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Thus the integrability condition F; [F, F; )(X, Y) =0 of the structure F, is equivalent to:
VX V-0, VE-n) U(eX, E)-0(eX, b —

. (2.3)
-n(X) Y& 9Y)-0¢ ¢V)E =0.

In the similar way we have:

F2 [F2 FZ](X' }')z‘p()(, Y)+0(Xr Y)f"’ﬂ(y) ¢(¢X.£)“G(¢X-5)E i
+n(X) (& ¢ -0( o1& :

or the integrahility condition of the structure F, is equivalent to the following one:

VX N +OX, )E+n(Y) U(eX, 5)-0(eX, £)E +

249
+n(X) V(E ¢Y)-0( ¢Y)E =0.
By virtue of the Corollary 1.6 we come to the end of the proof.
Observe that adding (2.3) and (2.4) we get:
_\l'(X. N+n@)0 (¢X, £ E+n(X)6 (£ ¢Y)E=0. (2.5)
Substracting (2.4) from (2.3) gives us:
(X, Yy § +n(Y) ¥ (#X, §) +n(X) ¥ (& ¢1) = 0. (2.6)

It is clear that the conditions (2.3) and (2.4) are equivalent to (2.5) and (2.6). Inserting
¢(X) and ¢ instead of X and Y into (1.9) and (1.10) we obtain:

VX, ) =-0X, HE-(dov) (X, §) (2.73)
0@X. HE=—v X H-@oV(eX. ) (2.7v)
Now (2.5) and (2.6) may be written as follows:
VAN 1MV X -1V E N-n() (@0 V) (@¢X, &)~

' (2.8a)
—nX)(@ov) (£ ¢Y)=0

[BX. V)~ n(Y) 6 (X, )= n(X)6 (5. N § - n(¥) (40 ¥) (X, §)—
~2(X) (90 V)¢ ) =0.

(2.8b)
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Now, inserting ¢(X) and § instead of X and Y into (2.5) and (2.6) we get:
V(oX, £)=-6(X, £k (2.92)
09X, H)E=—y(X. §) (2.9b)
From (2.7a), (2.7b), (2.9a) and (2.9b) we have:
(@0 V) (X, §)=0
Hence (2.8a) and (2.8b) become:
VX =My (X B -n(X) ¥ ¢ ) =0 (2.102)
80X, N-n(NOX, E)-n(X)0( Y)=0 (2.10b)
We have the following:
Lemma 2.2. The condition (2.10a) implies (2.10b).
Proof. By operating ¢ on (2.10a), we have:
¢ (X, Y]- o [aX, Y]= 0 [X, 8Y] + ¢* [0X, Y] +n(X) ¢* [, Y]+ 0 () S [& ¢(1;1 1_1)

—n(Y) ¢* [X, £} + n(Y) ¢ [¢X, £} = 0.

Inserting ¢(X) instead of X into (2.10a) we have:

¢ [#X, Y] - [¢*X, Y]~ [¢X, ¢Y] + ¢ [6* X, Y] + ¢’ (X) (n()) £~ n(Y) ¢ [¢X. £} +

+aM X, &+ () EMX)E=0.

Hence

¢[9X, Y] = (X, Y] - [n(X) & Y]+ [¢X, 0Y] - ¢ [X, ¢Y] + ¢ [n(X) £ ¢Y]- X(n(V) £ +

X E@X))E + () ¢ [¢X, E] - [X, &} -2 E@X)) &

Inserting (2.12) into (2.11) we obtain:

(2.12)

(X, Y]_-n (X, Y]¢ -iX. Y]+ [n(X) & Y]-[¢X, Y] + o [X, Y] - ¢ [n(X) & ¢Y] +
X)) E-a(XD E@M)) E- S [X, oY)+ [0X, Y]-n [eX, oY1 E-n(N) [t Y] +
@) 0L YE+n(X) ¢ [5 oY) -a(N) [X, ) + n(V) n[X, E] & + n(Y) ¢ [0X, E] -

—n(N ¢ [eX. ]+ [X, &) + (N EMX)NE=0
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or
X YE+Y @) E- XM E+ X EM(Y) E+nteX, oY E-n(X)n[E Y]E-
“mMNnX EE-a(NEMAX)NE=0.

Hence

80X, Y)-n(M)0 (X, §)~n(X)8 (¢ Y)=0.

Now we prove the following:
Theorem 2.3. An almost paracontact structure T = (¢, &, n) on M is weak-normal if
and only if the following conditionsare satisfied:

V(X)) ¢(Y)=0 (2.13a)
(o vlx, 5y=0 (2.13b)

for any vector fields X, Y

Proof. If F, and F, are both integrable, then (2.13a) and (2.13b) are clear. Now,
assume that (2.13a) is satigfied. We insert ¢(X) and ¢(Y) instead of X and Y respectively
into (2.13a) Thus we have:

0=y(@*X, ¢*N=¢yX-n(X)t Y -n(N§)=
=y X, N-1mMNY X H-nXN)VEY)
or the condition (2.10a), which combining with the Lemma 2.2 and the condition (2.13b)
give us the integrability of both structures Fy and F,.
Moreover we can state:

Theorem 2.4. A weak-normal almost paracontact structure £ = (¢, £, ) on M is
normal if and only if the following condition is satisfied:

Ln=0 (2.14)

where L, denotes the Lie derivative with respect to the field t.
Proof. Observe that:

LX) =E@E) ~n [E X]=EmX) +n X, §)=0(X, §)
or

Lin=06(=9%). (2.15)
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It is clear that if ¥ is normal then .C n = 0. Now, conversely, if (2.14) then8(—, ) =0
and by virtue of (2.5) we have:

VX, N =—n(1N0 (X, 5 t-n(X) 0t ¢Y)=0

and this means that ¥ is normal.

3. Examples.

Example 3.1. Let w be a contact form on an odd-dimensional manifold M. 1t is known
[2], that then there exists a vector field £ on M such that: w(¥) = 1, dw(X, §) =0, for
any vector field on M. Putting ¢ =Id,,; — w ® &, we obtain an almost paracontact structure
(¢, £, w) on M. This structure is not weak-normal.

Example 3.2, Let (M, g) be a Riecmannian manifold that admits unit vector field §. Then
putting n = g(—, £) and ¢ = Idy; ~n ® § we obtain an almost paracontact structure on
M, so-called an almost paracontact -structure on M. Such structures with additional
conditions on ¢ were investigated by T. Adati and T. Miyazawa in [1]. It turns out that
in the case of §-structures, the normality and the weak-normality have the natural geo-
metrical interpretation being illustrated in the following:

Theorem 3.1. Let £ = (¢, &, n) be a &-structure on a Riemannian manifold (M, g).
Then:

(i) X is normal if and only if dn = 0,
(i) Z is weak-normal if and only if dn = n N\ a, where a is some 1-formon M,
Proof, We have:

VEN=[X Y]-n[X, Y]E-[X-n(X)& Y]-[X, Y -n(V) ] +
X - E Y- 0N E-n[X-nXDE Y- a(NEE+ X - (XD (V) E-
=Y -mMH@XNE=[X, Y]-n[X, Y]E-[X, Y] +aX)[§ Y)-Y((X)) &~
“(X Y]+ X E) + X(Y) E+[X, Y] - (V) [X E]-X@(Y) E-u(X) [& Y] +
+Y@@X))E+ X E@@NE- (M E@X))E-n[X, Y]E+a(Mn[X E]E+
+ XM E+aND) (X EE- YD) E-nXD)E@T)E+a(NE@D) §+
XM E- 2D EQENE-TOENE+a(NE@EDE=—2n (X, Y]E+
+2X@NE-2YmE@)DE-n(Y) —i@@)-n[X & §-n(X) E@()-
-n[£Y) £=2(2dn(X, V) —n(Y) dn(X, §) - n(X)dn(§ V) §

and this means:

VX, ) =2(2dn(X, Y)-n(Y) dn(X, §) —n(X) dn(t, Y)) . @B.1
Similarly:
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Y(¢X, 6Y) = 4(dn(X, N~ () dn(X, ) -n(X)dn Y) §. (.2)
(o)X, )=0.

and

Now we shall show (i). Suppose that being under considerations an almost paracontact
¢-structure is normal. Then by virtue of the Corollary 1.6 (X, Y) = 0 and also
0(X, Y) = 0. Thus we have:

0=0(X,§)=n[X ¢ +Eim(X)=-2dn(X, §),

0=0¢ V=0t Y] - (m(Y)=-2dn¢ Y).

(3.3)

Inserting (3.3) into (3.1) and remembering that ¢ = 0 we come to the conclusion that
dn = 0. Conversely, if 7 is closed form on M, then by virtue of (3.1) ¢ = 0, which means
that a §-structure is normal.

Now we shall prove (ii). Suppose that an almost paracontact &-structure is weak-
-normal. By (3.2) we have:

dn(X, Y)=n(Y)dn (X, §)-n(X)dn(¢ V)=0. (3.4
Hence .
dn(X, Y) =0 for X, Y such that n(X)=n(})=0. @3.5)

Observe that (3.5) is equivalent to (3.4).
In fact, let us take two vector fields X and Y on M. Then we have:

X=X H=n¥ —n(¥)§=0
and by virtue of (3.5)
0=dn(X-n(X) £ Y —n(Y) ) =dn(X, )—-n(X) dn Y) - n(Y) dn(X, )
and hence (3.4) holds. On the other hand (3.5) is equivalent to:
n[X. Y] =0 for X, Y such that n(X) =n(Y)=0 (3.6)
which, on account of the Frobenius Theorem, is equivalent to the complete integrability

of the distribution that is generated by the form n, and hence, in fact, dn = 9 A\ « for
some l-formaonM.
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STRESZCZENIE

W pierwszym rozdziale tej pracy wykazujemy mi¢dzy innymi:
Twierdzenie. Niech £ = (¢, t. n) bedzie prawie para-kontaktowq strukturg na M. Wredy E jest
catkowalna, wtedy itylko wtedy gdy ¢ = 0, gdzie:

v (X, V) =0(X, YD = [¢X, Y] - X, ¢Y] + ¢ [0X, ¢Y] + ¢(X) n(Y) - (V) n(X) &

oraz podstawowy wynik tego rozdziatu sformutowany nast¢pujgco:

Twierdzenie. Prawie para-kontaktowa struktura T na M jest catkowalna wtedy i tylko wtedy gdy
Jjest normalna.

W rozdziale drugim wprowadzamy pojgcie stabej normalnosci prawie para-kontaktowej struktury
ZnaM,

W ostatniej cze¢éci pracy podajemy przyktad prawie para-kontaktowej struktury, ktéra nie jest
stabo-normalna oraz geometryczne interpretacje normalnofdi i stabej normalnoéci.

PE3IOME

B nepsofi yacth 3Toft paGoThI HOKA3aHO B $ACTHOCTH:
Teopesaa. Ilycts T = (¢, £, n) OyneT MOYTH NapaKOHTAKTHOR crpyxrypon Ha M. Torma I uHTe-
TPHpyeMas TOrfa H TOJILKO Toraa, korma y = 0, rue

VX, Y)=o(X, YD —[¢X, YI=[X, 0] + ¢ [¢X, 0Y] + ¢(X) n(Y) —o(Y) n(X) ¢

H GyHOaMeHTanbHLI pe3ynsTaT 310l yacm.

Teopema. [fourn NapaKkOHTAKTHAA CTPYKTYpa Ha M HHTErpHpyemas TOraa H To/ibKO TOraa, Koraa
OHa HopManbHas.

Bo BTOpoft uyactM BBepeHo NOHATHE CNaGo-HOPMANBHOCTH MNOYTH MNAPaKOHTAKTHOR CTPYK-
Typul Ha M.

B nocnenteft wacth 310 paGoThI HANTCA IIPHME Phbl MOYTH MAPAKOHTAKTHOR CTPYKTYPH, KOTOpas
He 1a6O-HOpMANILHAA, TaKXe [ACTCA IeOMETPHYECKYI HHTepNpeTaunio HOpMANLHOCTH M cnabo-
-HOpMaJl BHOCTH. :






