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On the Non-existence of Parabolical Podkovyrin Quasi-connections
O nieistnieniu parabolicznych quasi-koneksji Podkowyrina

O HecywecTEoBamyM napaBoaxdecKMX KBAIM-CBAINOCTH IToaxoBRIpHMHA

A.S. Podkovyrin in (4,3,6] and other authors (e.g. 7n
bave investigated structures on 2n-dimensional manifold XM
provided with tensors a, g, E whgre a 1is a covector, g
is a symmetrical nondegenerate (0,2) tensor, and E is
(1,1) tensor in the form
0 v
1) Ez |----|—==- det e £ 0
ge ': 0
and such that E'E = £¢I, where & 1is either 1 (hyperbo-
lical case), or =1 @lliptical case), or O (parabolical
casa). .
A connection ¥/ 4is said to be Podkovyrin connection if
for arbitrary vector fields v, u, w the following conditions
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hold
(2) VE=0
(3) Vy8(u,w) = alv)-glu,E(W).

Our task is to consider the parabolic case i.e. En= 0._' The

structure determined by the tensor E such that E2 = 0,

ran§ B = n, " 1s usually called an almost tangent structure

[1]. Now on that occasion we shall also investigate all quasi-

-connections determined by (2) on its almost tangent structure.
The pair (ct '¢Jk) where ci is a (1,1) tensor and

Qak is a set of functions for which the transformation rule

is as follows
R ai’ a‘’, b’
() - ¢'3k‘a = Coly + A4 Ay ¢

is said to be Qquasi~connection on the manifold M. A covariant
derivation | with respect to the pair (C;', ¢§k) is in the

form
b § a i a i
Vg = Cg gV +v¢ta

Wiy = Cg 3a'1 AR
(s) 1 .
q's - (.‘}a aZ%j * z; d)%a - ¢:32:

Wi€sy = Cg 9g844 = itEag = d3tB1a

Y.~C. Wong in [9] has given reasons for the investigation of
quasi-connection as well as another definition and general
theory of this one. If C;' is nondegenerate tensor then

f“;‘k 1= C :d):'k are classical coefficients of a connection,
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13 one can straightforward check.
'or our purpose is necessary to recollect certain theorem
ooncerning generalized inverse of matrices and some its genera-
lization. Theory of generalized inverse of matrices was develo-
péd in statistics mostly in the theory of linear models,
To begin with we remind the following theorems

THEOREM 1 (C.R. Rao, S.K. Mitra {7]). If A is an arbi-
trary nxn matrix and AT 4is any matrix satisfying the

relation AA°A = A, then a pecessary and sufficient condition

for the existence of the solution of equation
(6) Ax = ¥y

is that AA"Y = y. If this holds then all solutions have the

form

(7 x=ATy + (I -A"A)W

where w is ap arbitrary yector.

COROLIARY 2 (theorem of M. Obata {2],[3],18]). 1If 4
is projection operator 1.6, ASA = A then A* 1= I - A is
such that A*o A” = A* and A" °A = A°A® = 0. It is easy to
sec that in this case we choose A~ = I and that the condi-
tion AATy = 3 reduces to A*y = 0., All solutions of the
equation (6) have the form

(8) Xx=y +Aw

where w 1is arbitrary.
We are going to show slight generalization of the above The-

orem 1.
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THEOREM 3, If A and B are arbitrary nxn matrices
and A~, BT are such that AA"A = A and BB™B = B then neco-

ssary and sufficient conditions for the existence of solutions

of system of equati_gg_g

Ax =y
(9)
Bx =g
axe
AA"y =y, BB z=g2, ABTBATA = ABTB
(10)

AB"BATY = AB g .,

At that time all solutions have the form
(1) X =ATy + B2 «=B"BATy + (I = B"B)(I = ATA)w

where w 1is an arbitrary veotor.

————

COROLLARY 4 (Lemma of Cz. Tokarczyk {8]). If A and B

are projection operators them A~ = B I and conditions for

the existence of the solution are

A‘y = 0, B*z

[}
o

(12) . :
AoBoA = AoB, AoBy = Az

and all solutions are given in the form
(13) X=Y +2 =By + B*oA'w ,

Proof of theorem. We are going to apply the Theoren

1 to the following equation
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(14) X =

<=) if (10) holds then the matrix {(I - B"B)A™,B” | 18 a ge-

neralized 1n!erse of [‘;] o

In fact, we have

Ly - [a] [a
(15) {cx = 378", B7] =

s B # B " l-B -
and

ks v 3
(16) (¢cx - BBu~, 37] o

_B _ . 3 | | 2}

In view of the Theorem 1 the solution exists and it may be
written in the following form
o N
(17 x= [(T-3Bn7,87]| [+ (- [(x-380n",37] Dw
z B
or

(18) X =AYy + B72 = BTBA"y + (I = BTB)(I = A"A)w

:-_5_) one can easy check by substituting (18) into equations
9).

Now, we can turn back to our problem. 'Let’s consider the

equation (2) only. In local form

(19) (8“]5; - Eksr 3 E: akE:

g o Bl |

Let us also consider d)q 1= {d)gq}(p,k) as 4n~ - tuple
ordered in a lexicographic manner. In this moment we can write
(19) as
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t
(E®I - I®E )¢q = Ty
(20)

F'd)anq

X - 1s e
where 'l‘q is iEq akEB}(r's) orderedlin similar way as d)

and Et denotes a transposition of E. Let us write the

matrix F in a box form

(21) PoENL A ST L e e

where Ik denotes the identity kxk matrix .

LEMMA 5. If F 1s above mentioned matrix, then matrix

F
0 . ;
= : 2n2
(22) TSN et Sy S L I o=
|
Sl eI, : - e"".lt

Proof.
g ! '
-I,®E° | eel, 0 oI 2
4 X , 2n
FF™ = ek i ey L Bl e R PR ST
' t e ler ! - e TeE"
0 ! =T ®E J
: ,In ) 2n '
(23) T | t '
y 2n2 5 -ZIn@E
PR Sl uty
= e-1eEt

q
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l i
t t |
IZn2 : 2IneE -InQE l eeIZn
FPF = |- e —— = o el bt e o Lo —-.
<o TN @Bl 4\ -0 0 I L BEY
| n
|
(23)
& |
- I,8E : eal,,
= |rm—m —— q——=—- a P
0 I _r1 eEr®
| I
It is not difficult to see that from the form of
1
E = {%—}-g we can write T, in the shape
(24) = [ 0 k1 n 5k2’n0,ooo,n0, akn’no,...,n()] =2

k,2n
where n0 is n-dimensional zero, eki consists of n ade-

quate elements. The term T;" consists of 2n2 elements., On

account of the form of FF~ it is sufficient to show that
(25) - e 1eEbT] =

The left-hand member of (25) has the form

o A O, Prols. b R OPs 0p:{ {70
I é“?t' On, oo .’. - e-1Et ’ On 6 H
(26) L o L] L] L] L] L] L] L] L] L] L] (] L] [ ] L] L) L] L)
), Mo O seiaidpr = 0N 0, .
afeHED O, y.-y 7= 0TES, O En
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(On denotes the zero nxn matrix) it is evident tkai this
product is equal to zero.

By virtue of above lemra and of the Thecorem 1 wa can. sta=

te the following

COROLLARY 6, Tho coefficients §k of all structure
qQuasi-connections (Eg', ¢3‘k) of an almost tangent structure

E of 2n-dimensional manifold are
27) d)k =F T + (I-FFW

oz, [1D).

Let us consider equation (3) in local form

Kk X
(28) (& r&ps * 8 )¢§q = E° q Ot6ps - a, er‘g

or after a contraction with Ssz

1, Sk Sz K230 1 Puial dymEHEZ W Sz,
(29) Sr Sp + Bppb )¢kq = (g8 " OyBrg — 838y BgE
or as a matriic equation

%(IOI + E®g N ¢q = T
(30)

D¢ = Ky
whare

= g—(I eI + gog"1)

h p o
L ¢q = {Dka fp,10
1, 825 s =
Kat { (8 "Eq O4bpg = q&ﬂrEsg z)}(z,r)

are ordered like in (19).
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It ip eamy to check that S2efk =€) hence L2 is a well-
know Obata oporator. It is also clear that 27 - 1. Because
(0,2) tensor g 3s symmetrical and non-degenerate we can

represent g in the box form

|
& 1 &
(32) ' g a3|===2 -4 oo
, 448
2 | &
1
as well
| | -1 H
IZna + B ®B 1 8, ®8
(33) .Q SLET T Ci el T L"'—--—--- -
t_ =1 ! -1
®g I + £298
f2 ! 2n2 >

THECREM 7. Tkere are no quasi connections ¥ such that

both (2), (3) hold simultaneously.

Proof. Ve shall show that condition FQF™ F = FQ
(cf. Theorcm 3) holds 1ff the tensor g has the form

(34) Ea|lmmmd e

Then it will be a contradiction because the right-hand member
of (%) with the tensor (34) cannot be symmetrical but the left-
.~hand membor of (3) is symmetrical by the definition.

Let us consider

b ! -1 -1
- IneB) eely, I.2*E06 | &%¢
(ﬁ)pn=_“__%____ A Rl G
t to 1 I
(6] -I ®E ®g I +829 8
| & 2t 63
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£ =1 & _ =1 -1

--Ints»Et-g;1 ®E'g +eg, @8 -g2®L‘tg"1+o @IZn* _595

|

|

S W INDRCRE LS o " " S I L SO
' t -
| -

(36) W Ry W R e o ks o

Taking into considerations (35) and (36) we have

37 FQFF =

- I 1
-1 t =1t t t -1t t -1
g6 ®E'g E In@E :g1®Eg E* - g,®E'g + e®l,
[N 953 Og ~1gt ]l - egg og'1Et + 95305'1
|
SEleen e am e e aem e e —1 — e emm e e am e e e o Ee e e —
At | g5 ex’g s’ - ;@E" -
B3 ® EY g E | h
: } = B3 OETE" 4

And this matrix should be equal to (35), so we have the follo-
wing identies

(38) = quEtg-“ + egg eg™ = g29'1 otz 1Eb - eg5e'1® g'1Et
(39) 638 1oE%%E" = - ¢S e E"
(40) & eEtg"1Et = egg @g'1Et

1) g ®£%¢"E" = o

Because of (41) we have three possibilities

Et =1 t

(1) g; =0 and £ 0.
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From (39) we have gBe"1®Etg'1Et = 0 hence gz = O. And
from (38) we have 510Etg-1 = 0 as well from (40) we obtain
&4 @Etg'th = 0 hence g =0. It is a contradiction because

of g £ 0.

(1) g5 #0 and ¢~ 5" = 0

From (40) we have eg; Gg"th = 0 and hence 3'1Et =0 as

well from (39) we obtain gg @Etg'1 = 0 and hence Etg'1 = 0,

From (38) we see that egg ®g~! = 0 and hence gg = 0. It is

a cqntradiction.
(IIT) 52=0 and E'g¢ BE " =0
From (28) we have

=1

(42) 51@Etg'1 = egze 03'1Et

It i8 easy to check that (42) holds iff
(43) E= |-~ ——=—==

and e 413 orthogonal matrix. This fact finishes the proof.
The author is much indebted to Mr. A, Szybiak for many

interesting and stimulating discussions during the development
of this work,

REFERENCES

[1] Gadoa, P,M., Rosendo, J.L., On almost tangent structures

of order k., An. $tiin{. Univ. "Al. I. Cuza®, Iagl Sec}. Ia
fat., 22(1)(1976), 211-220.



138 | Viitold Mozgawa

{2] ovata, M., Hermitian neznifolds with guatermion stzusture,
T8hoku Math. J., 10(1958), 11-18.

(3] ss o Affine connections on nanifolds with almost
complex, quaternion orIHermitian structure, Japanese J. of
Math,, 26(1956), 43=77. _

{4} Podkxovyrin, A.S., Hypersurfaces in unitary space, I, II,
(Russian), Izv. Vys¥. USebn. Zaved. Matematika, 8, 9,
(1967), 42-52, 75-85. '

[5] oy s, A certain characteristic property of a singular
surface X, in the biaffine space (MB)G. (Russian), Trudy
Geom. Sem., Kazan. Univ., 4, 5, (1970).

[6] o y A certain generalization of Weyl connection,
(Russian), Truidy Geom. Sem. Kazan. Univ., 6(1971).

[?] Rao, C.R., Mitra, S.K., Generalized Inverses of Matrices
and its applications, J. Wiley, Inc., New York-Sydney=-

. =London=-Toronto 1971.

{&8] Tokarczyk, Cz., General Podkovyrin connections, (Russian),
Izv., Vys¥. U¥ebn. Zaved. Matematika, 5(192)(1978), 143=151,

(9] Wong, Y.C., Iinear connections and quasi-connections on
a differentiable manifold, T6hoku Math. J., 14(1962),
48-63,

STRESZCZENIE

W pracy badano istnienie paraboliczaej quasi~koneksji
Podkowyrina tj. spetniajgcej warunki (2), (3) oraz LOE = G,
Za pomocg uogélnienia tw, Rao-llitry uloviodninno, v taln

quasi-koneksja nie istnicjo,
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Pe3ome

B pa6oTe uccneayercs cymeCTBoneﬂue'napadonuuecxon
KBa83U-CBABHOCTYK [lOZKOBHpHHAE, TO €CTHh TAaKOW, KOTOPAA BHNONHA-
eT ycnosus /2/, /3/, a Texke E o E = 0.

C nonoupin 06oOueHUA TeopenrH Pao-iluTpH IOK83HBAETCH

HeCymecTBOB3HUE TAKO! KBa3U-CBA3HOCTH.
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