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On a Problem of Duguć for Generalized Characteristic Functions

O problemie Duguć dla uogólnionych fimkęji charakterystycznych

О задачи Дюта для обобщенных характеристических функций

Let us consider a problem given by D. Duguzift[l). He was interested in finding couples 
(#,• £2) of characteristic functions satisfying the condition

Ф.(0+*»(')
- = *i(0fc(0 (1)

as the functions

♦i(') =
1

1 +if ’

do.
L. Kubik gave in [2] two examples of classes of such couples for which the more 

general condition

P0,(O+^j(O = ^i(O02(O,P + <7=: 1, P>0,<7>0 (3)

holds. The first class generated by characteristic functions 

a pa
Ф.(0 =

a + it
, bV)=-

pa — itq
a>0 (4)

contains Dugues' functions (2), while the second one is generated by characteristic func
tions

0i(t) = <? + pcosbt — ipsinbt, $j(f) = p + qcosbt + iqsinbt, b&R. (5)
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There are given ([5]) also other examples of couples of characteristic functions 
satisfying the condition (3).

In this paper the problem ofDugue and Kubik is treated for more general objects than 
classical characteristic functions.

By a generalized characteristic function co(r) we mean the Fourier-Stieltjes transformation 

«(/) = f eitx dV(x) o

of a real function V which has bounded variation on R = (— <*») and statisfies the
conditions:

K(—<») = 0, K(+ °°) = 1, lim f(x) = F(x0), • 
x *x7

The function V is said to be a generalized distribution function (see i.e. [4]). It is known 
that

K(x) = fl,F, (x) - a2F2 (x), a, - a2 = 1 ,

where Ft and F2 are classical distribution functions. The generalized characteristic func
tion corresponding to K has the form

= at-a2 = l, (6)

where 0, and 02 are classical characteristic functions.
The theory of generalized distributions allows us to consider negative and greater than

1 'prO'-babilities’ as well as negative ‘density’ functions. \
Now we are going to give couples (a>i, w2) of generalized characteristic functions

satisfying the condition

pw,(r) + ?w2(r) = w,(r)o2(r), p + q = l,p>0,<7>0. (7)

and two theorems on this topic.
Example 1. The condition (7) is satisfied by generalized characteristic functions

pa + (p—q) it pa + (p-q) it
W,(r) = ------------- ;------- , W2 (f) =

pa — itq pa + itp

Their representations according formula (6) are as follows

_ f’-<? /70 , 2<*~P pqWi(0 =---------e"° +------------ ---------------- ,

gj2 (r) —

q q pq — itq

P-4 an . « “e"° +
p a + it

(8)
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(for p = q - 0.5, a = 1 we get Dugues functions). The generalized distributions 
corresponding to <ot(0 and ca2(t) have the form

M*) =
0, if x < 0

1 _ Le-(P^x ifx>0, 
<?

—if x < 0 
<?
1, ifx>0.

If p q then one of these functions is not non-decreasing, i.e. it is not classical distribu
tion function.

By means of simple calculations it is not difficult to prove the following theorem. 
Theorem 1. Generalized characteristic functions of the form

uii(t) = q +pi/z(r)-zpx(Z), u2(t)=p+q&(t) +iqx(f) (9)

x(f) - real functions

are the generalized characteristic functions satisfying the condition (7) rf and only if 

0J(0 + XJ(0=1- (10)

Remark. By the properties of generalized characteristic functions (see [4]) we conclude 
that and x must be continuous and

0/(0) = i, x(0) = o, 0(- o = O' (0. X(- 0 = - x(0

for all real t.
It is easy to see that the characteristic functions (5) considered by Rubik have the 

form (9). From Theorem 1 one can get another class of couples of generalized 
characteristic functions of that form.

Example 2. Let

0(0
a2 -t2 
a2 + ? ’

. a > 0 .

a2 — t2
It can be stated that

2at

a2 + 12
-ip

a2 + t2 (ID
a- -t2

+ Id
2at

a2 +t2

o>i (0 = <7 + P

are the generalized characteristic functions of generalized distributions

F,(x) =
'2peax, ifx <0 

l,ifx>0,
KI(x) =

0, ifx<0

1 — if x > 0.
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In the casep = qwt get the couple of characteristic functions from the class (4) of Kubik 
while if p q then one of the functions (11) is not a characteristic functions in the classi
cal sense. The next examples can be easily obtained from simple

Theorem 2. If w(f) is generalized characteristic function such that [w(f)[" 1 is also 
a generalized characteristic function, then the functions

= q + puift),
p + q = \,p> Q,q> Q (12)

wi(0=p + <?["(0]-1 .

are generalized characteristic functions satisfying the condition (7).
Remarl;. It is known ([3]) that if 0(f) and [0(f)]* 1 are characteristic functions (in the

classical sense) then 0(f) is a characteristic function of degenerate distribution. This 
assertion does not extend to generalized characteristic functions.

Example 3. The condition (7) is satisfied by functions 

<7
+p-------- jp- ,

1 — pe“

Wj(f) = p+ 1 —peir

being generalized characteristic functions of random variables Xt and X2, respectively, 
having the generalized discrete distributions

P[.¥l=0]=<7(l+p), P [Xt = k] = qp^* 1, k = 1, 2, ...

P[X2 =0] = p + i, /»№ = 1]=—p.

Example 4. The condition (7) is satisfied by functions

cu,(f) = <7+ p (\-peifŸ

u2(t) = p +

being characteristic functions of random variables X} and X2, respectively, having the 
generalized discrete distributions

/’[J, = 0] = <7(1 + pq). P[Xt = *]= pk" q\ *=1,2,...

2p
P[X2 =0] = p + ff-*, P[X2 = 1] = - —, P[%2-2] = —.

<7 <7

Example 5. The condition (7) is satisfied by functions
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(1 -peff)"

being characteristic functions of random variables A', and Aj, respectively, having the 
generalized discrete distributions:

P[X, = Q] = q+p(ln, 

P[X2 =0]=p + </(<?•*)",
и*!=*]=«(*)(-^)*« .
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STRESZCZENIE

W pracy rozważany jest problem Dugue poszukiwania par funkcji charakterystycznych (0,, 0,) 
spełniających warunek p<t>, + q<t>, = P + <7 = 1, P > 0, q > 0 w dziedzinie bardziej ogólnych 
obiektów niż klasyczne funkcje charakterystyczne. Podane są nowe twierdzenia i klasy tzw. uogólnio
nych funkcji charakterystycznych spełniających ten warunek.

РЕЗЮМЕ

В работе рассматривается задача Дюга, касающаяся нахождения нар характеристических 
функции (ф,, 0,) для которых выполнено условие р0, + <?02 = 0,0а, р + г/ = 1, р > 0, </ > 0 в 
области более общих объектов чем классические характеристические функции. Даются новые 
теоремы и классы пар обобщенных характеристических функций выполняющих это успове.




