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1. INTRODUCTORY REMARKS

, Let £, £(2) = z + aazz + ¢oey, be a function analytic
in the unit disk /\ such that

(1.1) z~12(2)2°(z) £0 in A.

Not so long azo P.T., Mocanu [6] considered a class S() of

analytic functions £ that satisfy (1.1) and the condition

(1.2) Re{(1 - ab)g_g_‘_(_zl + (1 + M)1>0
£(z) £°Cz) )

for o €€0,1> and z in A.

It was shown that S(ct) 4is a class of univalent func_:tions
#hich, norccver, map /\ onto domains starlike w.r.t. the
origin, It is ecasy to notice that (1.2) is obtained by forming

8 "linear combination" of two conditions for starlikenes and
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convexity, respectively.
Recently it was shown [3] that this condition may be roeplaced
by a much general one which, however, implies univalence and
starlikeness of £.

One can easily check that if - %‘. F <1, then the condi-
tion

(1.3) i Re{1 + %:—;L:l} > P in A
z

implies univalence of f£. Let
Re(-z-f-,—gy- +1) >- % .
£°(2)
A simple calculation gives

o 2277°C2) 2) o 2g°(z)
£°(z) g(z)

\1—3

where ge€ S*.
Then

Re g'(_zl >0,
{¢))

This shows that £ 18 close = to = convex,
Hence £ 1s univalent. Moreover, f maps /\ onto a domain

convex in at least one direction.

This remark raises a natural question, if the following
condition

(1.4) - Re{(1 - )1 - p) 2f (2) | -p o+ M)}m
£(z) £°(2)

for real o and - %6]’5{1 guarantees univalence of £,

It will be shown in this papor that functions £ sudject to
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(1.4) for some values cf o are indeed univalent and some
extremal properties of £ will be investigated.

Llany results ealier obtained by several authors follow from

ours a3 spccial cases.

2., A CIASS OF BAZIIEVIE FUNCTIONS
We denote by F(ox, ra) the class of all analytic func-
tions that satisfy (1.1) and (1.4) in A.

First we prove

THEOREM 2.1.' Suppose £ is in F(OL,P) and

g

-%$F<o &nd o<o<.<1-P'1

or
(2.1) 0<p<1 end &<l =B~ or >0
or

\ ? =0 &l}g_ dr>o-
Ihen £ is univalent in A and it has the form
A P 1
(2.2) f(z) mJ -1(_'5—) gm( )d. E =T NZMEN o0 o
[ o 3 =5 3)ax]

¥hore g(z) = z + ... is a starlike and univalent function in

e

Aang m=1+ a1 -1 - ), aso.

Proof, If g satisfies the conditions stated above
then RO{E-'L(Q}>O in A and (1.4) may have form

glz) |
(1 « X )1 = %) }EE:_(_E)_ + d'.(1 - 0B+ ,21'”(32} =
| £(z2) J £°(z)

_:(1-}5)%—;-’2—)-
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Some easy and straightforward computations shqw that this
equation has a formal solution of the form (2.2). The integral
involved herg converges provided m>0. It gives (2.1).

Por P €<0,1), F(x, F) is a subclass of the class of ana-
lytic functions introduced by Mocanu,

We may consider this problem for rs €~ %,0).

Then, by | } arg E%ET“E

we have ‘Parg E%-,-ﬂ(l?l:l‘<_§.

Hence Re{(E('ET)P} >0 in A.

Now, for t>0 the family {f(z,t)}, ze A,

4
ey oo 2e'(E) , 5 PT Brye-lax|/m
£(s,0) = | Of[t e +(8(S))P] e%(8) % d3]

is a subordination chain over the interval t=>0 in the sense
of Pommerenke [7].
Hence, by Pommerenke’s theorem [7] £(z,t) 4s analytic and
univalent in /A for each t>0.

It shows ‘also, that F(x, ) is a subclass of Bazilevié
functions defined in [1].

REMARK 1. PFor any real o and = %é_YJ<1 the identity
function belongs to F( X, P) so that F(o, P) is not empty.
Since our method of proof qannot be applied to valuss of P .
oL othgr than given by (2.1) the question of univalence of £,
LeF(x, r.)) for those values of o remains open.

_.R_EMARK 2. It seems plausible that each £ of the class
F( oc,P) is close-to-convex. However, we were not able to

prove 1it.
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3. SOME EXTREMAL PROBLEMS WITHIN. THE CLASS P(OC,F)

We shall consider here some distortion problems and we
shall give bounds for initial Taylor coefficients of f£.
Let [’ denote the gamma function of Buler and F(a,b,c; z)
be the analytic functions for z in /\ defined by
1
Fa,b,c52) = —l L8 ,( 711 = w1 - 2w Bau
["(v) (e = b)
! 0
where Re b>0, Re(c - b)>O0,
Put

K(ot,’b,r) = r[]‘(aﬂd.' ), m, m+ 1, 1:)]m

re(N'UFsZ) = [m j Sn-1 (1 - eieg) iﬂi—P—l dS]%
o]

where m = 1 4 a "d')o? = gb), ¥ 0, o<O<ax.
We start witnh

THEQREM 3.1, If £ satisfies conditions of Th.2.1 and

[2| = r then

-

(3.1) - K(, P;-r>$[f<z>|4x<oc.r:.r> for o >0,
2y

(3.2) K(OL,F',-r) Slf(Z)f$ - K( ut,p.-r) for <O

This result is sharp. Equality occurs for the function

T.(L, p,2) with suitadbly chosen O .
6 )
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Proof., Inview of Th. 2.1 we have

. 1= 1
) £(2) = [m js"" (55-55-1) Sk | =
(o)
Since g 4is univalent normalized starlike function we have
(*0 ——ls-l—-zélstg)\é——-ls-l——z.
EENE (- (5

Suppose now g is a point on the circumference |z| = r such

0
that

|£Cs)| = By o ]t(m"e )\

and ’x denotes the pre-image under f of the segment
fo, £(z)]. consider first case «>o0.

In view of (x) and (z%) we get

|2z = n(/s'""1 ‘B%l\* (agi >

1=-8)

oS
)nJ 11 4+ ¢) at =
0 _
1 -2(1-
= nr'j nm'1(1 + ru) " au,
0

Hence lf(z)‘}l_f(zo)la-x(ob, P y=T).
The proof of (3.1) for the upper bound of |f(z)‘ is a similar

one. The proof of (3.2) is analogous,

'COROLLARI 1. If £ sgatisfies conditions of Th 2.1 then

l.‘ 2(1-?)
2% (1 - (1 - 8) + 2a]
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Proo#f, It is sufficient to assume a, to be real,
Consider first case OL>0, We find:

R(et, pyr) =7+ 2(1=8) r2 + 0(r)
(1 =o0)(1= P) + 2

and [2(r)] = © + ayr® + O(),

and in view of Th. 3.1 (3.1) we gets

2(1 - B)
&2‘( —_— -
N - %)(1 - B) + 20

It o, <0 we reason in a similar manner but we make use of

Th. 3.1 (3.2).

COROLLARY 2, If £ satisfies conditions of Th. 2.1,

then
r-\l - FA) ={w,|wl<d(ot.:o)}
féF(oL,P)
where
. - 1
J [F(g%ﬁ—) m, o+ 1, =1]® for o >0
d(“,P) =

: 1
[F&;T,'P‘l m, m+ 1, 1]m for of <O0.

Proofs Itis sufficient to notice thai.: -K(ct, ‘5, -1r)
and K(o, ?,r) are an increasing function of r and then
let r tend to 1 4in the 1l.h.s. of (3.1) and of (3.2).

Let IL(r), A(r) denote the length of the curve C,
C = fgreie) 0€ 9<'2:lr and the area of the region bounded
by €, respectively.

TEEOREM 3.2. If £eF(a,f), o#0, T=Te,f)=
-1 =B+ |%Pp| +1 -8
I ld' Li y I 9
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M(r) = max it(reig )‘. s then
0€B< 2K N

(1) 2M(r) <L(r) £ 2T T™(r).

It f satisfies the conditions of Th. 2.1, then

(14) 2xa() 1P <nir) < &2 {:mm log —1—;2]

Proof. Suppose g 1s a univalent starlike function
in A. Then the condition (1.4) takes the form

(1=c)1-n) 2202, (1o p BB, |
) £(z) f(z)

.(1-{5)_ﬁ_£.l
g(z)

Hence, we have
ol
g(z) = 2(EE1=% (2o () TP
2 :

Solving this with respect to £’ we obtain a formal represen-
tation

;(1-04)(1- )
[g(z)]TP- X |

s£°(2) = f(z)] A
Fhus (1‘019 = g)
2x
L(r) = J ‘f (z)| |az] = r 22’ (z)e~t 8TE 2£°(2)3q
(|=x o

The integral on the r.h.s. is now computed in a standard way
to yield

L(r)l.zn(r):n*l“ - 0‘-)(1 i j?)ll+ ‘l M?l ¥ d o= ;L
ol
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It gives us (1).
To prove (11) observe that in view of the univalence of £ we
have M(r)g4r'1u(r2).

Hence

oo
L) <2xTi(r) 58 X2 u(rH<8 v > o |50 2
r r n=1

(-] -

= 8T o > (n1/2|an\rn)(n'1/2 ).
& n=1

Making now use of the area theorem and the Schwarz inequality

we ultimately find

L E r[x71 a(r) 1og —1—-;] =
r 1 =

The rest follows from the factlthat' disk has the minimum of_

the area among domains bounded by a curve of a given length.
4, COEFFICIENT BOUNDS

We have already obtained the best upper bound for |‘2l
within the class F(d, P ), by making use of the integral
»eprasentation (Th, 2.1). We want now to show that upper bounds
for initial Taylor coefficients of ¢ _canlbe obtained directly
from the definition of the class PF(c, ib)".

THEOREM 4.1, If rx is a complex number and
Ay = (1 =0)(1 = rb) + kot k = 2,3,4 then
2 1=-8
By = ‘ =
I 3= Mo _—7'13
. i
' A5

sup max(1, |vl)
£ € Flety)

v
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The result is best possible,

Proof. Let us write the condition (1.4) in the fovm

(1-c)BUB) , & g _ g ,227%2) 1+ ulz)
£(g) 1= P | £°(z) 1 = w(z)

where w(z) = 64z + 0222 4+ «eo 18 a holomorphic function
subject to the Schwarz Lemma conditions, Comparing the Taylor
coefficients of both sides in a neighbourhood of the origin

onegets
A
(1) c1=——L—u2
2(1"P)'
A 20,(1 = @) + A2
(11) oy m—3—a, - (L2273 2

Sy e 41 = )%
It is well-known that [c,[&1, |oo|<1 = [c.,la.
Thus we have the sharp inequality

|02 - vc§|g|02| + |v| |c§|<max(1,lv|).

Making now ‘use of (1) and (i1) after some computations we get
the result.

COROLIARY 1, Por £ in F(d,‘b) there hold the follo-
wing sharp inequalitiess '

e
~ 28,01 = B) + 42
lag|g T=f- max(r, ket ZF’ Ll
“-3[ y Az
Th_b extremal functions satisfy the equations

ol
(EL) =% (27 (2)) TP = (1—1_-?
z

- 2)
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or

ok
(EL2d)1=% (222" F = 1—1—-2
2 -2

respectively.

One may obtain the sharp estimate for |a4‘ in a similar
manner but by making use of a lemma of J. Szynal and S. Wajler
[9,p. 1153]. The computations are simple but lengthy so we
give here the final result without proof,

THEOREY 4.2, I £ €F(ot,), &y =1 - )1 - B) + ke
k:z't-"e’then

)

2
(3A-(1 =-p) 44,01 - )
|a,| < 21= F”¢c‘ 6 "7, 2, L — 1
3‘A4[ 2 A2A3 "2
+—ﬂ—L
A5
where
q - A (p,q) €D,
; 2 + 1 '
(p,Q) = . (p+1)]/——-?—-—— if (p,a)€ D
Pl 3 3(p + 1 - q) o ol 2
. 1 ek if (p,q)el)3
and
D, = {tp,2) 1 q;%(p +1) and p>1}
D, = {(py@) ¢+ (p +1) = 3-7 (p + 1)34q<§(p + 1)}
Dy = {(p,) + P<F and a<1}0{(p,a) 1 F<p<FVE - 1

and a<(p + 1) = 3y (0 + D7)

The extremal function satisfi_gg the equation



66 K. Cerebiez-Tarabicka, J. Godula, E. Zlotkiewicz

" - o‘l)zf'(z) Pl 5t P+ zf:'(z)) _ 1+ ze o JEl= 1.
£(2) 1 -15 £°(z) 1 - 2¢
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STRESZCZENIE

.

W pracy rozwaza si¢ rodzing F( cL,"S) funkcji holomorficz-

nych w kole jednostkowym spelniajgcych w tym kole warunki
z71£(2)2°(2) £ 0 oraz Re{(1 = o)1 = P)—"{é—?l

+ ot(1 - P + —E.-rr(jl)}>0 dla rzeczywistego of 1

F)é(- 7y 1). Rodzina ta stanowi uogélnienie klasy funkcji
of = wypuklych wprowadzonej przez P. Mocanu w 1969 roku, Uzyska-
no twierdzenie typu: strukturalnego, o znieksztalceniu, o po=-
kryciu oraz oszacowania funkcjonatu Gotuzina 1 moduiu wspél-

oczynnikéw a5y aze

Peapume

llyers F(e,B)0C0aHauaeT knacc GYHKUWM f(2) ronomop@nux,
 Texvx, uto 2 f(2)f(2)#0 u Takux uro, Re{(?-a}(?—ﬂ) fz)
+d(1-B+ 2;("‘3) )} >0 InA AeliCTBUTENBHOTO o ¥

Be <§—,U.

JTOT Knacc 3To o6oSmeHUe KAacca BBEAEHHOTO NoKxeHy

+

LS

B D969 rony. B paGoTe IOKa3WBAETCA CTPYKTYpHAA (bopv.yné n Teo-
pere vckaxeHud. Jlanee AaHu oueHk¥ PyHruuoHsna Tonysuea u Mo-

AyAst ro3pduureHToOB 89y 83.
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