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Ciagowe procesy iteracyjne i ich zastosowanie do réwnai funkcyjnych Volterry

TocnenoBaTenbHble MTEPaTHMBHbIE NPOUECCHT M UX MPUNOKEHUR K (PYHKUMOHATBRBIM
ypaBHenuaMm tuna BoabTeppu

1. Throughout this note, we shall make use of the following set of general notations

NP =[YCX:Y#QLFX, Y)-[f:f:X~>T]
i) C(X, Y) = [fEF(X, Y):fis continuous, N =0, 1,...], N' =1, 2,...]

i) X" = XX X X ... X X ('n’ times) Pn €N', XV = F(N, X)
iv) 7" (resp. T")) = the n-th iterate of T € F(X, X), Vn €N
V)R =]—oo, + oo, R, = [0, + sof, R® = 10, + o[, R, = [0, + =0}
vi)K = [f € F(R,. R,) : f(0) = 0, {(r) <t, ¥t > 0}
vi)) P=[f €K : lim f™M@)=0,vt>0]
viii) (R", I+ ||) = the euclidean n-dimensional space with the euclidean norm ||+ |f,
VneEN'.

Definition 1.1. Let T € F(X”, X). An (N, T)-iterative process is a sequence [x(i, j) :
i, j EN] C X, defined by

(1.1) (x(0, 0),x(0. 1), ...) € XV is given
x(1,0)=T(x(0,0),x(0, 1), ...),
x(1,j)=T(x(1,0),...,x(1,j - 1),x(0,/),...)
x(2,0)=T(x(1,0),x(1, 1),...),

x(2,/)=T(x(2,0), ...,x(2,j — 1),x(1,f), ...)
T EN'.

Definition 1.2. Let T € F(XV, X). A point z € X is called a N-fixed point of T iff z =
=T(,...,2...).
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Now, for every T € F' (XY, X) let us define the so-called ‘associated map’ Ty €F v,
xY) by the following recursive procedure

(1.2) TN(x)(O) =T (x(0),x(1),-..)
Ty (x)(1) = T(T),)(0), x(1), ...)
T @)(2) = T(T, 0)(0), Ty @) (1), %(2), ..)

for every x = (x(0),x(1), ) EXN,

Remark 1.1. Every (N, T)-iterative process [x(i, /) : i, f € N] C X defined by (1.1) is
equivalent to an oridinary iterative process [y, : m EN]) C XN, y, = (x(0, 0),x(0, 1),
w1 Ymer = In(Wm). ¥mEN, where Ty is the associated map.

Remark 1.2. If z € X is a N-fixed point of TE F(XY, X) theny = (z, ... ,z,...) € XY
is a fixed point of the associated map Ty € F(XN, XN). Conversely, if y = (v(0),y(1),
...) € XNis a fixed point.of Ty € F(XN, XN) then, a) y(0) =...=y(n) = ..., b) the ele-
mentz =y(0)(=...=y(n) =...) € X is a N-fixed point of T € F(XN, X).

Now, let (X, d) be a generalized complete metric space (abbreviated g.c.m.s.) [2], and
let T € F(XN, X). The aim of this note is to give some sufficient conditions for the con-
vergence of the (V : T)-iterative process (1.1) to a V-fixed point of T on one hand and an
evaluation of this convergence, on the other hand. In 2. an auxiliary fixed point theorem
is presented. This main result of this note is given in 3. It may be compared with those of
Presic [4] and Taskovic [5].

Finally, in 4., the main result is applied to a certain class of Volterra functional equa-
tions, obtaining a partial extension of some results due to Capra [1] and Pomentale [3].

2. Let (X, d) be a given g.c.m.s. The following theorem is useful in this note.
Theorem 2.1. Let X, € P(X), T EF(X,, X),f €K be such that

(2.1) X, isd-closed; T(X,)C X,,fEP,

(2'2) X, y € Xl- T> 0’ [d(x, y) < T] =4 [d(Tx’ Ty) <f(T)])

(2.3) X, (M) =[x EN, :d(x, Tx) <+ =]+ .

Then, there exist S € F(X,(T), X,), p € F(X,(T), R,), such that, for every element
x€X,(T)

(2.4) d(x, Sx) <+ o°: Sx is a fixed point of T,
(2.5) ify€X,,d(x,y) <+ then, a)y €EX,(T), b)Sx Sy,
(2.6) d(T"™x, Sx) <j<"')_(r), e 1> p(x), ¥mEN.

Proof. Let x € X, (T) be given. Put 7 =d(x, Tx). By (2.2)d(T™x, T™*'x) < f ™)),
¥m EN. As f € P this implies
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2.7) lim d(T™x, T™*'x)=0.
m es=

Let € > 0. From (2.7) there exists m(e) € N such that [m > m(e)] imply [d(T™x,
T™*!'x) < € - f(€)] < €]. Then (for a fixed m > m(e)), the formula (2.2) and the in-
equality d(T™x, T™*'x) < € imply d(T™*'x, T™* 2x) < f(€) and therefore d(T™x,
T 2x) <d(T™x, T"*1x) +d(T™*}, T™* 2x) < e - f(€) + f(€) = €; the formula (2.2)
and the inequality d(T"x, T™*2x) < e imply d(T™*!'x, T™*3x) < f(€) and hence
d(Tx, T"*3x) Kd(T™x, T"*'x) +d(T™*'x, T"*3x) <e - f(e) + f(€) =, ....
Therefore d(T™"x, T *Px) <¢, \¥m > m(€), ¥p €N, which shows that [T"x : m EN] C
C X, is a Cauchy sequence. Let us define

(2.8) Sx = lim T"x,

me=

(2.9) p(x) = diam [T™x : m EN]).

Clearly, (2.4) holds (since (2.2) implies d(Tx, Ty) <d(x, y). ¥x, y €X, and thus, a
fortiori T is a continuous map).

Let y € X, be such that 7 =d(x, y) < + <. From (2.2),d(Tx, Ty) < f(r) < + ¢, ’and
this givesd (y, Ty) <d(y, x) +d(x, Tx) +d(Tx, Ty) <+ o<, i.e,, y € X, (T). On the other
hand, again from (2.2), we have d(T™x, T™y) < fA™)(7), ¥m €N, and so, lim d(T™"x,

m .-

T™y) = 0, proving (2.5). Finally, from the evident inequality d (x, Sx) <1, \¥r, 7 2 p(x)
and (2.2), we get (2.6).

Remark 2.1. A different choice of the function p is p(x) = d(x, Sx), \¥x € X, (T). On
the other hand, if X, isbounded, the a useful choice of the function p.is p(x) = diam (X, ),
¥xEeX,(T=1X,.

3. Let (X, d) be a g.c.m.s. The main result of this note is the following.
Theorem 3.1. Let X, EP(X), TE F(XY, X),f €K be such that

(3.1) X, isd-closed; T(XY)C X,;fEP,
(3.2) (x(0),x(1),...)EXY,((0),y(1),..) EXY, >0,
d(x(1), y()) <7 for each i EN imply
d(T(x(0). x(1),...), T((0),y(1), ...)) S f(7),
(3.3) the set XY (T) of all (x(0),x(1), ...) € X7 with the property max[d(x (i), y(i)):i €
EN] <+ o, (where y(0) = T(x(0),x(1), ...), y(1) = T(y(0).x(1), ...),¥(2) =
=T (0),y(1),x(2),...) is not empty.

Then, there exist S € F| (X’,V M, X)), pEF (XI,V (1), R,) such that, for every element
(x(0),x(1), ...) € XY'(T)

(3.4) max[d(x(i),S(x(0),x(1),...): iEN] < + oo,



130 Mihai Turinici

(3.5) S(x(0),x(1),. )IsaNﬁ.xedpomt of T,

(3.6) if (¥(0),y(1), . )GX1 is such that max[d(x(7), y () : i EN]) < + o, then
a) S(x(0),x(1),...)= S(y(O) y(1),..)
b) ¥(0),¥(1), ...) E XY'(T), _

(3.7) the (N : T-iterative process [x(i,j) : i, EN] C X,, where x(0,1) = x (i), Vi EN,
converges to S(x(0),x(1), ...) in the following sense d(x (i, j), S(x(0), x (1), ...)§ <
<fU(r), ¥4, JEN, ¥, 7 2 7(x(0), x(1), ...).

Proof. Let us define dyy € F((X™)?, R,) by
(3.8) dy(x, ) = max[d(x (), y()) : i EN].
for every x = (x(0),x(1),...)EXY, y = 3(0),»(1),...) EXV.

It is simply to verify that a) dN is a generahzed metric on XV ,b) x>, dy)isag.c.ms.
On the other hand, let Ty € FA , xV ) be the associated map, defined by (1.2). From
(3.1)—(3.3) it is clear that
@G0 Ty xy: x¥ isd, losed,

3.2) x yGX, 7>0,dy(x, y)<nmplyd,v(TNx V) <f(7)
(3.3) x=(x(0),x(1), ...)EX, (T) if and only if d, (x, Tpx) <+ °.

Therefore, theorem 2.1 is applicable (with X, X;, d, T, replaced by XN, X1 -~ d}N TN,

respectively). Denote also by Sy, and py, the corresponding mapping given by the quoted
result and let us put

(3.9) Sx(0),x(1),..)=Sy¥)O0)(=".=Syx)(n) =...)
(3.10) pE(O)x(1), ...) = Py (¥)

for every x = (x(0), x(1),...) € X’,v(_T). The conclusions (3.4) —(3.7) easily follow from
theorem 2.1 and remark 1.2.

Remark 3.1. Let (x(0), x(1), ...) € e (T) be given. The (V : T)-iterative sequence
[x(1,j) :i,jEN]C X, has also the properties

(3.11) if h € F(N, V) is a bijection, then the sequence [x (i, h(?)) : i EN] C X; convegers
to S(x(0), x(1), ...) and d(x(i, h(i)), Sx(0), x(1), ...)) < f()(7), Vi EN, ¥,
T=px(0),x(1),...),

(3.12) diam [x(i, /) :j EN}< fD (1), # EN, ¥, 1 > p(x(0),x(1), ...).

Indeed, (3.11) follows immediately from (3.7). Furthermore, from remark 1.1 and

theorem 2.1, d(x(z - L) x(, [)) AN iy, ) U (1), M1, 72 p(x(0), x(l) -,

# €N, i €N', and so, from (3.2), we getd(x (i, /), x(i, k)) < f(fV) () =D (1), Vr,

72 p(x(0),x(1),...), ¥i EN',\¥, k €N, which was to be proved.

Remark 3.2. The mapping p has also the property
(3.10)' p(x(0),x(1), ...) = max [d(, k), x(j, k)) : 4, j, k EN].
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4. In this paragraph, the main result will be applied to a certain class of Volterra func-
tional equations. Firstly, let us denote

i) X=CR.,R"Y,Y=C(R.R,), Y=[fEY:f (R isdenseinR,)
ii) J={/€PR,):I=interval), D = (1, s) € (R.)? :s <1).
Let us define || || E F(X, Y) by
iii) Ix11(r) = Ix @)1, %t €R,, ¥x E X and for every g € ¥ define ||-II, € F(X, R,) by

iv) fixll,=[ inf(\ER.:lIxll<Xg], IfAER,:lxlI<Ng]#0
B ifAER,:lix I <X]=0

for every x € X. 1t is simply to verify that (X, ||+ lg) is a gencralized Banach space (respec-
tively, a g.c.m.s., by the standard construction of its metric).

Let us put, foreveryg €Y
V) Xg =[x€X:|x |Ig<+°°].

Now, let ¢ € F(R,, J) be a given application. For the sake of simplicity we shall denote
henceforward

vi) i=9¢(@f), Vt ER.; Ro=9(R,).

Let X, € P(X). Suppose we have construced a family of mappings [k(t) : t ER,] C
C F(X¥ X R,, R™) such that

(4.1) forevery (x(0),x(1), ...)E)(’,v ,themap (¢, ) > k(¢)(x(0),x(1), ..., s)isinC(D, R™).

Besides, let x° € X, e € Y be given. Consider the following Volterra functional equa-
tion with transformed argument

(42) x()=x(t) + Jrk(t)(x, . B .'8{&))(1:, w“tER,

or, in an abstract form, x = T(x, ... , X, ...), where TGF(XIIV, X) is given, for every x =
= (x(0),x(1),...)EXY , by

(4.3) T(x(0),x(1), ...)(t) =x° () + gtk(r)(x(O), x(1), ... ;e’}s)) ds, ¥t ER,.

From theorem 3.1 we obtain the following result.
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Theorem 4.1. Suppose there exist g € Y, [a(t) : t €ER,] C F(Y X R,,R,)and fEK,
such that.

(4.4) X, is ||* |l -closed, fEP

(4.5) (x(0),x(1),. DEXY . yeEX y)=x °+ jk(l)(x(O) x(1), ... ;e(s))ds, for
eacht €ER, impliesy € X,

(4.6) (t, ) ED, h €Y, (x(0), x(1), ...) EXY, ((0), y(1), ...) EXY, the inequality
Il x(@)(r) —y@)(r) | <h(r)for eachr ER,, i EN imply | k(t)(x(0),x(1), ... ;) —
— k(@) (0),y(1), ... ;s <a(r)(, 9),

(4.7) VhEY themap (t,s)—~>a(t)(h, §)isin C(D, R.)
(4.8) al‘ra(r)(gr, e/s\)) ds < f(1)g(t), ¥t ER,, ¥1>0, -
(4.9) The set (X/,V)o of all (x(0),x(1),...) € ){.v such that there exists p > 0 with the
property || x () —y (@) | < ug(t), ¥t ER., Vi EN, where
t U
»(0) (1) =x°(r) +(J)’k(!)(x(0),x(l). ... 5e(s))ds,
YOO =5° @) + [KOG©), x(1), ... 56 ds,

. .o MRS Yt €ER,,is not empty.
Then there exists S € F((XY Y, X,) such that, for every element (x (0), x(1), ...)E€ 0.0

(4.10) max [l x() —S(x(0),x(1),..) |  {iEN] <+ e

(4.11) S(x(0), x(1), ...) is the unique solution of (4.2) in the set [y € X, : max [|l x (/) —
—yll, i EN)<+oo

(4.12) the N-iterative process [x(i,f) : i, j EN] C X,, x(0,1) = x(i), Vi EN,
x(i+1,0)()=x°(@) + f'k(:)(x(i, 0),x@,1),... ;eé)) ds,
0
x@+1, D) =x°@®) +{'k(r)(x(i+ 1.0), (x@, 1), ... ;eﬁ))ds,

................................................................................................. VYt ER,MIEN
converges to S(x (0), x(1), ...) in the following way
Nx@, /) —Sx(0),x(1), ...) llg S fP (), Wi, j EN,
Jorevery 12 p = sup [l x(i, p) —x(j, p) llg :4,/ p EN].
Proof. Let (x(0), x(1),...) € X‘;V, (»(0),x(1),...) € Xllv, 7 >0 be such that || x(¥) —

—y(@) llg < 7 ¥i €N. From (iv) it follows that || x()(r) —y () (") | <g(r)7, ¥rER,,
i €N, and from (4.6)—(4.8) we get || T(x(0),x(1),...)(t) = T(y»(0),y(1),...) I <
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<{' I k(£)(x(0), x(1), ... ;e@)) — k@) (0),y(), ... ;eg)) lds < {ra(t)(gr, e(s))ds <

< f(ng(r), ¥t € R, and this implies || T(x(0), x(1), ...) — T(¥(0), ¥(1), ...) lly < f(r),
i.e., (3.2) holds. On the other hand, obviously, (4.4) and (4.5) imply (3.1), (4.9) imply
(3.3). Therefore, theorem 3.1 is applicable.

Remark 4.1. Suppose that a) [k(t) t ER,] = [k](i.e., the family [k(¢);t € R.] is inde-
pendent of £); b) x°(t) = x° € Rn, %t ER,. Then (4.2) is equivalent with the following
Cauchy problem A
@4.13) x'(0)=k(x,...,x, ... ;é(t)) YIER,

(4.14) x(0) =x°.

In this case, theorem 4.1 gives a method of ‘sequentially’ successive approximation for
the solution of (4.13) and (4.14). From this point of view, it may be compared with some
results of {1], [3].
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STRESZCZENIE

W pracy podane jest pewne ,ciagowe twierdzenie o punkcie statym-. Dotyczy ono
istnienia i jednoznacznosci punktu statego oraz zbieznosci ciagéw iteracyjnych. Twierdze-
Nie to zastosowano do pewnej klasy rownan Volterry.
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PE3IOME

B naHHoit paboTe npeACTaBI€HO HEKOTOPYH ,,HEMPEPLIBHYIO TeopeMy
0 HEMOABMKHOM TOYKe'. DTO OTHOCUTCA K PeaJbHOCTM M OJHO3IHAYHOCTH
TIOCTOAHHON TOYKM, a TaKyKe CXOAMMOCTM UTepalMOHHBIX MOCJEeA0BaTeNb-
HocTei. DTy TeopeMy NMPUMEHEHO K TEOpPMM HEKOTOpOro KJacca YPaBHEHMit
BosbTeppy ¢ nepeMelieHHbIM apryMeHTOM.



