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On a Queueing System of the Type (M /M [n)*
O systemie obstugi masowej typu (M /M [n)*

O cucreme MaccoBoro obcayxuBanus tuna (M/M/n)*

1. The random process describing system states. Let N (t) be the
number of customers present in the system (M /M [n) at time ¢. The beha-
viour N (t) for ¢ > ¢, depends only on the value of N (¢,) and does not
depend on the behaviour N (t) on [0, ?,). In practice such an independence
does not always occur. That is why the research of the queueing systems
in which the mentioned independence does not appear, has a great signi-
ficance both from theoretical and practical points of view. A queueing
system of this type is presented in [1].

In this note we are going to consider a queueing system which con-
sists of n serves heaving a bounded number — m of waiting places, and
also a system with an infinite number if places in which both interarrival
time and service time are distributed exponentially with changeable
intensity. Namely, if the last change before the instant ¢ was such that
the service has just ended, then intensity of arrival and service at the
instant ¢ equals 1* and u* respectively; and if that event was the arrival
of a customer, then they are A~ and u~.

The considered queueing systems are characterized at every moment
t by one of the symbols:

(i) in the case of the system with an infinite number of waiting
places

Nty efot, 1%,2%, ..., k..,
(ii) in the case of the system with a finite number (m) of waiting
places
N(t)e{0+,1%, 2% ..., (m+n—1)*, (m+n)"}.
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It is said that at the instant t, the system is in the state k* if the
last change before the instant ¢, was such that the service has been ended,
and k- if the last change just before the instant ¢, was such that the
customers have arrived under the condition that in the both cases the
number of customers in the system at the moment ¢, equals k.

The system being considered is called the system of the type (M /M [n)*.
Thus it is assumed that N (¢) is the homogeneous Markov’s chain with
transition probabilities as follows:

in the case (i):

P[0*50%] = 1—2* At +o(A1),
Pk 5 k*] = 1— (A% 4 uE) At +o(41),
Pk 5 (k4+1)"] = AE At +o(A1),
P2 (k—1)*] = uff At+o(A1),
PIk*25 (k+7)7] = o(4t), r> 1,
P25 (k—r)*] = o(4t), r> 1,

1)

where
kut, if 0<k<n &
@) e s ALY - 1. 1
ap*, f k>mn, i

and in the case (ii): the condition (1) holds with
kpt; if 0< k<,
(2') uik =|n,u*, fn<k<m+n,
|n;f, if 2 =m+n.
If A* = A, u* = u then the considered system is reduced to (M /M |n).

2. The distribution of N (t). Let Py (t) = P[N(t) = k*] be the pro-
bability of distribution of N (t). With the standard methods applied it
may be proved that the Kolmogorov equations for the probabilities Pi (2)
are a8 follows — in the case (i):

dP}(t
;t‘ ) _ —AtPE (t)+ ut P () + Py (2), k =0,
de(t) . + s + +p+ o
(3) =~ RNPEQ) + (k1) Pl )+ (k1) pT Pia (0),
0<k<m,
apPg (1)

" r — (A% +np*) P (t) +npt Py, (8) +np” Py, (t), k> n,
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dPy (t
B e ap ), k=1,
ap; (1) A ZESA +p+
(4) AT ()P + AP, (04 AP, @), 1<k <,
dpP; (t) = il v + D+
22— (0 + )P () 1P, () AP, (1), k>,
in the case (ii):
arP; (1
SO AP+ ut B O+ uPE (), =0,
daP; (t
;t” — (A + k)P )+ (e +1) u Py, () + (k+1)pPpyy (8),

0<k<m,

@) apiq
) _ (% mat)PE () + P () -+ np Py ),

dt
n<k<m+n-—1,
aPt. (1)
e = @ ) Pl () P (),
daPr (t
L0 ) B O+ RE®, R = 1,
apP; (t
(4 ;‘t() = —(A +kp )Py )+ AP () + APy (1), L< k< n
dapP; (t
;t( ) _ —(A +np )P () + AP () +A P (1), n<k<m+n.
+;.—
Theorem. If <n* and m = oo (the case (i)), then the sta-
tionary probabzlztws are given by
i k kut
©) Pt = gr(57) duvs Br = 2o pr, 1<k,
A \"I}.*—L'n,u \k“” nu*
+ L . —
(6) Pk— ot ( \2 o / 4, y; Py = = P{, k>,

and

R [

A1+

1 (i nut 0 ]‘l
—:J(::) P+ ) v
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where

foies. 18 (z++n,, ,“7 Pt o,
g ¥ g !0 G+

If m < oo (the case (ii)), then

; L5 e ku*
(5%) P:EF( )Ak i3 Pr = - P, 1<k<mn,
) n—k 1- k }.+ +\k—-n
) 24 =—T'( )(i'u—) Ay s n< k< mta,
(6") n! A+ np”
n, At 4y
y .l ;‘ Pi,n<k<m+n; P, , =_m;_i_p’:ﬂ_”
where
VI npar AR Tep*
P} [ +£§;F‘F) (1+ = )AH+
I Al npt 1—¢""!
7(” Sl g L] g T S A ¥ Ete B
o n!(w) s )A"“ Tmg
A

Proof. In the stationary case the equations (3), (4), (3') and (4)
take the following form — in the case (i):
—A*Py +p*Pf +u~Pr =0, k =0,
(8)  —(A* +ku*)Pf +(k+1)u* Py, +(k+1)a Py = 0, 0 < k <,
—(A* +npt )Pl +npt Pl +ap P, =0, k= n;

—(A"+p)Pr+2TPF =0, k =1,
(9) —(A 4 kp )Py + AP+ AP, =0, L< k< m,
—(A"+np" )Py +ATPE_ + AP, =0, k> n;

in the case (ii):

—A*P} +p*PH +p Py =0, k =0,

(8)  —(A* +kp*)Pf + (k+1)p* Pl +(k+1)u Py, = 0, 1<k <,
—(AY +nu PP +upt Pl o P, =0, n<k<m+tn-—1,
—(At +nut)P P, =0,k =m+in—1;
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—(A~+pu7)Py +2TPF =0, k =1,
(9') —(A"+kuT )Py + AP+ AP, =0, 1<k<m,
—(A"+np" )Py +ATP_ +A P, =0, n<k<m-+n.

One can prove, by induction and by simple but tedious evolutions
that P and P, given by (5) and (6), satisfy the equations (8) and (9),
and also that P} and P;; given by (5’) and (6') satisfy (8’') and (9’).
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STRESZCZENIE

W pracy rozpatrujemy m — kanalowy system obslugi masowej z ograniczona
(liczbg m) i nieograniozona kolcjka. Czasy oczekiwania na kolejne zgloszenia i diu-
goéci obslugi sg zmicnnymi losowymi o rozkladzic wykladniczym ze zmiocnng inten-
sywnofcig. Mianowicio jesli ostatnia zmiang do momentu ¢ w systemic byla obsluga,
to intensywnoéé wejéé i obstugi w momencio ¢ jest A+ i u+ odpowiednio, jeéli nato-
miast ostatnig zmiana bylo zgloszenie, to A= i u—.

W pracy tej wypisano uklady roéwnan roézniczkowych opisujgeych prawdo-
podobienstwa stanu systemu w momencic ¢, a takie rozwigzano je w przypadku
stacjonarnym dla systomu pierwszego i drugiego typu.

PE3IOME

B pa6oTe paccMaTpUBaIOTCA CHCTEMBI C N1- KAHAJIAMH 06CTY)KHBAHHA C OFPaHHYEHHOMA (YHCIIOM
M) H HEOrPaHHYEHHOM ovepeabio. IIpoMexyTKH MEXIQY MOCTYILUIEHHAMH H [JIMTEIbHOCTbIO 0bCny-
XHBaHAS MPEANONATraloTCA IKCIOOHEHLHANBHO PACNIPEESIEHHBIMU C ePeMEHBOR HHTEHCHBHOCTBIO.

A MMEHHNO, €C/TH MOCTENHHM H3IMEHEHHEM O MOMEHTA f B CHCTeMe 6bLno OokoHYaHue o6cCiTy-
JKMBaHMS, TO HHTEHCHBHOCTb BXOAa M OGCNYXKMBAHHA B MOMEHT f paBHbl AT H ut COOTBETCTBEH-
HO, eciH 6bLIO MOCTynieHHe TpeGoBawus, TO A~ M u—,

B paGoTe BhInHCcaHbl cHcTeMbl anddepeHLHaNbHBIX ypaBHEHHH 1A BEPOATHOCTEH COCTOAHMMA
CACTEMBI B MOMEHT /, a Takxke HaHJeHbl CTAIMOHAPHLIE pacnpene/ieHHs NJi 06GOMX THIOB CHCTEM.






