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On the Stability of Solutions of Differential Equations 
with Random Retarded Argument

O stabilności rozwiązań równań różniczkowych z losowo opóźnionym argumentem

Об устойчивости решений дифференциальных уравнений со случайно 
запаздывающим аргументом

This paper is an attempt of an exetension of Repin’s results (cf. [1]) relating to the 
stability of solutions of differential equations with retarded argument to the case of ran­
dom retardations.

The stability in this case has been also studied in [3—5] whereas other problems con­
cerning the differential equations with random retarded argument have been investigated 
in [6-8].

I. Let us consider:
— a probability space (£2, A, P) and an arbitrary (finite or infinite) interval T C <R,
- a function f : TX. R.nm X £2 -* <R” continuous on FX Rnm for almost all to G £2 and 
•4-measurable for all (r. x(1),...,G T X iRnm, where G <R n, j = 1,2,... ,m, 
~ a non-negative number r G fi and stochastic processes

7* :TX £2-><R,/= l,2,...,m

such that for almost all to G £2 sample paths (to) of T'( are continuous on T and 

(1) 0<F{(w)<r,ter,

~ a number r0 G T such that t0 — t G T, and a stochastic process

~ t, t0) X £2 -* fi”

for which almost all sample paths <l>t (to) are continuous on — t, t0 >.

Definition 1. We say that the stochastic process
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X{ :[rr>ü0 -T, «)]X O-*«" 

is a sample solution of the differential equation

(2)
dX,

dt
=f(t,xt_T i>

t

with the initial condition <f>t iff for almost all to £ £2 :
1 ° the sample path X( (to) of process X{ is continuous on T H <r0 — r, <*>), 
2° X( (to) = <t>t (to), t £ (t0 - r, t0 >,
3° for every t G T n <r0, °°)

-V,(to) = (<o) + f f(s> Xf_ t' •" '
0 r. r i

Besides, we say that this sample solution is unique iff for almost all to G £2 and every 
sample solution Yt, 1G T n (r0 — t, °°) of equation (2) with the initial condition <pt we 
have:

X' (to) = Y, (to), t e T n (to - T, ~).

Theorem 1. Let L(t, to) : T -* <R be for almost all to G Q a continuous function such 
that

II /(t, x <») (1) ,i(w) . to) IIx(m\ ia)~f(t,x

<L(t, to) I llx^-x^l, 
>1

(x<*>,... .(£<*>.....x(m>) e anm, tg T.

Then there exists a unique sample solution X,,t&TO (t0 ~ r, °°) of the differential 
equation (2) with thé initial condition <fo.

Proof. We choose a set Î2* G A with P(f2*) = 1 such that for any to G Î2* :
— sample paths of /, <p, and Tt,} = 1,2,... ,m are continuous (on their domains, respec­
tively),
— the condition (1) is satisfied, and
— there exists a function L(t, to) such as in the assumption of the theorem.

Let / be any closed interval with / C T O <Z0 — r, °°) and t0 — T, t0 EL
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Now we fix any co G £2* and put

X0(t, «) =
L^(«),ze/n <z0,~)

xk(t, co) =
£f(w), re<f0 -r,t0)

$,o («) + f f(S. xk_1(s- Tsl (<*>)> «)....... ** -1 (s “ f»)> <*>). w) <h.
ta

f£/n(f0 , °°)

*«1,2,...

It may be shown by induction that for every * = 0, 1, 2,... and t G/ r> <Z0, °°) it holds:

II Xjt+1 (z, co) - «)ll <M[m sup L(j, co)]* .
s<=l (*+1)!

where

M = sup || /(s, Xo (s - T' (co) . co).......Xo (s - r”(co), co), co) II.
je/rxij,.-) 1

then

*+lr (max/ —Z0V
1 Xk+ co) || [m sup £(«.«)]* ------ (fc + i)

tel, * = 0,1,2,...

Hence a limit X(t, co), zG / of the sequence Xk(t, co), * = 0, 1, 2,... is a unique solu­
tion of the differential equation

dX, (co)

with the initial condition (co).
For co ë £2*, zG/and * = 0. 1, 2,..., we assume:

Xir(t cot = 0 X(t to> = 0
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We shall show by induction that for k = 0, 1, 2,... and every t GI the function Xk(t, co) 
is A -measurable.

We choose an arbitrary k = 1, 2,..., and assume that for every t&I the function 
Xk.j(t, co) is A -measurable. It is enough to show that Xk(t, co) is A -measurable for all 
t G 1 n <z0, oo). Let Xk.x(t, co) = 0 for co £ £2*, Z e 7, z e ft and

0,_T(w). r0-r>
X. . (Z, co) =

*_I X^ j (max/, co), ZG(max7, <»)

for co 6 £2*.
In view of Lemma 1.2 in [2] (p. 12-13) there exists a function Y(r, co) : ft X £2 -* ft", 
B X A -measurable (where B is the Borel o-field of ft) such that for (Z, co)£fiX£2* 

**_1 (Z, co) = K(Z, co).

Choose any t El It follows from the above mentioned lemma that for any
fixed s£(Z0, Z) there exists B"m X ^-measurable function g(s,x(1\..., x(m\ co) : 
: ft"7" X £2 -* ft" such that

/(s.x(1>....... x(m),co) = g(j,x(1).........x(m),co), (x(1),........x(m),co)Gft"m X £2*

(B"m denotes the Borel o-field of ft""1).
Thus we have

Ą(Z. co)

0, co « £2*

<t> (co) + /g(s. Tfs-r^co), co).......y(s-7^(co). co), co)ds, co££2*.

Since all functions in this formula are measurable with respect to suitable o-fields and the 
integral is the ordinary Riemann’s one. it can be checked that Xk(t, co) is.4-measurable. 
Finally, for every ZG7 the function X(t, co) is measurable too. Hence there exists a uni­
que sample solution Xt = X(t, co), t£I of the differential equation (2) with the initial 
condition <j>t. This solution can be extended to the entire interval 7 Ci <z0 — r, °°).

II. Now, let us assume that T = (a, <»), a £ ft (or T = ft) and for almost all co 6 £2 the 
function / satisfies the conditions:

ll/(Z.xn).......x(m),co)-/(t,i(1)........x<7n), co) ||
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/-I

(x(1),.'„,x(w)),( x(1).......i(m) ter, £eft,

and

f(t. 0,..., 0, <o) = 0, tGT, 0 = (0,...,0)e

Definition 2. We say that the trival solution of the differential equation (2) is uni­
formly asymptotically Bistable iff:

AV AV A<f < *'
p6(0,l) 0>O rj>0 0>O

~P [|| X,(cu) || <rj, ]>P)-

Let us consider a differential equation

dK
(3) — = g(t, Yt_T\ f...,Yt Tm («)

where the function g satisfies the same assumptions as the function f (but its Lipschitz 
constant have not to be equal to £).

Theorem 2. Let the differential equation (2) satisfy the folio-wing condition:

(4)
vvv A aV V
a>0S>0 6„>0 0<6<5. e. uÇ il*

f P(n*)=l
<Bbe~a({-^ , t >r0) ],

sup 11 <A(w) || <0=»( || AT (to) H < 
t,) 1 ' t' '

where the set SI* have not to be the same for different sample solutions of this equation 
with the initial condition fy. If there exists o > 0 such small that

oB (L + o)(l/o In 45 + r)_ H <%
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and such that

V v Aa ( sup ||x(/)||</r~

h>0 wen rer /=1,2........m
(5) />(«) =i

* li /(L x(1).......x(m), w)-g(t, x(1 >........x(m\ co) || < o 2 II x(/) || )
/-»

then the trival solution of the differential equation (3) is uniformly asymptotically 
W-stable.

Proof. We choose a, B, 6£, o, £2, and h according to the assumptions of the theorem. 
Let e = min [2560> and /3 = e/2B. For any q> 0 we assume that 9 = r(l/aln45 + r), 
where r&N and e/2r < q.
Now we take any initial condition 0f and a sample solution Yt, t£TR <r0 — t, °°) of the 
differential equation (3) with this initial condition. Let £lY€A, 5(£2^) = 1 be a set such 
that for every w e £lY the sample path K, (co), t &T (~i < /0 — t, °°) of the stochastic pro­
cess Yt is a solution of the differential equation

dYr(<S)

dt
= g<f. Yt. («)»...Tt'(u)

with the initial condition 0r (co).
Next, let YlP €A, P(YlP) = 1 be a set such that for any co € £2°:
— the sample paths of f g, 0f and 7*, / = 1,2,... ,m are continuous (on their domains, 
respectively),
— the condition (1) is satisfied, and
— the sample paths of f and g are lipschitzean (the function f with the constant L). 
We take any sample solution Xt, t S T O </0 — t, °°) of the differential equation (2) with 
the initial condition 0, and find for it the set £2* according to (4). Let £2A' be a set defined 
for the function Xt in the same manner as the set £2y has been defined for Yt.
Now we fix an arbitrary coS £2(0) = £2fl £2y A SIP D £2* D flx and assume that 

sup I,' 0y(co) || < 0. Then (see the proof of Theorem 1 in (1]) the function Yt (co)
seoi-T.n,)

satisfied following conditions:

|| Y,(co) || < e, t S </0, t0 + l/a In 4B + r>

and

II K,(co) || < e/4B, t € (t0 + l/a In 4B, t0 + l/a In 45 + r>.

We consider the stochastic process Yt on the interval </0 + l/a In 45, r0 + l/a In 45 + t>



On the Stability of Solutions of Differential Equations... 29

as an initial condition and we take any sample solution Xt, t £ T Ci (r0 + 1/a ln4fi, «>) of 
the differential equation (2) with this initial condition. For this solution we take sets £2* 
and £2^ in a similar manner as the sets £2* and Q,x were choosen. If co € £2(D = £2(0) n
D £2* D Q,x and sup || <ps (co) || < 0 then, similarly as above 

j lecfj-r,/,»

II K,(co) || < e/2, t G (t0 + 1/a In 4B + t, f0 + 2(l/a In 4B + r)> 
and

II yf (to) || < e/8B, r G <f0 + 2*l/a In 4B + r, t0 + 2(l/a In 4B + r)>.

In this way we obtain for every i = 0, 1, 2, ... a set £2^^Gj4 withP(£2(')) = 1 such that
for co G OS') if sup || </>s(co) II < 0 then 

»e<r0-r,r0>

II Yt(co) || <e/2l, t G <f0 + /(1 la In 4B + t\ t0 + (i +!)(!/«In 4B + r)>.

Let

£2=H £2<O. 
i-o

We choose any coG £2. If sup || 0s(co) || <0 then || Yt(co) II <e/2r <rjfoTt>0 +10. 
se(t„-T,tt>

Hence

(6)

y a v V a A
o ne A “»efr
?(0) = 1

(S>0 T)>o
[ sup II q>(co) ||< (f

=►(11 Yt(a>)\\<n.t>0 + t0)L

where the set £2 have again not to be the same for different sample solutions of the diffe­
rential equation (3) with the initial condition tpt-
Let p G (0,1). We choose $ according to (6). Let 0G <R and 0 <0<(1 — p)/3. Now we fix 
any rj > 0 and find 0 fulfilling (6). Finally we choose an arbitrary initial condition </>t and 
assume that

£[ sup || <ps (co) || ] < p. 
se<tt-r,t„>

In view of Chebyshev inequality we get
E T sup II <t>Au) Il 1r -1 be«0-T, r,> J

(7) p r - sup II d (co) || <3 I > 1------------------------ s
i6(ç-r,V P

>P
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We consider any sample solution Y,,tETCi (t0 — r, «>) of the differential equation (3) 
with the initial condition By (6) and (7), we have:

P[|| K,(<o) H <rj, t>0 + t0 ]>p.

with completes the proof.

Corollary. If the differential equation (2) fulfils the condition (4) and for almost all
toe SI it holds:

||/(f,x(l),... ,x(m), u)-g(t,x(i\ ... ,x(m), w)||

< 2 ||JC<»|| v ||jr(/)||), ter,
Is 1 /= 1

where R and lim \!/(x) = 0, then the trival solution of (3) is uniformly asymptoti-
x-»o

cally W-stable.

Proof. You only need to note that almost surely for any a > 0 there exists h from the 
condition (5).

Let us consider a differential equation

W — = /(r,Z,_sr.......Z,_sra.u),

where the stochastic processes Sj, /= 1,2,... ,m satisfies the same assumptions as the 
processes 7*.

Theorem 3. Let the differential equation (2) satisfy the condition (4). If there exists 
p > 0 such small that

pmL(l +B)(e"’L(1/aln4B + 2T)-l)<% 

and such that for almost all a, £ £2

(9) | r{(o)-^(w) |<P. teT, j=l,2,...,m,

then the trival solution of the differential equation (8) is uniformly asymptotically W-sta­
ble.

Proof. We choose a, B, 50, p according to the assumptions of the theorem. Let £2£.4, 
P(£2) = 1 be a set on which the condition (9) is satisfied. Let e = 2Z?60 and /3 = e!2B- 
•em^r. For any r? > 0 we assume that Q = r 1/a In 4B + (2r +l)r, where r £N and
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(e/2r) < rj. Next, we take any initial condition and a sample solution Zt, t S TH <r0 — 
— t, °°) of the differential equation (8) with this initial condition. Let sets Slz and £2° be 
defindet similarly as the sets £2r and Q.D have been defindet in the proof of Theorem 2. 
We consider the stochastic process Zt on the interval <r0. to + f> as an initial condition 
and we take any sample solution Xt,t£TC\ <t0> ») of the differential equation (2) with 
this initial condition. For this solution we take sets £2* and f2* in like manner as in the 
proof the previous theorem.
Now we fix an arbitrary co G £2^ = £2 (~l Q.z n OP A £2* H and assume that

sup || <Ps(<jO) II < 0 . Then (see the proof of Theorem 2 in (1] ) the function Z, (u) 
ie<r0-T,r,)

fulfils the following conditions:

|| Z,(w) II < e, f € <f0 + t, t0 + 1/a In 4B + 3r> 
and

|| Zt (w) || < e/4B, t G <r0 + 1/a In 4B + t, t0 + 1/a In 4B + 3r>.

Next, we consider a sample solution Xt, t € T A <r0 + 1/a In 4B + 2t, °°) of the differen 
tial equation (2) with the initial condition

Zt, t e {t0 + 1/a In 4B + 2t, t0 + 1/a In 4B + 3r>.

Analogically as in the proof of the previous theorem we obtain for every / = 0,1, 2,... 
a set £2(,) EA with P(£2(,)) = 1 such that for £2(,) if sup || II <0then

II Z{ (w) || < e/2', t G (t0 +11/a In 4B + (2/ + 1)t, t0 + (i + 1) 1/a In 4B.+ (2» + 3)t>. 

Let

fi = A £2(0 
/■0

We choose any a> 6^. If sup || 0s(u>) II <0 then || Zt (co) || < e/2^ < ri for t > 0 + f0. 
se(r0-r,f#>

It proves that the condition (6) is also satisfied for the differential equation (8). Thus the 
trivial solution of this equation is uniformly asymptotically W-stable.

HI. Now, let us assume that the function f and initial condition are unrandom:

/(Z,x(1),... ,x(m), Gj)=/(r, x(1),... ,x(m)),wG£2,

(r, x(1)...... x(m))erx

0,(w) = 0(O, w€£2. rG(r0 -r, r0>-
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Furthermore, let us take functions

1,2,... ,m

which are continuous on T and such that

0<T/(f)<r,fSr.

Let us consider differential equation

(10)

and

dt
= f(t, x(t - r, (f) ),..., x(f - Tm(0 ) )

(11)

Definition 3. We say that the trival solution of the differential equation (10) is uni­
formly W-stable under persistent random retardations iff:

e>0 /»€(0,1) 5 > 0

sup
1,2,..., fn

~ P [llX,(w)|| < e,

A E

Theorem 4. If the trival solution of the differential equation (10) is uniformly asym­
ptotically stable, ie.

VA VA
0>O Ti>0 8>0 <t>

sup II 4>(s) || < 0 
Ire r0>

=* (llx(z)||<T?, t>0 + r0)j

then it is uniformly W-stable under persistent random retardations.

(12)
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Proof. By Theorem 3 in [1], the trival solution of (10) is uniformly stable under persi- 
dent disturbances of retardations, i. e.

AV V A ( ( sup II «p(i) II < f>

e>0 ô >0 P>0 ïétr,-V, f0-'

(13)
A sup sup | T/(s) —

j*i,i,... .m seT^tt—j,1

- x(s) I < p ) =»( l|x°(r) || <e, t >r0)].

where x° is solution of the following differential equation

; =/('. *° (' - 4 (0 ).......(t - T°m (I )) )

the equation fulfils the same conditions as (10).
For any choosen e > 0 we find Ô and p such as in (13). Next, we fix any initial condi­
tion 0- Let a set Â be defindet similarly as the set flP n £LX in the proof of Theorem 2. 
By (13), for every eu G fi if

sup || 0(s) || < 6 and sup sup | r,(s) — 7((w) I < p 
s&.t'-r.t,,') >1,2,....m s&Tr\(i„-v,  ̂ ’

then 0 (co) || < e, t > t0. So we have

(14)

A V V A \/ A [( sup 11^0)11 <6 A
e>o s >0 p >0 n&A uieïï re<r.-T r„>

A ‘ sup
/■1, 2.......m sc sup 1t,(s)-T/(o)Kp)»»(|IX (w)||<e,r>to)Y

The end of the proof is analogous as previously.
Remark. The equations (2), (8) and the condition (6) can be considered instead of the

equations (10), (11) and take condition (12) in Theorem 4. However the ihitial condition 
<t> in this theorem should be urandom. If this initial condition is random then we can 
prove a condition similar to (14), but afterwards we ought to modify Definition 3 in a 
suitable manner.
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STRESZCZENIE

W pracy znajdują się warunki dostateczne stabilności rozwiązań równań różniczko­
wych z losowo opóźnionym argumentem, analogiczne do warunków podanych w pracy 
[ 11 dla równań nielosowych.

РЕЗЮМЕ

В работе находятся достаточные условия устойчивости решений 
дифференциальных уравнений со случайно запаздывающим аргумен­
том, аналогичны условиям представленным в работе [1] для уравне­
ний неслучайных.


