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Curvature Tensors of Conjugate Connections on a Manifold

Tensory krzywizny koneksji sprzężonych na rozmaitości 

Тензоры кривизны сопряженных связностей на многообразие

Following Norden [j], Wedernikow [5] I will recall the 

notions concerning conjugate connections. Suppose that two
A

linear connections Г and Г and the non-singular tensor 

7Г of type (0,2) are given on an n-dimensional manifold M.
A

DEFINITION 1 £3J» [5 J. The connections F* and F* are

said to he conjugate with respect to the tensor JT of type

(0,2) if and only if the following condition is satisfied

along every curve J on an arbitrary vector w is

parallel displaced along Of in the sense of the connection 
u TM —»-R

/ , then the covectors IT . : ' is parallel
v »— — 3T(v,w) A

displaced along у in the sense of the connection F .

The following theorem characterizes these connections:

TIL'JORULI 1 (3]. The necessary and sufficient condition 
for the connections I and Г' to he conjugate with respect
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to the

nates
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tensor Jf of type (0,2) is that their local coordi-
A . ~ ' ..................*

and fjfc be related in the following wajj

(1) rjk =/^Jk + ffiP Vj3Tpk

where V denotes the covariant differentiation operator with 

_ __ and JT is the inverse tensor to T .
A

Now, I 11 compute the curvature tensor R of the conjuga-
A

te connection P with the given connection P with respect 

to the tensor 5T of type (0,2) and will give some relations 

of this tensor with the curvature tenser R of the given conne 
ction r. Let R denote the curvature tensor of the given 

connection P on the differentiable manifold M, then:

r(x,7)z = VxVTz - VTVxz - V^x>TjZ

where X, 7, Z are the vector fields on la.

The vector fields X, 7 define at each point p ell a linear 

operator, the curvature operator, R(Xp,7p) on Tp(M) by the 

prescription:

R(Xp,7p)(Zp) » R(Xp,7p)Zp

Each linear operator of vector fields (or tangent vectors at p) 

may be extended in the unique way to a differentiation of the 

algebra of vector fields (or tangent vectors at p) [2]. In 

particular the linear operator R(X,7) (or R(Xp,7p)) may be 

extended to a differentiation of tensor fields. And for any 
tensor. T we have:

R(XP’TP)(V = t( 7x77 - VX7X - V[x,7])T <P> 

where X, 7 are the vector fields such,'that their values at
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p are Xp and respectively. The value of this differen

tiation on the tensor 3T of type (0,2) is: (2]

R(6j,e^)(5t) (Op,e^) a

<2) = <Ve. ?ek - Vek V6j “ ^(ep’el) 3

= Vj VkTpi - VfcVj nrpl = - RjkpïïnQ - pm

Now we compute the coordinates of the curvature tensor R of 

the conjugate connection Pjk = ^jk + Tjk wiieret

Tjk = frlp or.(3)

We know that:

(4)

and

(5) 0 = V (i8t jrta) . Vp5-sStu - SrtVpTtu

jJipk

Mm - M* - - rMP * r&

Prom (5) we have:

(6) W Sr 2£St~UTr"7 __7pir = - nr tf Vp tftu

The coordinates of R are:

R1Rjkl
’A - Kr'si * fiA - rLr"i •

Mkl ~ Jl * fjnf kl - Pkmfjl * ■

Mi♦ rjA - r& * Ti»^ki - ’tZ’Ji *

pi. mH nl
Wji+ Tî-T^ - TiLT“ a rJm + V.T* + r®kA - VvTÎi -4 a kl 'j kl T I jk ml vk jl 

“ I kjTml + TjmTkl " TkmTjl = Rjkl + VjTki - VkTkl “
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* TjmTkl " TkmTJl

Substituting (?) into this relation, we have:

■ RJkl ♦ 74X1P Vk^pl + 5riP VjVfctfpl - 

- - »‘’VkVj»,! ♦

♦ ^"Vjip.Vkiki -
Substituting (6) into above, we gett

Èjkl ■ RJkX ♦ *lP< YlW^pl " VitVjTTpi' -

- ï^f^VjTKVkipi ♦ ï1,’ïrpVkTm.VJirpl ♦

♦ 5flpï“<VjlÏBVkTrl - VkirpmVjTrl) =

■ B}kX + xiP( 7]^kTpX ~ VkVj 3Tpi> -

- FT’C7,T„7krpl - VkX„Vjrpl) ♦
♦ î^T^tVji^VkXn - VkTj.V4Tri>

Interchanging Indices \r^/? we obtain:

B1“jkl r:jki + Xip( Vk 3^1 - VvV,3rnl)'j vk pi " vkvjJlpl'

Finally, having used (2), we get:

gi _ pi HJkl - Rjkl - irip(Rm TT * lHjkpx»1 * Rjkl:irpn) “ RJkl - RJkX

- ïip X^Bjkp = - x1’ x-aKjkp

We have the following:
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A.

THEOREM 2. The curvature tensor R of the conjugate 

connection /~' is related with the curvature tensor R of the 

given connection in the following way ;

W “Jkl “ -

REMARK. Non-singular, symmetric tensor IT of type 

(0,2) on a manifold M determines two tensors of type (2,2), 

so called Obata's operators:

û = J(i«i - îr«x ) - 5r3htfir)

*A2=2-(i®i+ $r®ur) = JcSJSJ + 5rsh *ir)

with the properties:

Q. +*£1 => i® i; Ai2 =Ai, *A12 =*£1, *£L Q = = o

One may regard these operators as linear transformations of 

tensors of type (p,q) where p,q>1 and for the tensor R 

of type (1,5) we have:

•^ir^jkh = Rjkr " ^ir^^jkh 

How, the Theorem 2 can be written in the form:

(8) R = R - 2Î&R

Furthermore, it is easy to see that:

1. The tensor R - R belongs to the kernel of Ai
.2, The tensor fi + R belongs to the kernel of Ai

How, we will give some properties of the conjugate conne

ctions taking into considerations the curvature tensor. To this 
end we recall some definitions.
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DEFINITION 2 [4]. A connection P is said to be flat

on a manifold M if the curvature tensor R vanishes.

A curvature tensor R determines two following tensorsj

The Ricci tensor R^ »= Rikl Vjk t= Rjki *

DEFINITION 5 [4]. . A connection P is said to preserve 

a volume on a manifold M if the tensor vanishes,

DEFINITION 4 [4]. The curvature tensor R of a connec

tion r on II is said to be recurrent of the first order if 

there exists a covector such, that:

(9) kl prRjkl

Now, we can state:
z\

THEOREM J. The conjugate connection P is flat iff the 
connection P is flat.

Proof. Let Rj|q = 0, then, from (7) RSi 
jkl

Conversely, if Rjkl = 0, then 3rip XmlR“kn = 0 °rmljkp jkl“

Q.E.D.

1.

THEOREM 4.

Vjk = “ Tjk

2. The Ricci tensor of the conjugate connection 1st

kl “ ^^ml^ikp

COROLLARI. The conjugate connection P preserves a vo

lume on M if and only if the connection P does.

Now, we'll compute a covariant derivative of the curvature 
tensor R of the conjugate connection P with respect to the
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conjugate connection /i.e. V R» To this end we need
A

some calculations. First, we'll find Va'J(tu

Va3Vt-u = ^3^tu " f at-^ru “ I su^tr = ^s*^tu “

- Ttr<1TruV3xqt - xrqxtrVa3Cqtt =

s Vg^T-ku - Vg^Tut “ ^S^tU ~ ” ^g^Ut

(10) Vg3Ttu = - Vairut

Now, we'll get V^jkp

<«’ - V5Bj»p - -

- -

* ^V.wjkp 

Now, we can write«

V^ki = - -

-

Having used (6), (10) and (11), we have:

<12> ^>®Jkl = - i^BlVa^kp +

Wo have the followings

THEOREM 5» Suppose, that on a manifold M with a. linear 
£®™l®ction [~^ there is given a non-sincular tensor 7T of.... '• •- K* №aw«« —b—iwi «« Mat
type (0,2) satisfying:
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(13) = pk-3rid

where p^ is any covector on M, then the curvature tensor 

R of the conjugate connection P is recurrent of the first, 

order if and only if the tensor R of the given connection.
r' is recurrent of the first order.

Proof. Suppose, that the curvature tensor R of the 

connection r1 is recurrent of the first order i.e. it satis

fies (9).

Then, from (12) and 03):

■ - x1Px»i ♦

* 3fipfI,or^<v.3rqJB;l!I> ♦ v. »«>$,> =

= - 5lp^V"kp * *

* 3flp3frtjr«lpaxtl^rp - - «3slp’r»li,"tp ♦

* ps5fiPx^Rjkp ♦ psSlP:>tn1lRjtp =

= - (- 2p„ » xlPXn1Rjltp =

^8 % - 2I>8

what means that the curvature tensor R of the conjugate
A

connection f-1 is recurrent of the first order as well.
How, conversely, let VgR^kl = rgR^kl.

Then, using (7) and (12) we have:

Hence

- rs^Pa'miRjkP * - Tip?rm1 VXvn + 2Pc5rip
ml vs jkp 3r„,R,m

ml jkp

VsRjkl = qsHjkl

/
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where

% = 2P8 + rs
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STRESZCZENIE

W pracy tej zajmujemy się tensorami krzywiznowymi konek

sji liniowych sprzężonych według definicji Nordena i Wedemi- 

kowa. W twierdzeniu 2 obliczony Jest tensor krzywiznowy R
A

koneksji [~* sprzężonej z daną koneksją liniową względem

danego tensora ar typu (0,2) i wyrażony Jest za pomocą 

tensora krzywiznowego R koneksji danej f oraz tensora w 

następująco: R s R - 2*I2R gdzie ’II Jest operatorem 
Obaty.

Następnie podane są warunki konieczne i dostateczne na to, aby
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koneksje sprzężone Г" i H były płaskie, zachowując obję

tość i rekurentne.

Резюме

В данной работе занимаемся тензорами кривизны сопря

женных линейных связностей определенных Норденом и Ведернико-
Л Л

вым. В теореме 2 вычислено тензор кривизны В связности Г соп- 

, ряженной с данной связностей Г относительно тензора П типа

0,2 и выражено его при помощи тензора кривизны Р связности 
Г и тензора П следующим образом:R-R-2Л'R , где Л'-опе

ратор Обаты. Кроме того представлено необходимые и достаточ

ные условия для того, чтобы сопряженные связности Ги Г были 

плоские, рекурентные и сохраняющие объем.


