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On Univalence of a Certain Integral

O jednolistności pewnej całki 

Об однолистности некоторого интеграла

INTRODUCTION

Suppose that 06 , are fixed complex numbers,

f(z) = z + ... and g(z) a z + ... are functions analytic in 

the unit disk A and f'(z) / 0 for z in A. We

shall be concerned here with a function h(z) defined by the 

formula»

z

Our aim is to establish some sufficient conditions for univa

lence of h(z). To do this we need some results which we 

Quote below.

L. Ahlfors showed £1] that if c is a complex number and 

for a given k, then any function b(z) analytic
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in A which satisfies the condition

(1.2) zb/x(z)
h'(z)

+ cfz|2Uk =
* K + 1

z e A

is univalent in A and it has a K-quasiconformal extension 

to the whole plane.

Following Ch. Pommerenke [.5 J we denote by ord(f),

(1.3) ord(f) = sup I- | + 1 ~ — >

the order of the linearly invariant family generated by a lo

cally univalent function f(z).

It is known that ord(f)^1 with equality to hold if and only 

if f(z) is univalent and it maps A onto a convex domain 

[5j. Moreover, ord(f)^2 for a univalent f.

MAIN RESULTS

We start with the following

THEOREM 1. Suppose that: (i) f(z) is analytic and lo- 

cally univalent in A such that ord(f) a A <oo, (ii) g(z) 

ia analytic and univalent in. A , (iii) oc, are complex 
numbers subject to the conditions

(0C|<2-, 2 |oc| A + 4 [ p| 1.

Then h(z) defined by (1.1) is univalent in A •

Moreover, if 2 /ot|A + 4 ||2>| < 1, then h(z) has a qua3icon- 

formal extention to the whole jplane.
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Proof, We are going to make use of the condition

(1,2). It will follow from the method of proof that best choice 

for c is c - - 206.

We have

(*) 1(1 - |z|2) + c|z|2U2 |oc|
1 h'(z) 1 1 I 2 f*(z)

-2|+ |j3| (1 - |z|2) ! j

for ZéA.
-1

Since I c | < 1 we have (06( < >y. Univalence of g(z) implies 
(1 - fzl2>fgg('z)') ~ 1 (lz|<1) which we combine with

(#) to obtain

1(1 - <z|2) .zfi</(z) - 2 <X,|z|2|<2 lo6|A + 4| A(
1 h'(z) 1 I

By the result of Ahlfors the function h(z) is univalent in 

A if the following conditions are fulfilled

2 |oc|A + 4 (|2>|< 1 and |oô|<2 *

If 2 |oc| A + 4 | jî>l = 1, then by applying (1.2) to the func

tion hr(z) s h(rz), ZfeA» re(0,1) one gets

1(1 _ |z(2) _ 2oc|z|2U2 |oû(A(r|z| - 1) + 1<1
1 hj,(z) 1

for z in A «

Thia shows univalence of hp(z) in A which implies univa

lence of h(z) in A.

Note that if 2 |oc| A + 4 |jd| =1, then h(z) . ay not have 

4 quasiconformal extension to the whole plane.
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COROLLARY 1. 

univalent in A , 

lent in A.

If f(z) and g(z) 
if |oćl + |[M J,

are both analytic and 

then h(z) is univa-

Proof. This follows from Th. 1. in view of the well-

-known inequality ord(f)<2 for univalent functions.
• _

COROLLARY 2. If = 0 our result reduces to a theo

rem of J. Pfaltzgraff [4J.

If oi. = 0 we obtain a generalization of a result due to 
W.M. Causey [2]. He showed that J is univalent

for complex j?> , (jM «=. 0,102 ... . Our Corollary

extends this results to complex : Jpl =< 5 = 0»25«

THEOREM 2, If f(z), g(z) are functions close _ to - 

c onvex in /A and 0 < o£ + < 1, «,,^>0 - real, then. h(z)

is also close - to - convex in A.

P r 0 0 f. It is well - known, that if g(z), f(z) are
close - to - convex, then

(2.1) f'(z) = <^'(z) p(z)

(2.2) £(£l = 
z

G'(z)

where <2> ( z) is univalent and convex in A, G(z) i3 close-
-to - convex while p(z) is analytic and such that Re p(z)>0
Moreover, for some convex fonction <$> and P(z) of positive 
real part

G'(z) = <j>'(z) P(z).

Thus we have
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h'(z) = f'“(z)(fi<£l/ = ( <p'°t(z)4>' P(z))(p°‘(z)pP(z)) =
z •

= w'(z) D(z)

where

w'(z) = ' ** (z) <}>' P(z)jD(z) = (z) P P (z).

It is easy to see that w(z) is a function univalent and 

convex provided oc , Jl are real and such that ot + 1,

and that Re D(z)>0 provided |o£| + Ultimately

h(z) is a close - to - convex function if oC , p are real 

and subject to the condition 0< oc + J3 1,

The previous considerations gave us a set of values of 

oC, for which the integral (1.1) is a univalent function

in A .

We now want to find a set of values of ol , |d for which 

that integral is not univalent. To do this we give some examp

les. First we recall a result due to W. Royster which we state 

as.

LEMMA L6]. 

univalent in. 2^ 

conditions^

(2.4)

We now prove

THEOREM 3. 

the formulas

The function F(2) = exp log(1 - z)] is. 

if and only if V satisfies one of the

|?+1|«1, |9-1|<1.

Let the functions f(z), g(z) defined bj

f(z) = expfulogd - z)l
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If complex numbers 06, ji' satisfy

(i) |ot, >1 -

or

(ii) K|>1 - |2oc + P)(1 - i),

g(z) = z-exp[(i - 1)log(1 - z)} 

be univalent in ZS .
the conditions

and p> / 1 + i

and 06 / 1 — ~ |r)

or

(111) Ipl»^

then h(z) given by«MW«*» Wctn

h(z) =

does not belong to* S.

Proof. If f(z), g(z) are as stated, then

h(z) = A1 exp j [<%■( p - 1) + J5 (i - 1) + l]log(1 - a) | + A.

In view of the Lemma h(z) is univalent if and only if the 

point \> = o6( p -1) + j?> (i - 1) + 1 lies in one of the 
disks (2.4).

Hence, h(z) is not univalent if and only if p satisfies

(2.4) and p belongs to the set N.

N = | p : |p+l|>l|n{Vj | 9 - 1|>1|

Since p = 1 + p, Q-T—Q the conditions (2.4) ere

equivalent to
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| V- 1 + p(1 - i)|^ \oc| 

p- 1 + 2ot + p(1 - i)|

Our statement will be proved if we find such relationships 

between ot , Jb that the intersection of N and at least 

one of the disks (2.4) is non - empty.

This leads to (i), (ii), (iii).

fZ otCOROLLARY J. [6] . If p = 0, then J (f'(t)) dt is 

not univalent for any complex oc such that l<*|>j and

Oc J 1.

COROLLARY 4. If ot = 0, then rm;

k Ini ■
dt is not uni

valent for any complex p such that [p| «0,709.

REMARK. ff.H. Causey [3] showed that JZ dt is

not univalent for real f, p >0,5.
Corollary 4 partly extends this result for complex p ,
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STRESZCZENIE

Niech f, g oznaczają funkcje analityczne w kole jedno
stkowym D i takie, że f *(z)g(z)z"’"* / 0. Celem pracy jest 

ustalenie warunków koniecznych lub dostatecznych na stałe oC ,

oraz funkcje f, g przy których funkcja h określona 

wzorem (1.1) jest jednolistna w D.

Резюме
j

Пусть Ąp обозначают аналитические функции в круге О , 
и такие что f'(z )д(г)2' ±0 . Цель этой работы - это опреде

ление необходимых или достаточных условий нал,/? и на ftg , 
при которых функция дана формулой (1,1 ) однолистная в D .


