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On Distributions and Moments of i-th Rccord Statistic with Random Index
O rozktadach i momentach i-tej statystyki rekordowej z losowym indeksem

O pacripcaeseHHAX U MOMENTaX M-TOH PeKOPAHOWA CTATUCTHKM CO CIydafiHbIM MHAEKCOM

INTRODUCTION

Let D(n, n>1} be a sequence of independent random

variables with a common absolutely continuous 41stribution
function PF(x)

and the density function £(x), and let
Xgn)s xén)s...<x§n) denote order statistics of the sample
(x1 'X2’aoo,xn).
By
: (L, (n)+1-1)
i 1 g
ORI C T ks el = X1y (m) il QLR gl i
where
I’i(O) = 1
(Li(n)+i-1) (1421)
Li(n + 1) = minfJ 1 Xy, (o) < x3@** L = 0,1,2,..

vwe define a sequence of Z-th record statistics.
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Properties of the first record gtatistic (the case i = 1)
has been studied in [2), [3], [4] and the cass i>1 has been
considered e.g. in [1].

In this note we give the distribution and moments of i-th

record statistic !l(li)' where N 1is a random variable.
2, DISTRIBUTION OF RECORD STATISTIC

(1) N has a power series distribution., A random variable N
is said to have the power series distribution (PSD), 4if the
probability function of N is of the form

- k -
(1) pk; ©) = P[N = k] = RO~ o0 ken,
£(9)

where TCN u{0}, a(k)>0, £(@) = 2 a)0% for
Be={0 :0<0¢< ?} ~ the param]ectéég space, and @ is
the radius of convergence of the power series of £(Q), and
B denotes the set of all integers, L

_ In what f.ollowe we write £, for £(34), Fd for F(yd)
etc. and put

k
T S a(k)[i@al(}?)]
keT ki

v 8 (F) = log1 = 7)™
n-k
n=k
M= 3 C y(=1)1epktl,
1=0

n
M
2@ = 3 ®1a,m)E X,
. k=0 _ ki

n-k
n-k = oo .
My = ¢ -n* 1 S = > SLT ppker
r=0 ¥ k+2x+1 r=0 T!
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Under these denotations we prove the following lemma

LEMMA 1. Iet {X » 31} be a sequence of 1ndepemient

14ty spece (2, 4,P) having s common sbsolutely continuous
distribution function PF(x) and the density function f£(x).
Suppose that N 1s a positive integer-valued random variable
defincd on the same probability space With the probability
function given by (1). Then the density function of Yl(‘i) is

11 3
11 - p,)3 e
3 1,, 4(9
£(Q)

oF)

(2) g(yi) =

Proof, Let G denote the distribution function of

©. 8o

(1)
Iy
6y = Plrgt<y ]

Put Hey,|B) = p[r(“< 4I¥ = k] and n(y,|E) = B*(3,).
Wo have G(y,) = Z Plrg< 3, |N = kPN = x] =
= Z H(yilk) P[N ]

Hence, we get

£(7y) = > nly,|OPIN = k]
keT #

From [1], we have

ey, k) = -2 [~ 1 log(1 = P11 - p )11 ¢
¥4l k,‘- € ] | 1) 1

By (1), we obtain _ -

675 = 3 —[- 1 log1 - F]¥(1 - p)e, a0 0% _
ke K £(0)
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i-1
i(1 = F,;) -
. i Lac0,m
£C Q)

(i1) Particular cases,
It is known that (1) with T = {0,1,...,n}, a(k) = (}),
£(Q) = (1+ 0)° Q:-g- where 0<p<1, p + Q@ =1 reduces
to the binomial distridbution with parameters p and n.

It wo put T =MW Ui0}, a(k) = («DEEM, 20) = (1-9
©@=4q, 0<q@<1, then (1) is the negative binomial distribu-
tion with parameters qQ and n, _

Putting in (1) T = N ui0Y, alk) = j, £(0) = 9 ,
@ =A>0, we obtain the Poisson distribution with parameter
A .

In the case when T =N ul0}, a(k) =1, £(0) = y—is,

®=p, O0<p<1, (1) reduces to the geometric distribution

with parameter p.

We have then

COROLLARY 1. If the random variable N has the binomial
distribution with paramcters p and n, then

n
n i1 1. k
8(3y) = 1a°(1 - 278y - = G2 & ay(m]
k=0

COROLLARY 2, If the random variable N has the negative

binomal distribution with parameters q and n, then

[=-]

3 (1aa, (M1¥ neken
B3y = 101 - %1 - e, ¥ ;! .
k=0

CORCLLARY 3., If the random variable N has the Poisson
distribution with parameter A , then
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By 11 -2, = [1re,m1F
- 0o ? e G

COROLLIARY 4, If the random variatle N has the probabi-
1lity function

k'
(3 PN azk]a - S=B0 y.4,2,..., O
log p Kk

then

= k
11 - 702, @ 101 - playd)]

log p- ) Kkl

8(7,’_) =

COROLIARY S5, If the random variable N has the geometric
distribution with parameter p, then

o y1(1=p)-1
g(y) = 4(1 = X1 = By) 5

(1i1) N bhas the compound binomial and Poisson distribution
A random variable N is said to have the compound bino-
mial distribution if the probability function of N 1s of the

form

1 L
(%) p(k;P) = P[N = k]= (:) J pkqn'kt(p)dp,
0

k= 0,1,s..,03 0<p<1, Dp+4q=1

where _f(p) denotes the density function of the random varia-
ble 1275

Using this definition we can prove the following lemma
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LEMAM 2, If N is a randonm yariablc having the distri-
i ) (1)

bution (#), then the probability density function of Yy °° dis
given by

f=topdy
(5) 6(yy) = 101 = Fy)" 7 £ L (F)

Proo#f, By (4) we have

n
g(yi) = Z h(yilk)P[N = k] =

k=0 1
n
> & [~ 1 20801 - 7p)*01 - Fi)i"‘fi({:)J pX®*e(p)ap =
k=0 '

1, gk

- n n=k r-k+r

=101 =2, 3 (P [Lay ] g > OZODTERT
k=0 r=0

Using the above denotations we obtain (5),

COROLLARY 1: If the random variable P has uniform di-
stribution on (0,1) then
[}ai(F)]k
l (

n
11
gy;) = 401 = ppiTe, S5 A2 @y
k=0 &

COROLLARY 2, If the random variable P has the beta
distribution e.g.
aqb-a

(6) f(p) = P
B(a+ 1, b -a+ 1)

4 0<p<i1, . =1<a<b 4+ 1,
: Pp+a=1
then
- D [1a, (m)]*
8yy) = 101 = F e, Z.____l_

(N
k"k
k=0 k!
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where

n-k
o~ n-k r k+r+a+1DD(+2)
M = ) (TN

" [(a+ 1) (k+r+Db+2)

Jk -
r=0

Further we consider the case, where N has a compound Poisson
distribution,

A random variable N 1is said to have the compound
Poisson dostribution if the probability function of N is of
the form

k
¢)) p(k) = P[N = k] = [;!L e~ aacA )y k=0,12,c00

where G denotes distribution function of the parameter A .

We now give the formula for distribution of Iﬁi) in
the case when N has the distribution (7). It can be easily
seen, that in this case the following lemma is true

IEMMA 3. If N 4is a random variable having the distri-

bution (7), then the density function of YN™) 4s given by

i-1
(8) s(yi) =101 - Fi) rixi(r)
where
k
ia, (F)
Ki(F) = [—-i—-vy]— Sk
SN ¢ by

P r oo f. Taking into account that

k
fﬁ-—a ae( ) =—1- Z;‘LE/\“*I‘
6- r=0
we get (8),
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COROLLARY. If the random variable A is distributed

according to

A jv-l,mav for A>0
[[(v)
€9) f(A) =
0 for ALO

where a>0,. v>0, then

S [ly® e
k=0 L & kl

and

¢ D kery Veker=1 (.1)”-
+X + K+ L= -
Sk = Zé ( k )( k+r ) ———ar
I'=

2. MOMENTS OF RECORD STATISTICS

We now consider the case where the distribution of random

variables {X!;, n>1} is the uniform distribution in (0,1),

eos.
F(x) = x, x ¢(0,1).

One can prove

LEVMA 4, If 412>1, k>1 and m>1 are integers then

S me—a

1
m
k+r+1
f('l - x)i'1xm[log(1 - x)]k'1dx = F(k)z (?)Sﬂ___) L
N . r=0 (r + 3™

Using the above lemma we get the following
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THEOREN 1. I TY) s the i-th record statistic of the

rcquence _og ;ndepend_ggp {&Bdop y‘griab'leg {Xn, n>1} with
distribution function F(x) = x, xe€(0,7) and N is a random

variable distributed according to (1), then

1(1 = 31)1-1 >

(10) (y.) = D,(O,F)
s 2(0) L
Fhere
= a(k) |191logl(1 - 3y )-1 x
D60, = 2 : 7]
kel kl

Moreover, for m>1, we have

(11) B[] = == 3 a0 [10]%E, 1,k
£2(0) yem
Where

m
=
E (4,k) = (@ L=
m 1%0 " (p + 1)5*

Proof, (10) follows directly from (2).
(11) can be obtained after using Lemma 4 by simple evaluations.

COROLLARY 1, - If a random variable N has the binomial
distribution with parameters p and n, then we have in the

considered case

n i-1
g(yi) = iq. (1 - 31) \kl

and for m>1

n -
Br{P]® = 1q° g} P [t BTF 51,0
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COROLLARY 2, If in the considered case a random variable
N bhas the negative binomial distribution with parameter p
and n, then

B(y) = 101 = P71 - 31T Z = L [1p log(1-y,)~"]¥
k=0

and for m>1
: ! o )
Efr{P]™ = 101 - @ F ™5 (1p1¥E (1, k)
k=0

COROLIARY 3, If in the co;asidered case N has the Poisson
distridbution, then

i 1(1 - 31)1'1 Z [1A105(1 - ¥y 1]k
8Ly =

i ol (k1)<

and for m>1

oo k 5
B{P]™ = 16 S LA g (4,0
" ko & 7

COROLLARY 4, If in the considered case N has the
distribution (3), then

101 =3 2@ {101 - pr1ogt1 - yTNE

g(y,) = e T e O
i log p {;'1' K- k!

and for m>»1

Efryt]® = = Z J-i—“k' 31 e Ep(4,k)

los P

COROLLARY 5. If in the considered case N has the
geometric distribution with parameter p, then
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11 - p)(1 = 311-P)-1

e(y4)

and for m>1

u

a1 &)
11 = py 3 (AT D

i)Im
[YN ] k=0 k+m+ 1

Ve are going to present the analogous results in the case
wWhen N has the compound binomial and Poisson distribution.

After using Lemma 2 we have

THEOREM 2. If Y\') 18 the i-th record statistic of the

Bequence { X n>1} of independent random variables with
distribution function F(x) = x, x€(0,1) and N is a ran=-

don yariable distributed maccomi,r_zs g0 (4), then

k=0

and for m»1
(1) S ) iy’
Dim k+1 m -1
E[YNJ =y 1 ()Z()_—T)mk
k=0 +

COROLLARY 1.__ If in the considered case P 1is uniformly
distributed in (0,1), then

~

2 e
83y = 11 =315 (M1 10801 - 3] F X

and for m>1

E[Yl(li)]m_ Z k1 (n) Z ( (r-:)i) _ u:
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COROLLARY 2. If in the considored case P has the beta
distribution (6), then

n -~
M
g3y = 11 =3p¥ 5 [~ 1 1051 - 7] =
k!
k=0
and for m 31
m m b o 2 Pog
(=1)"" '™
EPm T D T B
k=0 =0 (r + 1)
REMARK, Using the relation
x s Ky ok
n-k r (n- +T
EP (1 =P = 3 (DT (°TF) EP
r=0
we can get the following identities
n-=k
Bk + 1, n =k + 1) = > (DT &7F) —2
=0 k+r+1
n-k s
B(k+a+1, n-k+b-a+1) = Z -n* (n;k)B(k+I'~ba+1, b-a+1)
r=0

We are going to discuss the case when N has the compound
Poisson distribution,

One can see that the following theorem is true,

TRECREM 3. If Y5 is the i-th record statistic of a
gequence of independent random variabies {X;, n>1} with ths

distribution function F(x) = x, x€(0,1) and N 1is a random

variable distributed according to (7), then
A o k
43 -1 log(1 - 3,) J
(12) B = 101 =3 > L L ] 8y
X=0 (kt)

and for n>1, we havs
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(1) & (1)1
E[‘YN ]m i Eo k! Sk Z 1‘ (r + 1)E*l

COROLIARY., If in the considered c;se, the random variable
/\ is distributed according to (9), then

© X
g(3,) = 1(1 - 31)1-1 2y [- 1 log(1 = 7£)_ Sy

g k=0 * a i
and for m>1, we have
m .
(WDm _ § 1“*1 my (=)™ »
B Y ) S
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STRESZCZENIE
Niech {Xn, n;r1} bedzie ciggiem niezaleznych zmiennych

losowych o jednakowym rozktadzie a Yéi), 1>1, n = 0,1,2,..
Clggiem 1-tych statystyk rekordowych., W pracy badano rozklady_
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Iéi) i ich momenty, gdzie N Jest zmienng losowg o dodatnich
wartosciach catkowitych. Rozwazono migdzy innymi, przypadki w
ktérych N ma rozktad dwumianowy, ujemny dwumianowy, Poissona,

logarytmiczny i1 geometryczny a X1 ma rozklad Jjednostajny.

Peznnme

Mycrs {xn, nz 7} - NOCNEeNOBATENBHOCTH HE33BUCHMHX OXUHA-
KOBO pacnpeieNeHHHX CIyYSAHHNX BENUYUMH, 8 Y,:”, 121, n=0,12
NoCAeZ0BAaTENBHOCTS U-THX PEKOPAHHX CT38TUCTHUK.

B pacoTe WCCAEAYOTCA PAcHpeleNeHus ¥ U UX MOMEHTH,KOT-
Za N cnyualfiHaa BeJVYWHA NPUHUMALLAR HEOTPULATENBHHE IENHE 3Ha-
yeHua, PaccwsaTpuBawTCfl, CpeAu ApYyrux, clyuau, B KOTODHX N
¥MEeeT GUHOMHHBJBHOE, OTpPULATENBHO CuHOMMHANBHOE, I[lyaccoHa,
nOTapuQKMUECKOE W TeoueTpUYECKoe pacnpeleneHue u X - paBHOMED-

HO€ pacIlpeAeleHne .




