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PIOTR BOROWEKO

Some Remarks on the Stability of Ordinary Differential Equations
under Persistent Random Disturbances

Pewne uwagi o stabilnoSci réwnan rézniczkowyeh zwyczajnych wzgledem stalo
dzialajacych zaklécen losowych

Hekoropwe npumeuanmua 06 ycrofiyupoctit OOGHKHOBeHHEIX XitipepenuuanbHHX
YpPaBnHeHUH OTHOCHTENLHO MOCTOAHNO JeliCTBYWINUX CAy4YalHHX BO3MY MIOHI(l

The aim of this paper is to show some results on the stability of
ordinary differential equations under persistent random disturbances.
II. Bunke [1] discussed the similar problems and gave some conditions
for mean square stability as well as for W- and P-stability. The interesting
thing is that the mean square stability was investigated without using the
typical, for this kind of problems, methods based on Lyapunov function.

In this paper we show similar result for W-stability. Moreover, we
define the notion of ,,equal sample stability under persistent random distur-
bances” for which analogous results hold and which is related to W-sta-
bility.

Let f(r, t) be a continuous function

f: BR*"XT—>R", T = (0, =)
such that f(0,t) = 0, ¢t € T. Suppose the differential equation

d
1 = =f(,1

has for each initial point (z,, %) € R” x T an unique solution on 7. Suppose,
moreover, that the origin is an isolated singular point of (1).

Now assume that (2, %, P) is a probability space and denote by M
the class of all n-dimensional stochastic processes g(z,t, ) defined on
R*x T x 2 with the following properties:
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— for almost all w € 2, g is a continuous function on R" x T,
— for each initial condition (z,,?,) € R" x T, there exists an unique
sample solution X,, ¢t € T of the stochastic differential equation

ax
(2) = =f(Xu+9(Xpyt, 0).

Oorresponding definitions and existence theorems can be found e.g. in [2].
Let To = <t0’ w)o
Definition 1: The trivial solution of the differential equation (1)

is called to be equally sample stable under persistent random disturbances
from M, if

AAVV V Allwl<d,geM, sup [g(z,t, o)l <n)

8,0 60 4>0 n>0 f)a'f;lx ®e® (z,£)eR®x T,
= (X (@)l < &, 22 t,)].
Definition 2: The trivial solution of the differential equation (1)

is called to be W-stable under persistent random disturbances from M, if
AN A VVIml<sgeM, El sup ig(z, t, o)l} < 1)

890 ¢>0 pe(0,1) 4>0 n>0 z,0)eR™x Ty
=P{||X.(w)ll <& 121} > pl.
Theorem 1: Suppose there exists a positive L such that
AN A Nf(e, t)—f(Z, ) < Lz —7|.
teT z,zeR™

If the trivial solution of (1) i8 wuniformly asymptotically stable then it is
equally sample stable under persistent random disturbances from M.

Proof: Recall first some results on stability of ordinary differential
equation

de
(3) —dt—=f(a:,t),f:BxT—>B

where B is a Banach space. If f is lipschitzecan with respect to # and conti-
nuous, a solution of a differential equation

d
(4) d_?:=f(y’t)+g(y’t)y g: BxT—+B

exist, and the trivial solution of the equation (3) is uniformly asyptotically
stable i.e.

AV A llz@)l < 8 = (lz(t) < &,t= 1]

>0 8>014,>0
(5) .
VAV A Uz <é=llz(t,+ 1) < 6

#>048>0 1501520
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then it is also stable under persistent disturbances i.e. the equation (4)
satisfies

A AV V[(ly@)l<d, sup lig(y, )l <n)

(6) to>0 >0 3>0 n>0 W.0)eBXT s
=> (ly@)I < &, t > 1)].

The proof of it can be found e.g. in [3].

For any choosen f,> 0 and ¢ > 0, find 6 and n which fulfills (6).
Let Q° be the set of all we 2 for which the sample functions of
sample solution X, of the equation (2) with the initial condition (z,, {,)
are solutions of the ordinary differential equations obtained from (2),
by fixing of w. It follows from (6) that for all w e 2* if

Izl < 8,9 M, sup |g(z,t,w)i<n
(z,¢)eR™ x Ty

then
X ()l < &,t =1,
q.e.d.
Lemma: Assume that the trivial solution of (1) is equally sample stable

under persistent random disturbances from M. Then it 18 also W-stable under
the same disturbances.

Proof: In view of Definition 1 we have

AN MooV ud [(”wo"< 8,9e M, sup ”‘I(mytyw)"<;l)

10>0 650 >0 n>0 Q%W weld® (@.)eR" x T,
(7) P
= (X (o)l < &, 1> 1,)].

Choose arbitrary #,>0, e > 0 and p € (0,1). Now find 6 >0 and >0
fulfiling (7). Next take 5 such that 0 < 5 < (1 —p)n, and assume

(8) Izl < 8,9 M, E{ sup |lg(&,?, o)} <n.
(x,0)eR™ x T,

Then in view of Chebyshev inequality, we get |lz,|| < d, g € M and

E{ sup lg(z,t, o)}

- (x.t)eR™ < Ty
P{ sup lg(z,t,0)i<py>1—— 0
(z,0)eR" x Ty ]

>1—n/p>1—(1—-p)n/n =p.

Hence

ol < 6,9 € M, BTN sup |Ig(9?,t,w)ll<;/-
Qe wed (z.l)eR™ x Ty
P(@)>p
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And comparing it with (7) we get
A (X (@) < &, 1> 1,).

wslNO*
Certainly the set @n Q% is measurable and P(2n Q%) > p. So for arbi-
trary t,>0, ¢ >0, p €(0,1) we found 6> 0 and > 0 such that (8)
implies

P{X, (o)l <e,t>1t}>p,
g.e.d.

Theorem 2: Suppose f satiefiss the same conditions as in Theorem 1.
If the trivial solution of the equation (1) is uniformly asymptotically stable
then it is W-stable under persistent random disturbances from M.

The proof is a simple consequence of Theorem 1 and our Lemma.

Remark: In the same manner we can prove that the uniformly asymp-
totic stability implics even the uniform equal sample stability under
persistent random disturbaness from M. Also the uniformly asympto-
tic stability implies uniform W-stability under persistent random dis-
turbances from M. To prove it it is enough to notice that the dependence
on ¢, is easy to ecliminate.
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STRESZCZENIE

W pracy dowiedziono, Ze jednostajnie asymptotyczna stabilnogé
zerowego rozwigzania réwnania rézniczkowego zwyczajnego (1) jest
warunkiem dostatecznym (jednostajnej) W-stabilnosci wzgledem stale
dziatajacych losowych zaklocenn z M i (jednostajnej) jednakowej dla reali-
zacji stabilnodci wzgledem stale dzialajacych losowych zakl6cerr z M.

PE3IOME

B paGore noxasano, 9T0 paBHOMEPHO AaCHMITOTHYECKAA yCTOMYH-
BOCThb HY./I€BOTO pelieHNA oOBKHOBEHHOTro quddepeHlHaIbHOr0 ypaBHEHUA
(1) ABmAeTCA [OCTATOYHBLIM YCIOBMeM (paBHOMePHOH) W-ycroitumBocTu
OTHOCUTEJILHO IIOCTOAHHO REMCTBYIOIIIX Ciy4yalHBIX BO3MmyllleHuit w3 M
M (paBHOMEDIHOii) PaBHOCTEIICHHOH IO TpaeKTOPUAM YCTOIfUMnocTH OTHO-
CHUTEIbHO IIOCTOAHHO HAeiicTBYIOMIMX Ciydainsix BO3MyMenmii us M.



