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A Pseudagroup of Motions of 3 Certain Pseudo-Riemannian Space
O pseudogrupie ruchéw pewnej przestrzcni pseudoriemannowskiej

TMcennorpynia n3omeTpu HeKOTOPOTO MCEBI0 PHMIHCKOTO I1pOCT pAKCTBA

In this paper we are going to obtain the pseudogroup of motions of pseudo-
-Riemannian manifold R} : = {(x’, x3, x> 0} with the fundamental pseudo-
metric form

1

ds =
'(X' cxt,x%) ()

[(@dx*) —(dx*)? —(dx')*].

There are two different manners for finding this pseudogroup. The following theorem [1]
yields us the first way:

Given a Riemannian manifold M with a finite number of connected components,
then the group G of isometries of A{ is a Lie transformation group with respect to the
compact-open topology in M. Thus G is a Lie group and the Lie algebra of G is naturally
isomorphic with the Lie algebra of all complete Killing vector fields.

We shall find the Killing vector fields and their Lie algebra. This algebra is isomorphic
with algebra of group G which acts on the manifold R as a pscudogroup of transforma-
tions. Group G is gencrated by one-parameter groups which corresponds to Killing vector
fields.

In the second part of this paper we shall describe a model of inanifold under considera-
tion. We shall base on the ring of antiquatcrnions [2], [4]. This manner gives us a precise
action of unimodular group as a pseudogroup of transformations,

Finally we shall show isomorphism of these spaces. Let us rccall the definition of a
pseudogroup of transformations [1};

A pscudogroup of transformations on a topological space S is a set [ of transforma-
tions satisfying the followinyg axioms:
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(i) Each f€ I' is a homeomorphism ofan open sct (called the domain of f) of S onto
another open set (called the range of /) of S,
(ii) If fE€ T then the restriction of f to an arbitrary open subset of the domain of f
isin T,
(iii) Let U = U U; where each Uj is an open set of S. A homeomorphism f of U onto
]

an open set of S belongs to I' if the restriction of fto U is in T for every i,

(iv) For every open set U of S, the identity transformation of Uisin T,

(VW IffeT, thenf ' €T,

(vi) If f € T is a homcomorphism of U onto V and f’' € I' is a homeomorphism of
U’ onto V' and if ¥ N U’ is non-cmpty, then the homeomorphism f' - fof f 1 (VN U")
onto f'(¥NU')isinl.

The Killing vector fields.Let £ denote the Lie derivalive A non-zero vector field F on M
such that Lrg = O is called a Killing vector field or an infinitesimal motion. Let x =
= (x!, x2, x3) be the canonical coordinates on R2, and let F!(i = 1, 2, 3) be the com-
ponents of a vector field F with respect to x. F is a Killing vector field if and only if the
components F! of F satisfy the following equations: .

oF! 1 oF! oF?
- = F=0 gt =0
_ ox! x3 ) dx? ax! ’
oF? 1 aF! oF?
— e 3 =, : =0, 1
ax? X ox3 9 x! O
oF3 | AF? oF?
——— F3=0 L . _—— =
ox? x3 ox? ax?

Theorem 1. The following vector fields:

9 a
Fi(', x? x)-—((x Yoo (R ey yie gt bl o

Fo@xt, x}, x*)=x'x? + —( (') +(x*) +(=*)) é%+x: it i

e ox*’
2 9
Py %2 1o} ) Stxlom—ss st tagugd ==,
3 )=x ax? ax’®
2 d
Fq(x! x? ___xl =, F. x’,xi.x:’ = —,
(x!, x%, x%) = o Py s (. ) 3]
]

Fe(x',x?, x3) = ——,
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satisfy the system (1) and they are linearly independent in the space of all vector fields.
Each Killing vector field has the formIl{ = Z o'F; (i=1, .., 6).
[ §

A proof may be obtained by a straightforward verification. Let us denote by [, ] the
canonical Lie bracket of vector fields.

Propasition 2. {lin F,, Fy, Fy, Fs, Fs, Fg , [, }is a 6 domensional Lie algebra.

Proof. Considering that the form [ , ] is bilinear, we can compute the structure con-
starits only. They are equal Cfg = Cly =C¢s =1,C3 =C3; = =Cle =C3, =

=Cs=C35=C% =Cis =— 1. ]

For any vector field F; (i = 1, 2, 3, 4, 5, 6) there exists a maximal integral curve 1,,,( ).
For any to let us consider the tranformation £y g with domain {x € R? | (fox*)? #

# (lox' —2)? + (tox?)? — 8} defined by £y F, m = Ym (10). We obatin the following
tranformations which correspond to the vector ﬁelds F:

20((x*)? — (x*)? — (x')?) + 4x!
— (P - - —ax' +4

4x? 4x?

Ep, (x' x*, x*)=¢

@Y -G @) —am +4 — (@)~ — @) P — 4o +4
E, Lyrs2y =3 4xl
fFl(x Ao e s )—(_((xs)I __(xZ)Q _(xl)l)‘tﬁ —'4sz +4 »
2r((x*)? — (x?)* —(x')*) + 4x? 4x* .
_((x3)2 _(x2)2 __(xl)‘l)tz _4tx".' +4 p _((x3)2 _(x2)2 _(xl)I) tl _4u2 +4 Ly

Err, (x', x%, )= (e'x", e’ x?, e'x%)
1 2 3,y = 1 o I Tal bl . 2 3
E,p‘(x ,x*, x°)=(x" cost +x*sint, —x" sin ¢+ x* cos¢, x°),
Etr, (<", 3, 2®) = (x' +1,x2,x%), Err, (', 3%, X*) = (', x? +1,x%).

Theorem 3. The scts {E,p [FeEe R} a=1,2,3,4,S5, 6 are pseudogroups of trans-
formations on R3.

Proof. F,, F., Fs, Fs are complete vector fields so E¢p, for eacha =3, 4, 5, 6 is
a transformation group. Now we consider the case a = 1; the proof for a= 2 is analogpus.
Let us examine the particular points of definition 1.

(i) The domain and range of £y g are respeutlvely fx ER? I(t.,x’)2 #(x'ty —
—2)? + (tox*)* — 8} and ix € R (1ex®) # (tox’ + 2 + (fox?)? — g} These
sets are open for any fo €R.

(iv) EoF, = id ey
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(v) The inverse of E,° F, is E--,. F,, the domain of E- ; r is equal to the range of
E; r, and conversely.
(vi) E¢,F, "E¢, F, =E (¢, 41, F, - The others particular points are trivial.

A model of the pseudo-Riemannian manifold. Let K denotes a ring of antiquaternions.
Every antiquaternion q can be represented in the form

q=¢q; Y q2i+qs] +q4k

where the q; (i = 1, 2, 3, 4) are real numbers and the unites i, j, k have multiplicatve rule
defined by the table

E
~
-~
—

Let us now describe a model of our pseudo-Riemannian manifold.

Itroduce the following equivalence relation ~ in the set of antiquaternions K : A is
in reldtion to k iff there exists a € R such that k = e he™ ¥ Since the relation ~ is
obviously an equivalence, we may consider the quotient space NV : K/~. Let us remark
that any antiquaternion A can be uniquely expressed in the form A’ + h"'j, where A’ and
h"' are camplex numbers. If z € C, then we have: zj = jZ, where Z denotes the complex-
~conjugate of z. Thus we have for any real ¢

ef(h+n"jye =h+n" -,

Hence it follows that the equivalence class of the element h with respect to the relation
~ is uniquely determined by the following three numbers

(A =reh’, x*([A)=imk . x>[AP=1h"1.

Thus N is a 3-dimensional manifold with a boundary. Denote the interior of N by N. It
may be verified that the mapping x : N = R3, x : [h] > (re ', im h’, | A" |) is a homeo-
morphism. Thus it defines a coordinate system. In the'sequel we shall write x®(-) instead
of xX*([ D, a=1,2, 3.

Let us introduce the action of SL (2, C) on the manifold V. Let (: g) be a non-singular
complex matrix. We consider a mapping of K to itself, T(a z) defined as follows

4

T(zz)h:=(ah+b)(ch+d)" )]

Observe that
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Tc z)(ei’he'“) = (ae'the it + b)(ce' he " +dy ! = (e ahe ¥ + i ety -
(et che !t + el de ity 1 = ¢t (@ + B)(ch +d) !+ it = eitTC z)(h)e-ir ;
Hence T induces a mapping T* of the set NV itself.

Represent the antiquaternion h in the form A’ + h": j, where k', h"’ € C. Then we
compute the following expresion of T in the above introduced coordinates T(z z)(h) =
= (ah + b)(ch +dy ' =[a(h' + W)+ b]) [c(h +h")+d]" ' =[a(h’ + H'])+,
+b)[ch +d—ch"[)[ch' +d —ch"jT " [e(h +h"j)+d]" = [a(h' + H'}) +
+b)[eh +d—ch"j) | TH +d —ch"j |~ ? = [ach'K' + adh' — ach'k"] + ahjch’ +
+ ah''jd + ah"jch"j + beh' — beh"j + bd) |EH +d — ch'j |~ * = (ac | k' |* + adh' —
—ac K" |* — bk +bd + (ad —bc)- W) bch +d [ ? = (ac | K |? —aC | W"|"? +
+adh’ + beh' + sz) - hch+d |~ % +h" |lch+d| % Thisresult may be written in

coordinates as follows: x - T*- x1: RZ =+ R2, x - T* £ (x!, x?, x*) = (X, X2, x2)
where x1denotes the inverse mapping of the mapping x.

7 =~ L@@ + () =201+ re(ad + B2)x" + el@d = b3) ] * + re(vD]
. e {im(aar(x‘)' +(x?)? — (x*)?] + im(ad + bc)x" + im[ (ad — b)i)x* + im(onj
m

(3

where m = | ¢ [P[(x")? + (x?)* — (&*)*] + (cd + &d)x! + [(cd — cd)i]x® + | d 2.
Theorem 4. The unimodular group SL (2, C) acts on the manifold N as a pseudogroup
of transformations.
Proof. The group action is given by formula (2). The domain of T(a z) is an open set
<

{[h] |acth 12 —acih" * +adh' + bel' + bd # 0} and the range of T 3) isan open
‘.

set g[h] |—de i * +dc ih" |?+adh + beh' — ba # 0}. Thus we checked on the
condition (i) of the definition 1.
(v) The inverse trasformation of the T(: 3) is T(_ g A I;); the range T(: 3) is equal
to the domain T, d- b\ and vice versa.
-C ‘al

(vi) A straightforward computation shows that
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TehTein=Tehe

The others conditions are satisfied in an obvious way. Denote the pseudogroup generated
by E”:‘a (=1, .,6)byG.

Theorem 5. The manifold R? is diffeomorphic with the manifold N, the pseudogroup
G of transformations is locally isomorphic with pseudogroup

F- {T(: b EHesLe C)j .

Proof. It is sufficient to observe that there is 1:1 correspondence between one-para-
meter pseudogroups generated by Killing vector fields and one-parameter subpseudogroup
of G i.e.

= = = (SR

R e P B T D P TEY g b
- e, — =

E‘Fo - T(e : 0 20.; ti) E"F! i (6 '1) E‘Fo i ((l) L

One can verify these equalities by some straightforward calculations. Note that Lie

algebra SL (2,0) = {(‘ Yla+d= 0_} of the group SL(2, C) is isomorphic with Lie

algebra from the proposition 2. Let SU (1, 1) = [(; =) laz —bb = l_} and let m denote
a !

the point in N with coordinates (0, 0, 1).
Theorem 6. A stationary subpseudogroup of transformations S C F is a pseudogroup
which consists of the transformations of the form T a z), such that é g) € Su (1, 1).
¢

Proof. Solve the equation (g + b) (¢ + d)~' =/ or put the numbers (0, 0, 1) to
formula (3). We obtainc=b andd =@
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STRESZCZENIE

W pracy zbadano pseudogrup¢ izometrii pscudoricmanowskiej rozmaitosci R}. Dziatanie tej pscu-
dogrupy otrzymano jcko trajcktorie pél Killinga na R}, W drugiej czesci opicrajac si¢ na plerécieniu
antykwaterniondw znalcziono model rozwazanej rozmaitosci i pokazano, ze grupa SL (2, C) dziata
na te¢ rozmaitoéé jako pscudogrupa transformacji. Pokazano lokalny izomorfizm tych przestrzeni.

PE3IOME

B naHHOR paBoTe paccMaTpHBaeTCA MCEBAOrpYNNa HIOMCTPHH NCEBIOPHMAHOBCKONO MHOM006-
pasua R} . JleAcTBHE ITOR IpymMibl MONYYCHO KAK TPAacKTOpK o KHIMHIOBLIX noneft Ha R 2. Bo BTo-
poft yacTH paGoThl, OMHPAACh Ha KONBIO AHTHKBATepPHHOHOB, HAANCHO MOMENb PacCMATPHBAEMOIO
MHOroo6pa3us ¥ OoKa’aHo, yro rpynna SL (2, C) AcAcTByeT Ha 3T0 MHOMOOBpalHe KaK Ncesno-
rpynna npco6pasobaHus. [Ioka’aHo NOKaILH LA HIOMOPPH3IM ITHX NPOCTPAHCTB.






