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HekoToprie 38aMeTKM 0 NMOAYMHEHMI0 H Makopanmuu GyHKIHR

Let f(z), F(2) be two regular functions in K,, K, = {2: |2] < r}. The
function f(z) is said to be subordinate to F(2z) in K, if there exists a regular
function w(z), bounded in K,, |w(z)| < |2| < r for which

f(2) = F(w(2)) in K,.
In this case we write
f(z) 3, F(2).
If for every z € K, we have
1f(2)] < |F(2)]
then we say, that f(z) is majorized by F(z) in K,. In this case we write
f(2) €, F(2).

In 1935 M. Biernacki initiated the study of relationship between the
subordination in K, and majorization in some smaller disk K, of two
functions f, F. Next this problem was investigated by many other authors.
A natural problem was to find the largest number » € (0, 1) such that
the implication

(1) f(2) 3, F(2) =f(2) <, F(2)

holds, where f(z) and F(z) range over some fixed classes of regular functions
respectively.
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In 1971 Z. Bogucki and J. Waniurski [3] modified M. Biernacki’s
problem in the following way.
Assuming that f(z) 3, F(z) they tried to determine the function

f@) |
R(ryn, So) P @) |
where f(2) = a,2"+a,,,2""' + ..., =1,2,...,a, > 0 is arbitrary regu-
lar function in K, and F(z) ranges over some fixed subclass S, = S (S is the
class of univalent, normalized function in K,). They gave a general method
to determine the function #(r,n, 8,) and using this method they deter-
mined & (r,n, 8,) for §, = 8¢ — the class of univalent convex normalized
functions in K, and 8, = 8} (a = 0, @ = 1/2) where 8 is the class of nor-
malized, univalent functions starlike of order a in K,.

In this paper we give another method to determine the function
the &(r,n, S,) in the case n > 2. Using this method we can determine
R(r,n, S,) for differcnt classes of functions F(z). This method works
also in some cases when S, is not a subclass of the class S of univalent
functions.

Let be given two functions m(r), M(r) determined, monotonous
and continuous in ¢(0, 1) and such that m(0) = M (0) = 0, m'(0) = M'(0)
=1, 0 m(r)< M(r).

Definition 1. Denote by 8 (m, M) the class of all regular and normalized
functions (F(0) = F'(0)—1 =0) in K, and such, that for 2| =r<1
the inequality

m(r) < |F(2)| < M(r)
holds.

Remark 1. If we put m(r) = r/(1 +7)2, M(r) =r/(1—r)* the class
8(m, M) is not empty because the class S of normalized univalent functions
in K, is contained in S(m, M).

Definition 2. Denote by H,, » =1, 2, ..., the class of all functions
which are regular in K, and have the expansion of the form

f(2) =a,2"+a, ., 2"+ ....
Theorem 1. If the function f(z) € H,, is subordinate to F(z) in K,, F(z)
€ S(m, M) then for n > 2 and |z| = r < 1 we have
(2) |f(z)|gT(r,n,S(m,M))-[F(zﬂ
where
M(r")
m(r)

T(ryn,8(m, M) =
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Proof. If f(2) e I, and f(z) 3, F(2) then f(2) = F(w(2)) where
|o(2)] < |2|*. Therefore

(3) If@) = |F (o) < lran'IF(t)I < M(r").

f<
Furthermore for |2| =17

|F ()| = m(r)
or in an equivalent form
|F(2)]
m(r)

(4)

From (3) and (4) it follows

|F(2)]
f( < M(r") < M(r") ——

m(r)
which is equivalent to (2).

Remark 2. If there exists an extremal function F,(2) e S(m, M)
such that

|Fe(r)] = M(r) and |F,(—7)| = m(r)

then the result of Theorem 1 is the best possible. It is the best possible in
this sense that we cannot replace the function T (r, n, S(m, M)}, n > 2,
by any smaller function of ». In this case we have

T(ryn,8(m, M)) =R(r,n, S(m, M)).
Proof. Let us put
F(z) = e °F,(2), w(z) =2z".

Then F(z2) € S(m, M), f(2) = F(:") e H, and f(2) 3 F(z) in K,. We can
choose z and 0 such that
eiozn — "

ez = —r.

In particular we can put

Thus
(5) If(2)] = |B(2")| = |e""F ()] = M(r")
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and
(6) T(r,m,8(m, M)} |F(2)] = T(r,n, S(m, M))je""F,(e"2) =
M(r™) n
= ) m(r) = M(r").

From (5) and (6) we obtain that for such z we have equality in (2).

Remark 3. Under the substitution of Remark 2, the additional condition
a, > 0 in Theorem 1 does not improve the result of this Theorem.

Proof. This follows from the fact that the functions f(2), ¥'(2) in
the proof of Remark 2 which give equality in (2) have a, =1 > 0.

From Theorem 1 we can obtain the solution of Biernacki’s problem.
Namely, we can determine the number r(n, S(m, M)) for which the impli-
cation (1) holds.

Immediately from Thcorem 1 we have the following theorem.

Theorem 2. Let f(z) e H,, n > 2, and F(z) e S(m, M). If f(z) 3, F(z)
then

f(Z) < r{m,8(m, __")_F(I),

where
r(n, 8(m, M)) = inf{r: » € (0, 1), T(r, n, S(m, M)) > 1}.

Remark 4. In many cases the number r(n, S(m, M )) is the smallest
positive root of the equation

m(r) = M(r").
It is true in this case when the smallest root of this equation is isolated
from the other roots of the equation.

Remark 5. For many classes 8, of regular functions the estimations
on |F(2)| are known and therefore we know the class S(m, M) which con-
tains this given class S,. Thus for this class we have

R(ryn, 8) < T(ryn, 8(m, M)).

If the extremal function mentioned in Remark 2 belongs to the class S,,
then
R(ryn, 8y) = T(r,n, 8(m, M)).
Let us put 8, = 8. where S; denotes the class of functions starlike of
order a, F(0) = F'(0)—1 = 0, Re{zF’'(2)/F(2)} > aforze K,,0<a < 1.
Then for |z]| = r < 1 we have (see for example [2])

(7) m(r) < |F(2)l < M(r)
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where
r
m(r) = A Fry=a
8)
M(r) 4

= A=

Thus we have the following

Theorem 3.

2(1-a)
R(rym, 8) = T(r,n, S(m, M)) = r"”(lir)

1—r

where m(r), M (r) are given by (8).
Proof. From (7) and (8) we have that S = S(m, M). The function

1 z *
I"f(z} = (1—-_——2F‘-|-_—q-) € Su

and
IFe(—'r)I = m(r)’ IFc(r)I = M(T)

where m(r), M (r) are given by (8). Now Theorem 3 follows from the
Remark 5.

In the special cases, a = 0 and a = 1/2 we obtain the functions
R(ryn, 8,) and &(r, n, 8},) respectively if n > 2.

In the mentioned cases the results of paper [3] and our paper are the
same although in the paper [3] the authors gave an additional condition
a, > 0.

The method used in [3] based on the domain of variability of F(z)/F (&)
when F(z) ranges over the class S2. Therefore the authors could not deter-
mine ®(r, n, S;) for other a bhecause this domain of variability is not
known.

. F
Because in our method we need only  sup (2)
tel=rn, 11 =r | F'(§)
infimum thus we can determine #(r,n,S;) for all a € (0,1) and for
some other classes which were not investigated in [3].

Corollary 1. For n > 2 we have

or a corresponding

1 | r |
R(ryn,8) =R(r,n, S}) =r"“(T:—:_)
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Proof. It is easy to sec that
8; = 8 < 8(m, M)
where m(r), M (r) are given as in the Remark 1. Thus
R(r,n, 85) < R(ryn, 8) < T(r,n, 8(m, M)) =H(r,n, 8%

and Corollary 1 is proved.
It is known that if

F(2)e 8 = {f(z): f(0) =f(0)—1 =0, Re(1+
2| =r <1 then

o (2)
I (@)

)>0 in Kl} and

m(r) < |F(2)] < M(r)
where

r r
(9) m(r) SR M (r) TR

The function F, = 1—z7 € 8¢ = §(m, M)is extremal in the class S(m, M)

where m(r), M (r) are given by (9).
From the above and Remark 5 we have

Corollary 2. If n >2 then

147
e\ __ ah—1
R(rym, 8°) =r (—l—r)'

By Remark 5 we can extend the Theorem 2 on the -classes
8, < 8(m, M). Using the Theorem 3, by Remarks 4 and 5 we obtain
immediately

Corollary 3. If f(z) e H,, n>2, F(2) e 8, 0 < a < 1 and f(2) 3, F(2)
then

1@ < o PG
where r(n, S3) is the smallest positive root of the equation

(1~rn)211—c) aen
147

For S, = 8° by Theorem 2 using the equalities (9) we obtain
Corollary 4. If f(z)e H,, n =2, F(z) e 8 and f(2) -3, F(2) then

f(2) € yn50F (2)
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where r(n, S°) is the smallest positive root of the equation
2r+r"~'—1 = 0.

In the case S, = 8 we can use the Corollary 1 and then by Theorem 2
we have

Corollary 5. If f(2) e II,,, n =2, F(z) € 8 and f(z) 3, I'(2) then
f(z) < rin sy (2)

where r(n, 8) = r(n, 8,) is the smallest positive root of the equation

rn_ gt gy "1l =0,

The Corollaries 3, 4 and 5 coincitde with corresponding results of [2].
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STRESZCZENIE

Niech f(z), F (2) beda funkejami regularnymi w K,, K, = {2: |z| < r}.
Jezeli istnieje funkeja regularna w(2), |w(?)| < |2|, 2z € K,, taka, ze f(2) =
= F(w(z)) dla ze K, to méwimy, ze f(2) jest podporzadkowana F(z)
w K, i piszemy f(2) 3, F(z). Jezeli |f(z)] < |F(2)] dla z € K, to méwimy,
ze f(z) jest zmajoryzowana przez F(z) w K, i piszemy f(z) <, F(2).

Problem znalezienia mozliwie najlepszej liczby r takiej, zeby zacho-
dzila implikacja

f2) 3, F(2) =f(2) <, F(2)

gdy F(z) przebiega ustalona klase S, zostal zapoczagtkowany w 1935 r
przez M. Biernackiego [1]. Z. Bogucki i J. Waniurski [3] badali nieco
ogélniejszy problem, chodzilo o wyznaczenie funkeji T'(r,n, S,) takiej,
aby prawdziwa byla implikacja

f(2) 3. F(2) = If(2)l < T(lz], »y So)| F'(2)] dla z € K,.

Podali oni pewna metode ogélny i stosujac ja wyznaczyli funkeje T' (r, n, S,
dla pewnych podklas funkeji jednolistnych.
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W tej pracy podana jest inna metoda ogdlna pozwalajgca na wyzna-
czenie T (r, n, S,) przy n > 2 dla wielu klas §, dla ktérych nie mozna bylo
tej funkeji wyznaczyé metodr z pracy [3]. Wydaje sig, zc metoda podana
w tej pracy pozwala na wyznaczenie mozliwie najlepszej takiej funkeji
dla bardzo wielu klas funkeji regularnych nawet niekoniecznie jednolist-
nych. Uzyskane rezultaty w szczegélnych przypadkach dajg niektére
wyniki uzyskane w pracy [2] dla pierwszego ze wspomnianych probleméw
i w pracy [3] dla drugiego problemu.

PE3IOME

ITycts f(2), F (2) Oy nyT perynapubimu dyuxuwiamu B K, K, = {2: |z| < r}.
Ecnu cyuwecrsyer perynapunaa ¢yukuua o(2), lo(2)] < |2|, 2z € K, Takas,
uto f(2) = F(w(2)) maa z € K, Torna roBopitM, 4ro f(z) ABIAETCA 110XYH-
HeHHoit F(z) B K, u miuwem f(2) 2, F(2). Ecan [t(2)| < F(2)| nna ze K,
TOFJa ToBOpHM, 4TO f(2) Mamopua F(2) B K, u nueMm f(z) <, F(z).

Bonpoc oTbicKaniigd BO3MOMKHO CAMOro JIy4llero 4ucia r, TAKoro YToOml
HACTYIHJIa MMIUIMKAUUA

f(2) 3. F(2) = f(2) <, F(2)

Korpa F(z) npoxomuT onpenesneHHblii Kaacc S,, Obu1 nogHAT M. Bepuaukim
B 1935 roay. [1]. 3. Boryrcku u 0. Banopcku [3] nccienoBann HEMHOTO
o6y npobieMmy, XoTequ onpefgeauTb TakKyl ¢yuakuuio T(r,n, S,),
1A KOTOpo# Ghlina Gbl IICIIONHEHA MMILTHKALMA

f(z) 31 F(z) = [f(2)| < T(|z|, ny Sp)| F(2)] mna ze K,.

IMpencraBuau oM o61UITii METON U MCNIOJIb3YHA €ro OlIPedeNuIN PYHKIMIO
T(r,n,8S,) maA HEKOTOPHLIX MOQKIACCOB OXHOJUCTHBHIX QYNKLHI.

B nanHoit paGore mpexcTaBieH Apyroit obwuii MeTOX, FAwWMil BO3-
MOKHOCTh onpepnenutb T (r,m, S,) npu n>2 @IA MHOTMX KiIaccoB S,
IJIA KOTOPHX He OBUIO BO3MOKHO ONpPENeTUTh 3TY (PYHKIMIO METOXOM
B3ATHIM M3 KanHoi paboru [3]. Haercs, 4To MeTOX MpencTaBieH B 3TONH
paboTe HaeT BO3MOKHOCTb Hailiyyloe ONpefeiMTh TaKylo QYHKUMIO XIA
MHOTMX KJIacCOB peryJApHEIX QYHKUMI M He Bcerga OQHOIMCTHHX. IToxy-
YeHHble pe3yJbTaThl B 0COGHX CIy4YaAX COBMAJAlOTCA ¢ pe3yIbTaTaMu
MOoNy4YeHHBIMM B pabGore [2] muA mnepBoii M3 BCIOMHHaeMHX mpobiem
¥ B pabore [3] maa mpyro# npobaeMmsl.



