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Wspétezynniki Grunsky’ego funkeji meromorficznych gwiaidzistych i wypuklych

Koas¢ppuuuentet I'pyHckoro mepoMopdHEIX, BBEBAHHX U BHIYKINX QyHKumit

1. Introduction
Let X* be the class of functions

flz) =2+ D a,z™
n=0
analytic and starlike in |z| > 1, and X, the subset of Z* corresponding
to the particular case a, = 0. Let £* be the class of functions of the form (1)
analytic and convex in |z| > 1; thus f € £* if and only if zf' € £ [2; p. 47].
The Grunsky coefficicnts a,, of meromorphic univalent functions f
are defined by the relation

J(0) —f(2) % SR
1 o Lo AL 40 M o ) m,—n,
og I—z2 . .”2_, : Gl ™27
the Grunsky inequalities [2; Chap. 3] show at once that
(2) |yl < (mn)H.

A well-known result of Clunie [2; p.48, Theorem 2.10] shows that, if
feZ* then

(3) 8] = la,,| <2(n4+1)7".
Numerical computations by Miss H. Bokemeier and C. Pommerenke [3]
led to their conjecture that (4)

(Bl < 2(m4n)"1(f e Z*).

For m = n, (2) and (4) are the same; and, for the function f(z) = z+27",
a,, =n"' for all n.
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In §§ 2-3 we prove a special case of (4).

Theorem: Let f € X be of the form (1). Then
(6) la,5l < 2/6, and
(6) lag, | <2/6.

Our methods do not seem to give (4) either for a, ; for Z* or for other a,, ,
for XJ.
In § 4 we give some examples which show that the inequality

|l < 2/(m+2)(m+n—1) (m %0, feZ¥).

somewhat analogous to (4), is not true in general; it seems difficult to
see what the sharp upper bounds for a,, , might be in this case.

2. Proof of (5)

Let P, denote the class of functions

p(2) =1+ D'p,e"

n=2

analytic and of positive real part in |2| > 1. Since here f € X,

(7) #'(2)[f(2) = p(2)

for some p € P,. From (7) it follows that —2a, = p,, —3a; = p;, —4a,

= p,—4p:, —Day =ps—§p2pa and —6a; = p,—1p.p,— 403+ 4p:.
Then (3) gives

(8) |ps_6§pzps| < 2:s

Now, since p € Py, 8o does
1/p(2) = 1—py27° —paz + (=P +93) 2+ (—Ps+2p2pa) 27 + ...
and hence
(9) IPs—2PaPsl < 2.
Then, since, a,, = a,+a,a; [2; p. 58],
1,,5] = 165 16(P5 — §22Ps) +15(p; —2p,p3)| < 2/5

using (8) and (9). It is easy to verify that equality holds in (5) only for
functions of the form

fe) = 2(1+ez7)'%, le] = 1.
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3. Proof of (6)

From (7) and the identity a,, = a;+ a,a,+}a;[2; p. 58] we find
that

—6a,, = P —§PaP4+*}P§—§P§ (p(2) € Py).

We now follow the ingenious method of Nehari and Netanyahu [1;
especially p. 20] in their proof that |as| < 1/3. This means that we have
to find functions

H(z) =1+ 20 27" h(z) =1+ Zﬂ"

n=1

analytic and of positive real part in |2| > 1 that satisfy the following
system of relations:
Y1036, = 3, 726 =4

(10) 7.0 = §, G =2
1= 31+1B61), va = 1+ B1+16:)

Now (10) is satisfied by the following choices:
h(z) =1+27"'(and 8o f; = 1,8, =0, y, = %’ vs = %) and

+z—l z—l
H(z) = ). 1272
(2) Bin ) 130
with 2 = }+V2/9 (so that ¢, = ¢, = ¢, = 2, ¢ = V32/9). It follows from
[1; equations (11) and (16b), with » = 6] that | —6a, (| <2

Note. A similar argument establishes (5), but we have preferred a simpler
method here.

4. Grunsky coefficients for functions in X*.
Note that f e Z* if and only if
(11) 1+2"(2)[f' (2) = p(2)
where p € P, (as defined in § 2). From (11) we can check that
20a,; = ps+ iPaPa,

30a,,, = Pe+1psp+i; 05— 4P,

(12) 42a,,5 = P +3; 2P — ;3 Psy 20d
42a,, = P1+t 5 P2Ps+i; P3P — 5 P3Pa-
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Example A. Take
2(cosb + cos20)p(2)

1+ w2z 14+ oz
13 = Br--~—
(13) cos |_1—wz+1—a)z

] NM4wsz 1+w321
s2 6% :
J+c° l1—wz  1—w%2]

where 6 = /5, w = ¢*°. Then p, = p, = 0, p, = ps = 2(c0s26 — cosh),
Ps = 2; and so 20a,, > 2.

Example B. Take p(2) = (1+2%)/(1—2°) so that 30a,, = 7/3 > 2.

Example C. Take p(z) as in (13), but with 6 = 7/7, © = €. Then
p1 = 0 (by construction of p(z), p, = p; # 0, ps = p, < 0; hence for
this f(z), 42a,; > 2 and 42a,, > 2.
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STRESZCZENIE

W zwiazku z hipoteza Pommerenke i Bokemeier, ze wyrazy macierzy
Grunsky’ego (a,,,) dla funkeji gwiazdzistych speiniajg nieréwnogéé

1@l < 2(m+n)~!

autor wykazuje te nieréwnosé w dwéch przypadkach specjalnych: m = 2,
n=3;m=2 n=4,.

PLE3IOME

B cBasu ¢ rumoresoii TlomMvepenke u Gexkemeep 0 Tom, 4To BLIpaMmeHNns
maTpuusl I'pynckoro (a,,) AaA 3BE3RHON QYHKIUMM MCIIOJIHAIOT HEPABEeH-
CTBO

-1
[@nnl < 2(m +m)
aBTOP JOKa3bIBAE€T 3TO HEPABEHCTBO B [ABYX CIENMAJLHBIX CIyYaAX:

m=2,n=3;m=2,n=4.



