
ANNALES
UNIVEESITATIS MAKIAE CUEIE-SKŁODOWSKA 

LUBLIN - POLONIA

VOL. XXX, II SECTIO A 1976

Department of Mathematics and Statistics, Marquette University, Milwaukee, Wisconsin 53233, USA

MICHAEL R. ZIEGLER

An Extremal Problem for Functions of Positive Real Part with Vanishing 
Coefficients

Pewien problem ekstremalny dla funkcji o dodatniej części rzeczywistej 
ze znikającymi współczynnikami

Экстремальная проблема для функции с положительной действительной частью 
с угасающими коэффициентами

1. Introduction. Let P(a,n) represent the class of functions p(z)

= 1+ f£Pm zm , 1, which are analytic in |z| < 1 and satisfy Re{p(z)}
m—n

> a, 0 < a < 1, |z| < 1, and let P*(a, ri) represent the subclass of P(a, n) 
consisting of n-fold symmetric functions. In a recent article Bemardi [1] 
determined the sharp upper bound of Pe{zp' (z)/p(z)}, p(z) eP(a, n), and 
used this to obtain some results concerning the partial sums of convex 
univalent functions. In this paper we determine the sharp lower bound 
of ~Rq{zp’(z)Ip(z)}, p(z) eP(a, n), and apply this to several problems, 
including one which extends an earlier result due to Sakaguchi [4].

2. The basic inequality. Theorem 1. If p (z) e P (a, n) and \z\ = r< 1,
then

(2.1) Re гр’М\ 
P(z) I

—2n(l — a)rn 
(1+ rn) [1 — (1 — 2a)r”] a,n

-п[Л + (1-2а)гп -Vatl-r2")]2 
’ (l-aKl-r2»)

where ra n is the unique root in (0,1] of the equation

(2.2) 1—3rn+3(l—2a)r2n —(1—2a)r3n = 0.
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For each a, 0 < a < 1, and each positive integer n, equality is obtained in 
the first part of (2.1) for

(2.3) ?(«) =
l + (2a — l)zn 

l + z"

and in the second part for

l-2aAzn + (2a-l)z2n 
~ 1-2X8"+1^"

where X satisfies the equation

l-r2" a /l + r2" a“\
l-2r"X + r2"_ + 1-a " F 1-a \l-r2n + 1-a/'

Proof. We first consider the case a = 0. Lewandowski et al. [2] 
have shown that solutions to the extremal problem

min min Re{y>[p(z), zp'(z), ..., zNp(N\z)]} 
p{z)eP(0,n) |«|—r

where y>(w0, wlf..., wN) is analytic in Re{w0) > 0, IWjJ < oo, k = 1,2, 
..., N are always functions in P*(0, n). Since q(z) eP(a, n) if and only

?(z) = (1 — a)p(z) + a where p(z) eP(0,n), it is obvious that extremal 
problems over P(a, n) will also have solutions in P*(a, n). Furthermore, 
q(z) is in P*(a,n) if and only if q(z) — p(zn) for some p(z) in P(a, 1). 
Applying these remarks to the extremal problem under consideration 
here we have

(2.5) min min He{zq'(z)lq(z)}
9(«)6P(a,n) |a|-r

= min min ~Re{nznp'(zn)lp(zn)}.
J)(z)eP(a,l) |a|-r

Zmorovid [6] has shown that if p(z)eP(a,l), then

(2.6) Re fgp'(g)] 
I P(g) I

- 2r(l — a)
(l + r)[l —(1 —2a)r]

- [A + (1 - 2a) r2 - A (1 - r2)]2

(1-a) (l-r2)

where ra is the unique solution in (0,1] of the equation

, ra < r < 1

, 0 < r < ra

1 —3r + 3(l—2a)r2 —(1 —2a)r3 =0.

Combining (2.5) and (2.6) immediately yields (2.1). The nature of the 
extremal functions follows from remarks in [6].
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3. Applications.
00

Theorem 2. Letf(z) = z + n^l, be analytic in |«| < 1 and
m=n+l

satisfy Re {/(«)/«} > a. Let a0 be defined by the equation

a0 _ (t/3n»+l-l)2 
1 — a0 9n

Then f(z) is starlike and univalent in \z\ < qan where oa-n is the unique 
solution in (0,1) of the equation

(3.1) l + [2a-2n(l-a)]r"-(l-2a)rn = 0

when a a0 and oan is the unique solution in (0,1) of the equation

(3.2) (1 - a) (1 - r") - n [A + (l-2a)r”-^«(1-r2")]2 = 0

when a> a0. This result is sharp for all permissible values of a and n.

Proof. If we let p(z) = f(z)/z then p(z) is in P(a,n) and, applying 
theorem 1, we have

where

Re}--—} = Rejl 
I fW I 1 p(z)

Fi(r), 0^r<ran 

Fi(r), ra,n <r<l

1 + [2a - 2w(l - a)]r” - (1 -2u)r2n 
Fi(r) = (l + rn)[l —(1 —2a)rn]

(1 - a) (1 - r2n) - n [A + (1 - 2a)r2n -Va(1 - r2n)]2 
Fi{r) ~ (i-ajd-r2») ’

and ran is the solution of (2.2). If we define _F(r) by F(r) = F1(r) on 
[0,ron] and F(r) — F2(r) on (ra_„,l), then the radius of starlikeness 
of f(z) will be at least as large as the first zero of F(r). F(r) is continuous 
and decreasing on [0,1), F(0) = 1, and F(r)-+ — oo as r->l“, hence F(r) 
has a unique zero in (0,1) which we will denote by Qan. It follows then 
that/(2) is starlike for \z\ < gan. For a given a and n we must now deter­
mine if Qa>n is the solution of F1[r) = 0 or of F2(r) = 0. It is always 
true that F1(ra>n) = Fg(ra>n). If wc assume that this common value is 
also zero, i.e. F1(rOfn) — 0 and F2(ran) = 0 where ran satifies (2.2), then 
after eliminating ran from these equations we find that a and n satisfy 
the following equation:

— (iW+l -l)2. 
9«1-a
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For a given n let a0 be defined by (3.3). An examination of (2.2) shows 
that ra n is a decreasing function of a if n is fixed. Hence if a < a„ then 
ran> ra0,n an(l, since I*\(r) is a decreasing function of r, it follows that 
A(ra,n) < This implies that ga>n < ran and therefore ga>n is
given by (3.1). Similarly if a > a0 then oan > ro>n and Qan is given by
(3.2). Of course when a — a0 then ga„ = ran and Qan is given by either 
(3.1) or (3.2).

Equality can occur in (3.1) when f(z) — zp(z) and p(z) is defined 
by (2.3) and in (3.2) when p(z) is defined by (2.4). In either case f'(z) 
has a zero on \z\ = gaB, so pa>B is the radius of starlikeness and radius 
of univalence. This completes the proof.

Now let f(z) = z + anzn be regular in the unit disc and define 
n=2

oo

A(«)=a+ A: = 2,3,...
n-1

In [4] Sakaguchi showed that if f(z) is convex then f2 (z) is starlike. The 
following theorem determines the radius of starlikeness for fk(z), k^ 4.

oo
Theorem 3. If f(z) —z+ anzn is a convex univalent function in 

n—2 _
j«| < 1 andfk(z) is defined by (3.4), thenf3(z) is starlike for \z\ < (3)/3 — 5)1/6 
and fk(z) is starlike for \z\ < (k— l)-1|fc, k = 4, 5, ... This result is sharp 
for k^ 4.

Proof. It follows from (3.4) that

fc-i

fk(z)
1=0

where cok =1, to 1. Using Strolihacker’s well known result [5] that 
Tte{f(z)lz} > J, we have

fc-i
Be{/U*)/*} = d/fc) Re{/(t«^)/(to^)} > j,

i-o

hence fk(z)lz is in P(l/2, k). Applying theorem 2 and noting that 1/2 < a0 
if and only if A > 4 yields the desired result. If f(z) = zl(l—z) then fk(z) 
= zl(l — zk) and f'k( — (Jc—l)~llk) =0, hence, for A;>4,/(3) need not be 
starlike or univalent in any larger disc.

In [3] Robertson showed that if f(z) is convex in the direction of 
the imaginary axis and has real coefficients or if f(z) is an odd starlike 
function, then Ha{f(z)lz} > 1/2, hence we immediately have the following
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Theorem 4. If f(z) is convex in the direction of the imaginary axis 
and has real coefficients then f2(z) is starlike for \z\ < (8^2 —11)1/4, f3(z) 
is starlike for \z\ < (sVs — 5)1'6, and fk(z) is starlike for \z\ < (fc—l)-1/fc 
when k^ 4. This result is sharp for ft > 4.

Theorem 5. If f(z) is an odd starlike function, then fk(z) is starlike 
for |«| < (ft—1)-1№, k = 2, 4, 6, ... This result is sharp.

Notice that if /(«) is an odd function and k is an odd integer, then 
fk(z) — f2k(z), so we need only consider k even. In particular, f2(z) = f(z), 
so the radius of starlikeness of f2(z) is 1. For k = 4, 6, ... the result follows 
from theorem 2 and the extremal function is f(z) = z/fl — z2).
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STRESZCZENIE

W pracy wyznaczono minimum Re{ap'(«)/p(«)} dla funkcji p(z) klasy Cara- 
theodory’ego postaci p(z) = 1 + pnzn+..., Re{p(«)}> a, 0< a< 1, }z\ < 1. Wynik 
ten zastosowano do kilku klas funkcji analitycznych. W szczególności uzykano uogól­
nienie wyniku Sakaguchiego, dotyozącego k-symetrycznych funkcji wypukłych.

РЕЗЮМЕ

В этой работе получено минимум Re {zp'(z) | p(z)} для функций p(z) класса Каратеодори 
видар(г) = 1+р„гп+...,

Re{p(e)} > а, 0 < а < 1, |г| < 1.

Этот результат применено к некоторым классам аналитических функций. В частности по­
лучено обобщение результата Сакагучи, относящегося к к-симметрическим выпуклым фун-
кциям.




