ANNALES
UNIVERSITATIS MARIAE CURIESKLODOWSKA
LUBLIN — POLONIA

VOL. XXX, 6 SECTIO A 1976

Instytut Muatematyki, Uniwersytet Marii Curie-Sklodowskiej, Lublin

RENATA JANICKA, WIESLAWA KACZOR

On the Construction of some Measures of Noncompactness

O konstrukeji pewnych miar niezwartosoi
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I. Introduction. Recently there have appeared a number of publi-
cations concerned with the notion of 8o-called measure of noncompactness.
In the twenties K. Kuratowski ([8], [9]) introduced the function a(A).
This function is defined on the set .# of all bounded subsets of the metric
space (X, o) as follows:

a(4) = inf{d > 0: A can be devided into a finite number of sets having
diameters < d}.

K. Gocebel [4] and L. S. Goldenstein, I. C. Gochberg, A. A. Markus ([5],
[6]) have avoided the complications related to the count of the value
of this function using the notion of the Hausdorff measure of noncom-
pactness y(A4) (y: .#-—><0, )). Namely

2(A) = inf {¢> 0: A has a finite ¢-net in X}.
Both these functions have the following properties ([3], [4], [11], [12])
1) u(A) =0+« A is precompact
2) A< B = u(A)<u(B)
3) u(AUB) = max{u(A4), u(B)}
3') p(Avu{a}) = pu(4), acX
4) p(d) = u(4)

5) Cantor’s theorem: If 4;, ¢ =1,2,... are closed and bounded sets
in a complete metric space X such that 4,,, < 4;,, ¢{=1,2,...

and lim x(A4;) = 0, then the set A_ = () 4, is nonempty and compact.
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In addition, when X is a linear space we have

6) u(A-+B)< uld)+u(B)
7) ula+4) =pu(d), aecX
8) u(A4d) =12 u(A), iek
9) u(conv A) = u(4),

where 4 = a or u = z.
The following modification of the¢ Hausdorff measure is familiar

71(A) =inf{¢ > 0: A has a finitc enet in 4}

that satisfies only properties 1), 3’), 5) (see for example [2]).
In 1972 Istratescu [7] introduced the definition

J(A) =inf{e > 0: A contains no infinite e-discrete set}

and as he remarked ¥ has only properties 1), 3), 3°), 5). J. Dane§ [2]
(1974) wrote about other interesting properties of this funection.

In a lot of papers ([2], [4], [6], [11]) we can find some exact for-
mulas for the measurc of noncompactness in a concrete metric spaces.
A great deal of attention has been devoted to applications of the measure
of noncompactness to the fixed point theory (sec the references in [1]).

It seems that the natural approach to the notion of measure of
noncompactness should be axiomatic. We can call the function u: .#—
—->(0, oo) a measurc of noncompactness if it satisfics some properties
of type 1) — 9). Proper choice of axioms i8 of course the problem to dis-
cuss. In our opinion the axioms should be chosen in the way which gua-
rantees usefulness of such functions in the fixed point theory and also
in the way allowing to construct natural examples of such measures in
concrete spaces.

Axiomatic definition can be found in Sadowski’s paper [11]. A func-
tion y: 2F 5 M A, where E is a locally convex space, .« denotes a set
of all honnded subsets of E, (4, <) is a partially ordered set, such that
y(convA) = y(A), A € # Sadowski called the measure of noncompactness.
The function y does not satisfy, in general, the property 1), owing to it,
y could be called the measure of noncompactness. But in the applications
of to the fixed point theory Sadowski added some necessary condictions
like 1) — 9).

In this paper we shall propose an axiomatic definition of a measure
of noncompactness. We shall consider a Banach space with a general
scheme of a criterion of compactness, from which we shall draw a for-
mula for this measure. We shall prove that it satisfies all the axiomatic
conditions. We shall compare it with the well-established measures in
concrete Banach spaces.
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II. Criterion of compactness and measure of noncompactmess.

Let B be a Banach space and .# the set of all bounded subsets of B. As-

sume, in addition, that there exists a nonzero sequence (f,),ey Of func-
tionals defined on B, nonnegative, convex, lower semicontinuous and equi-
bounded on every bounded subset of B. Assume, finally that there is
in B a scheme of a criterion of compactness:
(S). A set X < B is compact if and only if, when it is bounded, closed
and the sequence (f,),.y i8 uniformly convergent to 0 on X. It is
easy to see that well-known criteria of compactness like Arzela, Riesz,
Kolmogorov and the criterion of compactness in a Banach space with
a basis can be written in the form of scheme (S) we shall consider this
problem in the next section of our paper.

Let us introduce the following definition:

Def. 1. We say that the function p: .#-(0, oo) such that
a) u(X) = 0« X is precompact
b) X = ¥ = u(X) < u(Y)
¢) p(X) = u(X)
d) p(convX) = pu(X)
e) plaX +(1—a)¥]< au(X) +(1-a)u(¥), 0<a<1

f) Cantor’s theorem: If X,, ¢ = 1,2,... are closed and bounded sets
in B such that X; , < X;, 4+ =1,2,... and lim u(X;) = 0 then the
[} {00

set X_ = () X, is nonempty and compact,
1=1

is the measure of noncompactness.

Now, let us consider the function x giving by the following formula
(%) u(d) = 11m811psupfn(a:), AeH.
We shall show that u has all properties a) — £), so it is a measure of non-
compactness in the space B with the scheme (8). It is obvious that u
is well defined function on .# with its values in (0, oo).

Proof of a). Let X be a compact set in B. According to (S) X is
bounded, closed and such that

lim supf,(z) = 0,

n—oo zeX

well now
p(X) =

Inverse, if u(X) = 0 for closed X belongs to .#, then because f, =
n € N we have for given ¢ > 0 there exists n, € N such that sup fal(@) < e
for » > n, and hence, by (8), X is compact.
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Proof of b). It is trivial.

Proof of ¢). Let X, X e #. Since X c X therefore, by b), u(X)
< p(X). Now, let ze X ie. ¢ =limx,, o, € X, k =1,2,... Using the

k—s00

lower semicontinuity of f,, n =1,2,... we have

Jal®) < hmmff,.(wk), n=12,.

and obviously
Jalz) < hmsupfn(a’k) su;f,,(z), n=12...,

hence

supf,(z) < supf,(2),
reX geX

otherwise
n(X) < p(X).

Proof of d). Let X, convX €.#. It is easy to see that u(X)
< u(convX). It is also well-known, that sup f,(z)< sup fa(x), because
zeconvX
of convexity of f,, n =1, 2,... therefrom
p(conv X) < u(X).

Proof of e). Let X, Y,aX+(1—a)Y € #, a€(0,1) and z € aX +
+(1—a)Y ie. 2 = ar,+(1—a)y,,z, € X, y, € Y, then

fn(m) = fn (wl'*' (1 -z u)yl) Q afn(wl) + (1 - a)fn(yl)
< asup f, () + (1 —a) sup f,(y),
zeX ye¥
therefrom also

i g0 (B < asup, (o) (TSIl Gl

zeaX+4(1-a)¥
This implies that
plaX+(1—a)¥) < ap(X)+ (1 —a)u(Y), a0, 1).

Proof of f). Let (z;),.5 be a sequence such that z,e€ X,, ¢t = 1,2, ...

and let us sign X = {=,, z,, ...}. Because obviously lim f,(z) =0, z € B
hence g

u(4) = p(AN{a}), Acd, acd.

Using this note we have

p(X) = pu({@y T3y ...}) = p({Day T3y ee.}) = oo = p({Tpy Tppry o))
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and by b)
p(X) < p(X,), » =1,2,...,
but
w(X,) <& n=mng,

therefrom x(X) = 0 and X is precompact (by a)); so we can find in it

a convergent sequence, which limit, obviously belongs to () X,, hence
X_, is nonempty. But because Lt

Xco == X,', 'i = 1’ 2, ceey
we have

p(Xy) =0.

By above, from the closedness of X, and the property a) we obtain that
X, i8 compact.

II. Examples. A. Let us consider the space C{a,b) of continuos
defined on {a, b) functions. According to the Arzela criterion of compact-
ness [10] we define the sequence (f,),.y as follows:

1
fol@) = o (m,-g), z € C{a,b),
where

o(@, &) = sup |z(t)—=(f)|
t,te(a,b)
it—tl<e
is the modulus of continuity of a function «. It is obvious that f,(z) > 0,
x € C{a, b). The functionals are convex as well. Namely, let ¢ = Az, 4
+(1—4)y,, where =,,y,€C<a,b) and 4€(0,1) and let us take
t,t e (a,b) such that |t—¢| <e Then

2(2) —a(8)] < Aoy (8) — @, ()] + (1 — 2) 91 (1) — 92 (8)]

<A sup |a,()—a, () +(1—2) sup [y (0)—v: (B,
t,le¢a,b) t,leca,b)
—fl<e t—t1<e
therefrom

(T, &) < Ao (@, €) + (1 — A w(Y, &)

It is easy to prove the continuity of f,, n = 1, 2, .... In fact let |, — (-0

when n—»>oo, where |z|| = sup |z(t)|, =€ C{a, b).
= te(a,b) _
Then for any ¢, ¢ € {a, b) such that |{—?| < & we have

12, (2) — 2, (B)] < |2 (1) — 2 (B)] + |2(2) — 2 (E)] + |2 (F) — @, (P)]
< 28+ [w(t)—(P)], n = ng,
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whence
o(z,, c)— (T, ) < 26 n=n,.

In the same way we can prove that

o(Z, &) — o(Z,, &) < 2€,
her efrom
|w(.'tn, 5) "‘w(wy £)| < 257 n=n,.

This means that the modulus of continuity is the continuous function.
Because

I [l -
oz, —)< sup |z(t)| + sup |z(¢)| = 2|z,
\ n {e<a,b) te¢a,b)

80 f,, n =1,2,... are equibounded on every bounded set X = C<(a, b>.
In consideration of all above things, the scheme (S) and the existence

[ <SR
of lim supwl:v,—) we can write
neoo zeX \ n

1
#(X) = lim supw(w,;)

n—-oco reX
and as it is known [3] y(X) = }u(X).

B. Now we consider the Banach space B with a basis {e};.,, . -
It is well-known that each z € B can be expressed in the following
unique form

2]

e = Y a(2)e,

t=1
where a;(r) are so-called basic functionals.
Let us denote by R, an operation

R,z = ) ala)e

i=n

and because of the criterion of compactness in this space [10] let
fu(m) e "Rnw"’ T EB.

The addition, continuity and the equiboundness of f, are familiar, so
Jay m =1,2,... have needed properties.
Hence

4(X) = limsupsup IR, z|.

n—eoco zeX
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As K. Goebel [4] proved

1 .
54 limsupsup IR, z|| < y(X) < inf{sup||R, x|, n =1,2,...},
zeX

n-+oo zeX

where X € .# and K = limsup ||R,|.

n—»o00

It is worth while to notice that when K =1 we have yx(X) = u(X).
C. Let us consider the space L?(a,b), p > 1.
a) Let 8,z denotes a Stieklov’s function for z e LP(a,b) [10]
g0 Erd
S )= = [ a(s)ds,
t=n
where z(t) = 0 for t ¢ <a, b).
According to the Kolmogorov criterion in L*(a,b> we can define
fal@) = llx—8ypllp, n =1,2,....
It is easy to prove that f,, n» = 1,2, ... have needed properties, 80

p(X) = lim sup sup le-Slfﬂm”f‘P’ Xe#.
e X

fi—00 Ed

In addition the following inequality is true [4]:
1 X)< pu(X), X e #y, X < L?(a,b).

b) There is the Riesz criterion of compactness in LP{a,b) ([10], [13]),
80 we can take

Ja@) = o =T, 2|10,
where

(T)z)() =x(t+h).
Here also #(t) = 0 for t ¢ (a, b).
Therefore
u(X) = limsupsup |lz —T),,

Zl,p-
n—s00 zeX

IV. Remark. We can also consider the Banach space B with a cri-
terion of compactness:

If a get X < B is bounded and closed and a sequence (f,), i8 uni-
formly convergent to 0 on X, then X is compact (where f,, » =1,2,...
are functionals defined in II).

It is only a sufficient condition. Then the function u defined by ()
has obviously properties b) — f), but it is necessary to change a) as follows:
a’) u(X) = 0>X is precompact.
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STRESZCZENIE

W pracy zajmujemy si¢ zwigzkiem miedzy formula na miare niezwartodck
w przestrzeni metrycznej a dzialajacym tam kryterium zwartoéci. Podajemy réwniez
dokiadne formuly na miary niezwartodci w przestrzeniach C<a, b), LP{a, b) i w prze-
strzeni Banacha z bazg opierajac si¢ na znanych kryteriach zwartosei.

PE3IOME

B 3voii pabore MBI paccMaTpuBaeM CBA3b MeXay GopMysnoit onpeaenstomein Mepy HEKOM-
OAaKTHOCTH B METPHYECKOM NPOCTPAHCTBE M NeHCTBYIONMM TaM KPHTEPHEM KOMMOAKTHOCTH. MH
TakXe OPOBOJAM TOYHble GHOPMYJIBI OompenensAiomue Mepy HEKOMOAKTHOCTH B NPOCTPaHCTBAx

C<a,by, LP{a,b> n B BanaxoBoM npocTpaHcTBe C 6a3loif, omupasich Ba H3BeCTHHIE KPHTEPHSA
KOMOAKTHOCTH.



