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Ciągowe procesy iteracyjne i ich zastosowanie do równań funkcyjnych Volterry

Последовательные итеративные процессы и их приложения к функциональным 
уравнениям типа Вольтерри

1. Throughout this note, we shall make use of the following set of general notations

i) P(J) = [rCX:K^0],F(Xr)-[/:/:Jr-*r]
ii) C(X Y) = [feF(X, P):/is continuous ], TV = [0,1, = [1, 2,...]

iii) I" = XX IX... X Jf(V times) ?n £A’', XN = F(N, X)

iv) Tn (resp. 7^) = the n-th iterate of T£=F(X, X),\fn&N
v) /? = ]-»+ oo[, £+ = [0, + = ]0, + «[,£ = [0. + “]

vi) K = [/ e F(R+, 7?+) : /(0) = 0, f (r) < t, Vt > 0]
vii) P=[f(=K-. lim /(n)(f) = 0, Vf > 0]

n **<*
viii) (Rn, || • II) = the euclidean n-dimensional space with the euclidean norm II • II, 

V«€JV'.

Definition 1.1. Let T € F(XN, X). An (N, 7)-iterative process is a sequence [x(i,/) :
: i, j 6 A] C X, defined by

(1.1) (x(0,0),x(0. l),...)eXN is given 
x(l, 0) = 7(x(0,0),x(0, 1),,..), 
x(l,/) = r(x(l,0),...,x(l,/ - l),x(0,/),...) 
x(2, 0) = 7(x(l, 0),x(l, 1),...), 
x(2,z) = T(x(2, 0),... ,x(2,/ - l),x(l,/),...) 
.................................................................................V/eV.

Definition 1.2. Let T G F(XN, X). A point z G X is called a TV-fixed point of T iff z =
= T(z,... ,z,...).
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Now, for every T G F(XN, X) let us define the so-called ‘associated map’ TN G F(XN', 
X^) by the following recursive procedure

(1.2) 7JV(x)(0) = 7(x(0),x(l),...)

TA,(x)(l) = 7(TA(x)(0),x(l),...)

7A,(x)(2) = 7(7v(x)(0), rv(x)(l),x(2),...)

for every x = (x(0),x(l), ...)GAA.

Remark 1.1. Every (N, 7)-iterative process [x(i, /) : i, j G TV] C A defined by (1.1) is 
equivalent to an oridinary iterative process \ym : m GTV] C X#, y0 ■=> (x(0, 0),x(0,1), 
...),yOT+i = Vw where Ty is the associated map.

Remark 1.2. If z G X is a TV-fixed point of T EF(XN, X) theny = (z,... , z,...) E.XN 
is a fixed point of the associated map G F(XN, XF). Conversely, ify = (y(0),y(l), 
...) G AMs a fixed pointof T#&F(XN, XN} then, a)y(O) = ... =y(n) = ..., b) the ele­
ment z =y(0) (= ... =y(n) = ...) GAT is a TV-fixed point of TE.F{XN, X).

Now, let (X, d) be a generalized complete metric space (abbreviated g.c.m.s.) [2], and 
let T G F(XN, X). The aim of this note is to give some sufficient conditions for the con­
vergence of the (N: 7) -iterative process (1.1) to a TV-fixed point of T on one hand and an 
evaluation of this convergence, on the other hand. In 2. an auxiliary fixed point theorem 
is presented. This main result of this note is given in 3. It may be compared with those of 
Presic [4] and Taskovic [5].

Finally, in 4., the main result is applied to a certain class of Volterra functional equa-. 
tions, obtaining a partial extension of some results due to Capra [1] and Pomentale [3].

2. Let (X, d) be a given g.cjn.s. The following theorem is useful in this note.

Theorem 2.1. Let X, G P(A), T GF(Alt *),/G Kbe such that

(2.1) is d-closed; T(X}) C A, , /G P,
(2.2) x, y G A„ r > 0, [d(x, y) < r] =» [d(Tx, Ty) </(t)],
(2.3) A, (T) = [x GTV} : d(x, 7x) < + °°] * 0.

Then, there exist S G F(Xt (7), Xx), p G F(A, (T), R+), such that, for every element 
x&X^T)

(2.4) d(x, Sx) < + °°:Sx is a fixed point ofT,
(2.5) //yGAi,d(x,y)< + ~r/ien, a)yGA,(7).b)Sx =Sy,
(2.6) d(T^x, Sx) </m)(TX Ve, r > p(x), Vm EN.

Proof. Let x G Aj (7) be given. Put t = d(x, Tx). By (2.2) dfl^x, 7*"+,x) </<M)(r), 
Vm EN.Asf&P this implies
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(2.7) lim d(7*"x, rm+1x) = 0.

Let e > 0. From (2.7) there exists m(e) G N such that [m > m(e)] imply [d(rmx,
Tm*ix) < e - /(e)) < e). Then (for a fixed m > wi(e)), the formula (2.2) and the in­
equality d(7*”x, 7*" + ,x) < e imply d(Tm + ,x, 7*” + 2x) < /(e) and therefore d(7*"x, 
T™ * 2x) < dfl^x, Tm + 1x) + dfT™ *fTm + 2x)<e-f(e) + /(e) = e; the formula (2.2) 
and the inequality </(7*"x. Tm*2x) < e impiy d(Tm + lx, Tm+3x) < /(e) and hence 
d(7*”x, 7*” + 3x) <df(7*”x, 7*"*1*) + d(Tm*lx, Tm*3x)<e -/(e) +/(e) = e,.... 
Therefore d (T^x, Tm + px) < e, Vm > m (e), Vp €-N, which shows that [7*”x : m G TV] C 
C is a Cauchy sequence. Let us define

(2.8) Sx = lim 7*”x,
m

(2.9) p(x) = diam [Tmx -.m&N].

Clearly, (2.4) holds (since (2.2) implies d(Tx, Ty) < d(x, y), Vx, y and thus, a 
fortiori T is a continuous map).

Let y G Xx be such that r = d(x, y)< + °°. From (2.2),d(Tx, Ty) </(r) < + “ 'and 
this gives d(y, Ty) <d(y,x) + d(x, Tx) + d(Tx, Ty) < + <», f.e., j G X, (T). On the other 
hand, again from (2.2), we have d(Tmx, Tmy) ^rm\f), Vm G.N, and so, lim d(Tmx,

T^y) = 0, proving (2.5). Finally, from the evident inequality d(x, Sx)<t, Vt, t> p(x) 
and (2.2), we get (2.6).

Remark 2.1. A different choice of the function p is p(x) = d(x, Sx), Vx G X, (T). On 
the other hand, if Xj isbounded, the a useful choice of the function p. isp(x) = diam (X^, 
VxeX1(7) = x1.

3. Let (X, d) be a g.c.m.s. The main result of this note is the following.

Theorem 3.1. Let X, GP(X), T&F(X ,̂ Xff&K be such that

(3.1) X, is d-closed; T(X^) CX,;/GP,
(3.2) (x(0),x(l),...)GX^,(y(0),y(l),-)eX^,r>0, 

d(■* (0, y (0) < t for each i G N imply 
d(r(x(0),x(l),...), 7W),y(l)> •••)) </(T),

(3.3) the set X'} (T) of all (x(0),x(l),...) GX'f with the property max[c?(x(i), y(i)) : i & 
GAQ < + «., (where y(0) = P(x(0),x(l), ...),y(l) = r(y(0),x(l), ...),y(2) =

7’0'(0),J’0),*(2), ...)isnot empty.

Then, there exist S G F(X^(T), X,), p G F(X^(T), R+) such that, for every element 
(x(0),x(l),...)e^(7)

(3.4) max[d(x(i),5(x(0),x(l),...)): i G7V] < +°°,
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(3.5) S(x(0),x(l), ...)isaN-fixedpointofT,
(3.6) if 0(0),y(l), ...)£Xj z's such that max[d(x(z"), yif): < G7V] < + °° then

a) S(x(0),x(l),...) = S(y(0),y(l),...)
b) (y(o),y(i),...)ex?(r),

(3.7) the (N: Vf-iterativeprocess [x(i,f) :i,jEN] C Xlt where x(0,i) = x(i),Vi EN, 
converges to S(x(Q),x(f), ...)in the following sense d(x (i, j), S(x(0),x(l), ...)(}< 
<fi‘\r), Vi, jeN,VT,T> t(x(0),x(1), ...).

Proof. Let us define F(fXN)2, Rf) by

(3.8) dy(x, y) = max[d(x(z), y(f)) : i £JV].

for everyx = (x(0),x(l), ...)e/j = (y(0),y(l),...) &XN.

It is simply to verify that a) d^ is a generalized metric on XN, b) (XN, dy) is a g.c.m.s.
On the other hand, let 7’y € F(X^, XN) be the associated map, defined by (1.2). From
(3.1) —(3.3) it is clear that
(3.1) ' fv(^') CX?; X/ isdN-closed,

(3.2) ' x.y £X^.r>0,£?A,(x,y)<r imply d^T^x, TNy)<f(r)

(3.3) x = (x(0),x(l), ...)GX^(7) if and only ifcf^(x, T^x) < + «>.

Therefore, theorem 2.1 is applicable (with X, Xx, d, T, replaced by XN, X^, dlN TN,

respectively). Denote also by SN and pN the corresponding mapping given by the quoted 
result and let us put

(3.9) S(x(0),x(l), ...) = 5JV(x)(0)(= ;.. = ^(x)(n) = ...)

(3.10) p(x(0)x(l),...) = pA,(x)
for every x « (x(0), x(l),...) £ X  ̂(T). The conclusions(3.4)-(3.7) easily follow from 
theorem 2.1 and remark 1.2.

Remark 3.1. Let (x(0), x(l), ...) £ X^(T) be given. The (TV : ^-iterative sequence
[x(r, /) : i, j&N]C Xt has also the properties

(3.11) if h £ F(N, TV) is a bijection, then the sequence [x(z, h(f)) : i £7V] C Xt convegers 
to S(x(0), x(l), ...) andrf(x(i, Zz(z)), S(x(0), x(l),...)) </(O(tX Vz£7V, Vt, 
r >p(x(0),x(l),...),

(3.12) diam [x(z,y) :/£Aq<f(')(T), Vz£7V, Vt, t >p(x(0),x(l),...).
Indeed, (3.11) follows immediately from (3.7). Furthermore, from remark 1.1 and 
theorem 2.1,d(x(i - l,/)x(z, 7))<<fjyO/-i.70</(’'*)(’’), Vt,t>p(x(0),x(1), ...), 
V/ £ N. Vi G A'', and so, from (3.2), we get c?(x(z,y), x(i, k)) (r) Vt,
t >p(x(0),x(l),...), Vz &N1 ,V), h &N, which was to be proved.

Remark 3.2. The mapping p has also the property

(3.10)' p(x(0),x(l),...) = max [d(i, k), x(j, k)) : ij, k £.V].
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4. In this paragraph, the main result will be applied to a certain class of Volterra func­
tional equations. Firstly, let us denote

i) X = C(R+, R") , Y = C (R+.R+'f Y= [f(= Y :f* (F°) is dense in/?+]

ii) / = [/GP(F+) :/ = interval], D = [(f, s) G (R +)2 : s < r].

Let us define || • || G F(X, Y) by

iii) 11x11(0 = ||x(0ll, Yt<=R+, Vx ex and for every g G Y define || • ||y GF(JK, F+) by

iv) l|x|| = T inf[XG^:||x||<te], if [AG/?+: ||x || <Xg] =#0
L + °° if [XSF+ : ||x ||<Xf] = 0

for every x G X. It is simply to verify that (X, || • ilg) is a generalized Banach space (respec­
tively, a g.c.m.s., by the standard construction of its metric).

Let us put, for every g G Y

v) *g = [xGX:||x||,< + ~].

Now, let 0 GF(F+I J) be a given application. For the sake of simplicity we shall denote 
henceforward

vi) f= 0(0, YtER+; R> = <t>(R+').

Let Xi G P(X). Suppose we have construced a family of mappings [k(r) : t GF+] C 
CF(Xn XR+.R") such that

(4.1) for every (x(0),x(l), ...)GX^,themap(f, s)-*fc(0(x(0),x(l), ...,s) is in C(D, Rn).

Besides, let x° G X, e G Y be given. Consider the following Volterra functional equa­
tion with transformed argument

(4.2) x(0 = x°(0 + k(0(x,... ,x,... ;e{s))ds, Yt£R+

or, in an abstract form, x = T(x, , x, ...), where T&F(X ,̂ X) is given, for every x =

= (x(0),x(l),...)GX^,by

(4.3) F(x(0),x(l), ...)(t) =x° (0 + A(0(x(0), x(l),... ;e(S))ds, Yt&R+.
o

From theorem 3.1 we obtain the following result.
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Theorem 4.1. Suppose there exist g € Y, \a(t) : t G /?+] C F(Y X R^,R+)and f&K, 
such that.

(4.4) X, is\\-\\g-closed,f<=P

(4.5) (x(0),x(l),...) 6X?, y e X,y(t) = x° (/) + A(z)(x(0),x(l),... ;e$)) ds, for

each t &R+ implies yEXlt 0

(4.6) (t, s) E D, h G Y, (x(0), x(l), ...) G , (y(0),y(l), ...) GX^, the inequality 
II *(0(0 ~y(‘)(r) II <h(r) for each rER+, iEJVimply || fc(O(x(O),x(l),... ;s)- 
-*(0(7(0),7(0, ;sll <a(t)(h, s),

(4.7) V h G Y the map (t, s) ->a(f)(h, s) is in C(D, R+)

(4.8) fa(t№T,efo)ds<f(T)g(t\YteR+,YT>0,

(4.9) The set (X^ X, of all (x(0), x(l), ...) G x) such that there exists p> 0 with the 
property II x(z)(O “7(0(0 II <M£(0, Vf €/?♦, \fi EN, where
J’(0)(0 =x°(0 + A(0(*(0),x(l),... ;<?G))ds, 

o
7(0(0 =*°(0 + A(0(7(0),x(1),... ;e'(s))ds, 

c
................................................................................... Vf GA+, is not empty.

Then there exists SEF((X^ Xi, Xt) such that, for every element (x(0),x(l), ...)G(7^)b

(4.10) max [II x(z)-S(x(0),x(l), ••■) I! g :'z GAq < + °°

(4.11) S(x(0), x(l), •••) « the unique solution of (4.2) in the set [y GX,: max [II x (z) — 
-7 ||g :z'G,V]<+«

(4.12) the N-iterative process [x(z, /) : i, j G TV] C Xt, x(0, z) = x(z), Vz GN,

x(z + !, 0)(f) =x°(f) +/x(O(x(z, O),x(z, I),-- ;e(s))ds,
0

x(z + 1, l)(0 = *°(0 + A(0(*(» + 1.0),(x(z, 1),... ;e(s))tfs,
0

....................... ........................................................ .......................... VzG^^VzGTV
converges to S(x(0),x(l),...) in the following way 
||x(z,/)-S(x(0),x(l),...) ||g </(0(O. V/,7 eJV,

for every t > p = sup [|| x(z, p) -x(/, p) ||* : z, jp GTV],

Proof. Let (x(0), x(l), ...) G X^, (7(0),x(l), ...) G X^, r >0 be such that l|x(z) —
— 7(0 Hg < t From (iv) it follows that || x(z")(r) —7(z)(r) || <g(r)r, VrER+,
VieN. and from (4.6)-(4.8) we get || 7(x(0),x(l), ...)(z) - 7(7(0),7O), -)(0 II <
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< /1| fc(r)(x(O),x(l),... ;e(s)) -fc(t)(y(O),y(l),... ;e(s)) ||ds < fa(f)(gr. efe)ds <
0 0

< f(j)g(t), Vt e R+, and this implies || T(x(G), x(1),...) - T(y(O),y(l),...) Il? </(r),
i.e., (3.2) holds. On the other hand, obviously, (4.4) and (4.5) imply (3.1), (4.9) imply
(3.3). Therefore, theorem 3.1 is applicable.

Remark 4.1. Suppose that a) [&(i) t S/?+] = [&J (i.e., the family [fc(f);t is inde­
pendent of ?); b) x°(t) = x° € R", tyt &R+. Then (4.2) is equivalent with the following 
Cauchy problem a
(4.13) x'(f) = fc(x,...,x,....e(O)
(4.14) x(0) =x°.

In this case, theorem 4.1 gives a method of ‘sequentially’ successive approximation for 
the solution of (4.13) and (4.14). From this point of view, it may be compared with some 
results of [1], [3].
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STRESZCZENIE

W pracy podane jest pewne „ciągowe twierdzenie o punkcie stałym". Dotyczy ono 
istnienia i jednoznaczności punktu stałego oraz zbieżności ciągów iteracyjnych. Twierdze­
nie to zastosowano do pewnej klasy równań Yolterry.
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РЕЗЮМЕ

В данной работе представлено некоторую „непрерывную теорему 
о неподвижной точке”. Это относится к реальности и однозначности 
постоянной точки, а также сходимости итерационных последователь­
ностей. Эту теорему применено к теории некоторого класса уравнений 
Волътерри с перемещенным аргументом.


