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nant and spectrum of the matrix:

A
(1)

where А, В, C, D denote real, u

A 2mx 2m

Oil a Determinant and Spectrum of some Matrix, I 

О wyznaczniku i widmie pewnej macierzy, I

Об определителе и спектре некоторой матрицы, I

This paper considers the problem of computing of determi-

B
*

D.
>per (right) triangular

mxm matrices. It is well known ([1 ]) that the spectral radius 

condition ^(6)<1 (6 denotes a real mxm matrix) guaran

tees the convergence of the iterative process of the form

(t) ^+1 “ Gxn» ^'a+'I’^n^® » n = G»^»***»

The oriterions for the convergence and divergehce of the 

process (2), generated by the matrix of the form (1J, are pre

sented below; it seems to us that these oriterions will be 

useful in some numerical calculations.
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Let as mention that the process (2) can be also conside

red as an initial value problem for a first order ordinary 

difference equation ([4l). Oldenburger has found ([5]) the 

connection between the spectral radius of G and the stabill 

ty of the trivial solution of the equation (2). Some corolla

ries for stability of the trivial solution of the equation 

(2) are also presented in this paper.

LEMMA 1» Matrix of the form (1) is reducible.

In order to prove this fact it is sufficient - taking

into aooount the theorem given in [5] (p. 50) - to point out

such index subset JC [1,2,...,2m } that

<5> ^2mx2nk»3l for any pair (1,J), (14 J, J) .

It is easily seen that for the set J = {m,2m} the* 

oondition (5) is satisfied. So, Lemma 1 is proved.

THEOREM 1. for the matrix (1) the following formula

holds

det *^2mx2m “ П det
i»1

ai,i bi,i

ci,i di,i

Proof by induction. Рог а в 2 we havet

» - >

A 4X4

*1,1 a1,2
0 ®2,2

'1,1
0

'1,2

’1,1

0

“2,2

®1,2 <4,1 *1,2

'2,2 "2.2
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Since matrix

formation P

has the form

(4)

where B„

^4x4 reducible then there exists a trans- 

(by "orthogonality") such that matrix P^k4PT

B,

B1,1

©

B.1,2

B2,2

■*11’ a2 2 denote square matrices and & -nullmatrix. 
Let us consider the matrix P = [e^,ej,e2,e^], where e^

(i= 1(1)4) denote unity vectors of real 4—dimensional space 
r\ Matrix P is non-singular and has the inverse of the 

form

,-1
eT
®3

T

Since the transformation by "orthogonality" does not change 

the value of determinant we have

deti/l^*^ s det PA^.  ̂ =

= dot

• r- «
10 0 0 a1,1 *1,2 b1,1 b1,2 10 0 0

0 0 10 0 a2j2 0 b2,2 0 0 10

0 10 0 °1,1 °1,2 *1,1 d1,2 I 0 10 0
0 0 0 1 0 °2,2 0 *2,2_ 0 0 0 1

a1,1 f 2 ,1 12

- det '1,1
0

’1,2

a2,2

s2,2

*1,1
0

Q1,2
b2,2

"2.2

0

0

1

0

0

1
0

00
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det

*1,1 b1,1 a1,2 b1,2

°1,1 *1,1 °1,2 d1,2
O

O
*2,2 °2,2 
°2,2 <*2,2

Hence, by [-2] (p. 52) we obtain:

det x 4 . det

- -
*1,1 b1,1 *2,2 42,2

det
®1,1 ^,1 c2,2 *2,2

2
Hf det 
1.1 ci,l di,i

So, Theorem 1 for m . 2 ls proved. 

Let U8 now assume that

(5) det Ag m *2m j~| det
ai,i bi,i

1=1 ci,i di,l

we are going now to show that

m+1
d9t ^2(m+1) x 2(m+1) ' FI defc 

1=1

al,i bi,l

where A2(d+1) x2(m+1) =

ci,i di,i

dm+1,m+1
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r^J

By Lemma 1, there exists a transformation P (by "orthogona
lity") such that x 2(m+1)^T has the form Xet

us consider the matrix P = [®i’®2’* * * ’®m+2’* * *

’»*’ e2m-1’e2m’enH-1 ,q2iih-2]’ where ei = K1)2m + 2) are 
Onu?unity vectors of real 2m+2-dimensional space R

a/
sP =

80«

Aw» x /MQt

P'H2(m+1) x2(DH-1)r

1,m a1,55T

m,m m,m+1

c1,1 c1,m-1 c1,m C1,m+T

dm,m a*,m+1 

d1,1“,m=T ,~m~ d1 ,m+1

m-1 ,m+1 dm-1,m-1 dm-1 ,m ^m-l ,m+1

m+1,m+1 0 0 »-1,-1

m+1 ,m+1 0 dm+1 ,o+1

0
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®1,1 a1,m^T~a1,m b1,m b1,1 b1,m^I~a1,m+1 b1,c+1

O *m-1,m-1 aiu-1,m °m-1,m ^bm-1,m-1 am-1,m+1 bm-1,m+1

O

O

a,m,n m,m

m,m

O

O.m

am,m+1 Dm,m+1 

°m,m+1 dm,m+1

cm-1,m-1 cm-1,m dm-1,m cm-1,m+1 ^ra-1,ci+1

O
o

o

am+1, m+1 bm+1, m+1

c m+1, mt-1 dm+1, m+1

or in a much closer form

(6) PA2(bh.1) x2(m+1)P =

where R2 x2 -

2m x 2m

V®2 x2m

am+1, m+1 bm+1, m+1

CIfl+1 ,EH-1 ^m+l.ffi+l, 

the form (4). Tlius, by [2] (p. 52) we get

(7) det PxA2fm+.tjx2(nH.1)PT = <łet4mx2mdet

A 2m x 2

'2X2

{ so, the matrix (6) has

am+1,m+1 bm+1,mł-1

.cm+1. m+1 dm+1. m+1
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Evidently:

det P^2(iw.1)x2(bh-1)^T “ det ^2(w1)< 2(m+1) • 

so with respect to (7) we obtain

(8) det'A2(nH-1)x 2(bh-1) “ detAzax2m det
am+1, m+1 ^m+1 , m+1

cm+1 ,hh-1 dn+1 ,«H-1

Let us now use the transformation P (by "orthogonality"),
r» 9C 5S> ft, » » -l WP s Le1,e2,,,.,em,em+2,emtj,...,e2ni,e]n+1j, where e^

(is 1(1)2m) are unity vectors of real 2m-dimensional space



240 Tomasz Szulc

Honce

, « «T Adet PA>mx2m p = d<3t X 2u
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but

so

(9)

det P A2o x 2a PT = det ^2m x2m ,

det ^2m x 2m a det ^2m x 2m *

Taking into account (5), (8) and (9) we get

det ^2(m+1) x 2(m+1) = det ^2m x2m det
am+1, m+1 bm+1, m+1 

Cm+1,m+1 dm+1,m+1

am+1, m+1 bm+1, m+1 

cm+1, m+1 dm+1, m+1 

and the proof of our Theorem is completed.

« det A>m x2m det
m+1
PI det 

1=1

ai,i bi,i 

°1,1 di,i

THEOREM 2. The spectrum of the matrix (1) is equal to 

tho union of the spectra of the matrices of the form 
ai,i • bi,l
ci,i di,i

1 = 1(1)m,

k2m < 2m} = U 6 ( al,l bi,i

1=1 ®i,l di,l

•
Because the eigenvalues of the

)•l.e.

42m x 2m are roots of the equation

det[4mx2m' Al2mx2m ] = 0

and matrix ^2mx2m- Al2mx2m has the form (1), so, by 

previous Theorem, we have

i
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m
det [^2mx2m " ^^mxRml = TH det
’ ia1

m
s det 

ia1

ai,l

ci,l

°i,i

di,i

ai,i bi,i 

L°i,i di,i

That proves the Theorem.

From Theorem 2 and Kakeya. theorem ([6]) it follows:

COROLLARY 1. If there exists such number 1

that

O<1 <- + dj- jXdet
al,l bl,l 

°1,1 ^,1

then matrix vAgm x 2m 1x38 an O^-Genva^ue with modulus greater 

than one.

COROLLARY 2. If for any 1 (la 1(1)m) the inequalities

1 > - (Sj -^ + d1^1)>det
al,l bl,l 

lcl,l dl,l
>0

” I2 x 2 )

are satisfied, then the spectral radius of 42m x 2n is le3S 

than one.

REMARK 1. Corollary 1 gives a simple criterion for the 

divergence of the Iterative proces (2) generated by the matrix 
^2mx2m *

By Oldenburger's theorem and the form of cpectrum of 
^2m x 2m we i-^ßäiately obtain
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THEOREM 3. The trivial solution of difference equation

(2) (with matrix '^'2mx2m^ asymptotically stable iff for 

rny i ,(i = 1(1)m) all roots of equations

(10) \ *- (a^ 1 ^i + ®i i^i i ” **i i^i i =

have moduli less than one.
Prom Paddiejewa's theorem (LlJ) pp. 100-101) and from the 

form of spectrum of x-2m we ot,^'a^n,
I

THEOREM 4. Iterative process (2), with matrix ^-2mx2m’ 

is convergont iff for any i (i = 1(1)m) all roots of equa

tions (10) have moduli less than one.

REJJIARK 2. Because the transformation by "orthogonality" 

does not change the value of determinant and the spectrum of 

matrix, thus Theorems 1, 2, 3, 4 and Corollaries 1, 2 are va-

where M, N, P, Q denote lower (left) and A, B, C, D upper 

(right) real, triangular mxm matrices and R,S-real,' mxm 
matrices of the formst
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respectively; the transformation P (by "orthogonality”) 

has the form-

(11*)

(12')

(15')

(14')

(1$')

P

0

P

0

mxm (JT
,T

m xm

in x m

mxm

mxm

mxm

in x m

Pm x m

a xm

Pm xm ®m xm 

•nT
mxm

0.m xm mxm

(p®

(p®

(p®„

©,in * m

mxm

0_mxm mxm

0,mxm

Qrmxm mx m

)•

).

0

0

0

0

0

p

0

0

0

0 m x m m x m

0m x m

).

0m x m mxm

for the matrices: (11), (12), (15), (14) and (15)» respective

ly (P = [em,... ,e1 ] and ®n xU is the nullmatriz).
For example:

P(1l')^'2mx2mP(11')T =
0 ’ mxm

Blxii

0.ax hi

0nxn
»»LI N

*■—
p Q

k 1

A B

C D
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STRESZCZENIE

W pracy podano nowe kryteria zbieżności względnie rozbież

ności procesu iteracyjnego postaci Хд+1 = Gxn, generowanego 

przez macierz G.

Резюме

В работе представлены новые критерия сходимости или рас

ходимости итерационного процесса типа хп+7 =Gxn; порождаемо

го матрицей G .
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