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On the Functional :zf'(z)/f(z) over Functions
with Positive Real Part

Abstract. Let |z| < 1. We investigate the range of the functional f — zf'(z)/f(z) when
f varies over the class P of all analytic functions with positive real part on the unit disc, normalized
by f(O) = 1. We give the explicit description of this range for all |z| <1

1. Introduction and basic tools. Let H(A) be the class of all complex
functions analytic on the unit disc A = {z € C: |z| < 1}, and let

P = {f € H(A): Ref(z) > 0 on A, f(0) = 1}.

By the Riesz-Herglotz formula we have the integral representation for the class P:

n
(1) P= {/ q(-,t)dv(t): v e P(0,27f)},
0
where
(2) g(z,t) = (1 + 2¢")/(1 — ze'"), z€ A, 0<t < 2n,

and P(a, ) means the family of all probability measures on the interval [a, ], see
(3],(5].

One of the subjects in geometric function theory is the study of continuous func-
tionals on compact classes of analytic functions. We shall be concerned with the

functional
Ji(f) = 2£'(2)/f(2), f € P,
where z € A\ {0} is a fixed number. Denote

(3) D(z) = J.(P) = {zf'(2)/f(2): f € P}.

The main purpose of the present paper is to give a detailed description of D(z). It
appears that the set D(z) is always convex, has a smooth boundary which is either an
elliptic Booth’s lemniscate or the union of two circular arcs and two arcs of an elliptic
Booth’s lemniscate. The similar results for the univalent functions, the close-to-convex
functions and the typically real functions are given in [6], see also [3; Th.10.6], in (2],
see also [5; v.I, p.27], [9] and in [7, 8, 11], respectively.



62 S. Kolodynski

Proposition 1.  For all points 2 € A\ {0} the set (3) 1s a compact convez
Jordan domain, centrally symmetric with respect to 0. Moreover, D(z) = D(|z|).

Proof. Convexity of the set D(z) follows from the fact that for any f,g € P and
0 < A< 1wehave h = f1=*¢g* € P. Similarly, the equivalences f € P & 1/f € P
and f € P & for, € P, where 7,(z) = ze'®,a € R, imply that D(z) = —D(z) and
D(e'*z) = D(z).

To find (3), we will show that all the boundary points of (3) are situated on some
Jordan arcs.To do this we apply the following result due to Rusheweyh [10].

Theorem 1 (Rusheweyh). Assume that the functions ¢,¢:: [a, 8] — C are
continuous and 0 ¢ {(1 —ANY(s)+ Mp(t): a<3<t<B,0<A2< 1}. Nezt let

8 ] =
(4) Jlu)= (/ ¢(t)du(t)) (/ d’(t)du(t)) for v € P(a, B).

Then the following sets

(5) J(P(a, 8))

and

6)  {[(2 = A)b(s) + Ad(1)] /[(1 — Ap(s) + Mi(t)] : a < s <t < B, 0< A< 1}

are ezactly the same.

Remarks.
1. The original proof of the Rusheweyh result follows easily from the Carathéo-
dory theorem on convex hulls and from the fact that w € J(P(a, 8)) if and only if

]
0€ {/ (6 —wy)dv: v e P(a,ﬂ)} = conv{g(t) — wy(t): a < t < B},

where conv A means the convex hull of A.

2. For continuous functions ¢,¢: [a, 3] — R with 0 ¢ y([a, 8]) the Rusheweyh
result says that J(P(a,8)) = {¢(t)/¥(t): a <t < B}.

Following Theorem 1 the identity of the sets (5)-(6) implies

Proposition 2. Denote |z| =1, r < 1. Then D(z) = ®(I), where

14g(r,t)g(r,8)
1—X)g(r,8) + Aq(r,t) )

© 8,1, = 3 (atr9) + 4000 -
and

(8) I={(st,)):0<s<t<2r,0< A< 1}.
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Thus our problem reduces to finding the image of the set (8) by the mapping (7).
The following lemma, similar to Lemma 1 from [8], is a useful tool for solving this
kind of problems. The symbols 84 , int A and 4 will denote the topological boundary
of A, the interior of A and the closure of A, respectively.

Lemma 1. Let U be an open set such that U is compact and suppose that a
mapping &: U — C is continuous on U and ®(U) is open. Denote I' = ®(8U). Then
(i) 0®(T) CT.
(1) IfT is a Jordan curve, then 0&(U) =T.
(iii) If T is a Jordan domain, then 0&(U) = OT.

Proof.

(i) By continuity we have ®(T') C ®(U), whence $(U) = ®(U) and 38(U)
9%(U). If ®(U) is open and ®(T) is closed, then we have 3®(T) C 0®(U) = ®(U) \
®(U) =d(U)\ ®(U) C $(8U) and (i) holds.

(i1) From (i) we have 3®(U) C I'. Because ®(U) is bounded, we can find z € ®(U)

and y € C\ &(U). If 8&(U) # T, then the set C\ 0&(T) is arcwise connected, thus
there exists a path

(9) a:[0,1] — C\ 3¥(T), a(0) =z € ¥(U), (1) =y ¢ (D).

Then we have a(to) € 0®(T'), where to = sup{t: «([0,t]) C ®(T)}, which contradicts
(9).

The proof of (iii) is similar.

2. Description of D(z). We start with a proposition which allows us to use
Lemma 1.

Proposition 3. Denote ® and I like in (7) and (8) and let ro = c— \/c,
c= (V5 +1)/2.
(i) If r = |z| < 1o, then ® is an open mapping on int(I).
(i) If ro < r < 1, then ® is an open mapping on the set

(10) int I\ ({n(): 5 +a<s<a}Uin():g<s <a}),

where

71(3) = (31t1(3)1Al (3)) ) tl(s) = 5‘”/2 =38,
m2(8) = (s,t2(8), A2(s)) ,  ta(s) =37/2-s,
(1-2rsins +r2) [(1 -r2)2 4 2r(1 +r?)sins] |

A .\ - s £ p— Ay I_ \‘
(11) 1\e? 4r?(cos s — sins)[(cos s + sins)(1 + r2) — 2r] g N U
flair?)? -
P= m, ¢ = arcsin p,

: ) [
¢ = min {7 + ¢,37/2 — q} and ¢, =mm{§+q,1r—q}
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Note that ¢, = m+¢q, g2 = 7/24qif V2—-1<r < landq =37/2—¢, 2 =7—¢q
iff ro<r< N -

Proof. To shorten the notation, we shall use the following substitutions:
A= (14ar)/(1—ar), B=(1+br)/(1-br), a=¢", b=¢", A’ =2r/(1—ar)?, B' =
2r/(1 - br)?, & = ®(s,t,\) = (A+B—-(1+AB)/[1-A)A+AB])/2, M =[(1 -
M)A + ABJ)%. To determine the set on which ® is an open mapping, we find the points
(s,t,A) € int(]) such that the rank of the matrix

Re98/0t Im dd/ot |

Re 8®/9s Im 0%/0s\
Re 8%/0) Im 8%/0) ]

equals 2. To do this, we solve the system of equations

(12) {g%=%g
RR-=-2%

for 0 < s <t <2m0 < A<l Because we have ¥ = iaA'(1 — A)[1 + A? — M4 -

B)?’l/2M, 9% = ibB'A[1+ B? — (1 — A\)(A — B)?]/2M, 92 = (1+ AB)(B — A)/2M,
the system (12) is equivalent to

13) { Re [aA'(1 + A% = \(A - B)?*)(1 + AB)(A - B)] =0,

Re [bB'(1+ B* — (1 — A\)(A — B)*)(1 + AB)(A - B)] =0.

Observe that ad’ = 2ar/(a — r)?, A = (a + r)/(a — r) and that for B, B similar
equalities hold. After eliminating A from the system (13) and after some labor we
deduce the equation

(a = b)(1 + a?b?)(1 — r?)(ab + r)(1 + abr?) = 0.

Because of 0 < r < 1 = |a| = |b] and a # b, this yields to a?b? = —1. Thus for
all points (s,t,A) with s < ¢t < s+ 27,0 < A < 1, that are critical for ¢, we have
s+t =2+n/2(mod 2r).

Considering only the points (s,t,\) € I we get the following possibilities:

_[7/2-s, forse€(0,x/4)
(14) hle) = { 57/2 —s, fors € [n/2,5x/4) .
and

_ [ 31/2-s, fors€[0,3r/4)
(15) h“)_{7ﬁ2—& for s € [37/2,Tr/4).

Substituting b = exp (¢¢j(s)), j = 1,2, in the system (13) we obtain

(ia + r)(ar —i)(a + ir —ia®r — 2ar? + ir? —ia?r3 + ar?)

M) = T T )+t — 201 + Dar + 77 + a7r7)
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W (ar +t)(r — ia)(a — ir + ia®*r — 2ar? —ir? + ia®r® + ar?)
M 2r2(i + a?)(—1i + a® + 2(—1 + t)ar —ir? + a?r?) 4

respectively, which we can transform to

|r + 2a|?(p + sin s)

AT 2r(cos s — sin s)[(cos s + sins) — 2r/(1 + r2))

and
|r — ta|?(p — sin s)
2r(cos s + sins)[(cos s — sins) — 2r /(1 + r2)]’

Ag{s) =

which aprees with (11).

We have also
o —la —r|*(p + cos s)
1-A(s)= - :
2r(cos s — sins)[(cos s + sins) — 2r/(1 + r?)]
and
1= Ag(s) = —|a = r|*(p + cos s)

2r(cos s + sin s)[(cos s — sins) — 2r/(1 + r?)]’
Now we shall study the inequalities

0<X(s)<1,0<s<tj(s)<2m, j=1,2,

in order to determine the range of the parameter s, for which the critical points v;(s)
belong to intl. Denote L = p + sins, K = p+ coss, M = (coss — sins)[(coss +
sins) —2r/(1 +r?)]. Then 0 < \(s) < 1if KL <0and LM > 0.

Suppose first that L > 0, K < 0, M > 0. Then coss < —p < sins. If p> 1 we get a
contradiction which means that for p > 1 there are no critical points inside the set I.
If0<p<1, we get

(m+qif0<qg<7/4,

! 3
+q<s<mm{ﬂ’+qa27"_q}_{3,r/2—qifr/45q<7f/2'

[T

Suppose now that L < 0,K > 0,M < 0. Then sins < —p < coss. If p > 1 we get
again a contradiction. If 0 < p < 1 we obtain

{3 1 {37r/2—qif0<q57r/4,
2r —¢g>s>maxs -t —q,T+q} = .
2 J T+qifr/4<q<7m/2

According to (14), the admissible s are contained in [0,7/4) U [r/2,57/4) and the
conditions: 0 < A\(s) < 1, s € [0,7/4) U [r/2,57/4) are equivalent to 7/2+ ¢ < s <
min {7 + ¢,37/2 — q}. Analogously, by (15) and A3(s) = A1(—s) = Ay(27 — s), the
conditions: 0 < Az(s) < 1, s € [0,37/4) U [37/2,7r/4) are equivalent to

n/2+qif 0<g<r/4

q<s<min{7r/2+q,1r—q}={ﬂ__qif /4 <q< 72
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Putting z = 2r/(1 + r?) we get p = 1/z — z, so we can easily find the ranges of r for
which the inequalities 0 < p < 1 and 0 < p < 1/v/2 hold.

Now we are ready to state the main result containing the description of D(z) for
|z| < 1.

Theorem 2. Let us denote ro,p,q,q1,q2 like in Proposition 3 and let I'y(s) =
2re' /(1 —r2e?"), r = |2|.
(5) If |2] < ro, then
0D(z) = {T'g(s): 0 < s < 2x}.

(31) If 1 > |z| > ro, then OD(2) is a union of two circular arcs and two arcs of the
curve I['y:

OD(z) = {To(s): —g<s<qorm—g<s<m+qlU{Ti(s):g+7/2<s<
@1} U {T2(s): ¢ < s < g2}, where

r* +1-6r2—1(1—r*) +2r(1 4+ r?)h(s)

2 =
(1=r°)l(s) = 1412 —i(1 = r2) — 2rh(s)

and
I'2(s) =T)(—s), h(s) = coss +sins.

Proof.
(i) If |2| < ro, then from Proposition 3 and Lemma 1 we get the inclusion

0D(z) C To([0,2x]).
Since D(z) is a Jordan domain and Iy is a Jordan curve this implies that
0D(z) = To([0, 27]).
(ii) Denote the set (10) by U. Again from Proposition 3 and Lemma 1 we have the

inclusion

0D(z) C ®(aU).
With the notation like in Proposition 3,
®(0U) = To([0,2x]) U {®(m(s)): ¢+ 7/2 < s <@} U{®(12(3)): ¢ < s < g2}
Direct calculations give the identities

1 r4+1-6r2-11-r*)+2r(1 +r?)(coss +sins)

®(n(s)) =Ti(s) = 1—r2 1472 —4(1—-1r2)—2r(coss +sins)

and

1 r4+1-6r2+41i(1—r*)+2r(1+r?)(coss—sins)
$na(e)) =Ta(s) = 1—r2 1+4+r2+i(1-r2)—2r(coss —sins) ‘
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Here T',([0,27]) and T'3([0,27]) are arcs of circles with the centers ¢; = i and
€2 = —i, respectively, and radii R = /2(1+ r4)/(1 — r?). Since [To(s) — ¢;| <
R, j = 1,2, and since D(z) is a convex Jordan domain, the points T;(s), s € [¢ +
7/2,q1), T'2(s), s € (g, g2] must be situated on the boundary of D(z). Now to see (ii),
it is sufficient to notice that T'g(q) = I'2(¢),T'2(g2) = To(m — ¢),To(7 + ¢q) = T1i(q1)
and I'y(7/2 + ¢) = To(27 — q).

As an application of Theorem 2 we get sharp estimates for |zf'(z)/f(z)| ,
|Rezf'(z)/ f(z)| and |Imzf'(z)/f(z)| as f varies over the class P. The first two are
nown in a more general form, see [1] and [4].

Theorem 3. Denote ro like in Proposition 3 and let 0 < |z] < 1. Then

(i)
2f(2) f(s) _ ') 2
T | TR Ry T TR S 1o
(i) If r = |z| < ro, then

IEP

2 o 282 mops2lad

max Im - =

jep U f(z)  fep T f(z) 142

If1 > |z] > rq, then

Rl et~ 2 (2] vitrt
TP " f(z) o 1(z) ‘/—1—r2

-1

Proof. (i) From Theorem 2 (i) we obtain that
max{]J.(f)]: f € P} = max{|To(s)|: 0 < s < 2r} = 2/(1 — r2) = To(0).
(ii) Let |z| = r < ro. By Theorem 2 (ii) we get
max (Im J,(P)) = max{ImIls(s): 0 < s < 2} =2r/(1 + r?) = [y(n/2)/i.
If |2| =r > ro, then by Theorem 2 (ii)
max (Im J,(P)) = max{ImTy(s): ¢<s<q+7/2} =R -1,
where R = {/2(1 + r%)/(1 — r?) is the radius of the circle which contains I';([0, 27]).
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