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On an Estimation of the Fraction Defective in Curtailed Sampling under 
an Inflation

0 estymacji frakcji wadliwych elementów w uciętych próbach z populacji 
o rozkładach ze zniekształceniem

Об оценивании доли дефектных объектов в усеченных выборках 
из „раздутых” совокупностей

1. Introduction. In a quality inspection the different criteria of the 
acceptance or of the rejection of a lot are applied. In [2] A. G. Phattak 
and M. N. Bhatt have considered the following sampling plans.

Plan 1. Inspect a random sample of n units from the lot. Accept 
the lot if there are fewer than k defectives. Reject the lot if there are k 
or more defectives.

Plan 2. Inspect randomly selected units of the lot one at a time 
until either k defectives have been observed or until n units have been 
inspected. Reject the lot if k defectives are observed. Accept the lot 
if n units are inspected, provided that the number of defectives observed 
is less than k.

Plan 3. Inspected randomly selected units of the lot one at a time 
until either k defectives have been observed or n — k+1 nondefectives. 
Reject the lot if there are k defectives.

It is supposed that in all these plans k and n are predetermined 
numbers and k is much less than n.

To receive the probability distributions related with the above plans 
■we define the following discrete random variable:

X — number of defectives in n inspected articles.
Y — number of articles inspected when the fc-th defective is found.
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7j — number of articles inspected when the (w — fc+l)-tli nonde­
fective is found.

I — number of defective found when sampling is curtailed by the 
finding of the (n — fc+l)-th nondefective.

0,1, ..., k—1 when a lot is accepted,
$ =

k, k+1, ...,n when a lot is rejected.

The probability distributions of the random variable $ are respecti-

— x = 0,1,2,...,/;—1,

= x = k, ft+1,..., n.

s = ® = 0,1,2,..., fc—1,

s = y = fc, fc+1, ...,».

vely as follows: 
Plan 1

a) /i(s) =

C)

(:)

pxq11 x,

PX<TX,

Plan 2

pxqn~x,

b) /,(«) =
pk qU-k,

Plan 3

where p is the probability of selecting a defective in a single trial. Further 
on, it is assumed that the trials are stochastically independent.

In [2] it has been obtained the maximum likelihood estimate and 
the asymptotic variance of p in the above plans.

In this paper there are considered the similar problems of the rejection 
or acceptance of a lot in the case when the decision random variable is 
distributed according to:

Plan 1

ffi(s)

/? + a?n, s = 0,

s = æ = 1, 2, ..., fc— 1,

s = x = k, fc+1, ...,«.
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Plan 2

02(s)

Plan 3

P + aqn, s = 0,

s =x =l,2,...,k-l,

“(fc-l)2’*3*”* s =y =k, k+1, ...,n.

8=0,

s = i = 1, 2,..., k —1,

s = y = k, fc+1,

where 0 < a < 1, a + /5 = 1. The parameter a can be interpreted as the 
fraction of population which has one of the distributions a), b) or c).

fc-i
Let us observe, that \ 9j(8), 3 = 1, 2, 3 is the probability of accep-

n 3 = 0

tance of a lot, £ gj(s), j =1,2,3 is the probability of a rejection of 
a lot, and *”*

k— 1 n

S';(«) = !, j = l,2,3.
S=1 8 = Zc

The considered models of inspection of a random sample can appear, 
for instance, in such cases, when the part of articles is double controlled. 
The first control is realized by a producer who sends defectives to be 
repaired. The second control is realized by a customer. The number of 
defectives received by a customer is in fact less than the number of pro­
duced defectives. The inspected population is the mixture of two groups 
of elements, where one of them has the distribution a), b) or c) and the 
distribution of second part of population is degenerated at the point s = 0.

2. Estimates of the parameters of the distributions g1(s), g2(s) and 
g3(s). Let T be a number of lots which have undergone inspection under 
one of the described plans. Let us introduce the following notations: 
axj — number of accepted lots under plan j-th in which the number

of defectives in the sample was x(j =1,2). 
a<3 — number of accepted lots under plan 3 in which the number of

defectives in the sample was i.
azi — number of accepted lots under Plan 3 in which the number of 

articles in the sample was z.
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rxl — number of rejected lots under Plan 1 in which the number of 
defectives in the sample was x.

rv j — number of rejected lots under Plan j in which the number of 
articles in the sample was y(j =2,3).

Note that in Plan 3, when a lot is accepted, the experimenter can 
observe either I or Z, because i — z — (n — k +1).

Let Ta j(j =1,2,3) denote a total number of accepted lots and 
Trj — a number of rejected lots (j =1,2,3) in the respective plans. 
We have:

Plan 1

Ta,i = £ «».n Tr.i = ^rxA, 
x-=0 x=k

Plan 2
k— 1 n

^a,2 ~ ax,2> ^r,2 = \ T 11,21

x=0 V=>*

Plan 3
fc-i

ai3 when the random variable I is recorded,
T = <“°-^0.3 ~ „

V az>3 when the random variable Z is recorded,
z=n—k+l

n
Tr,3 =

v=k

Let us denote
fc-i *-i

-^a.j — Xax,ji j — 1» 2, Da3 =
x=o t' = 0

n n
Dr.l = ^^x.l, I>r,i = ^yrv,n J =2,3.

x=k v = k

Note that DaJ, j = 1, 2, 3 is the total number of observed defectives 
in accepted lots under Plan j (j =1,2,3), Drl is the total number of 
observed defectives in rejected lots under Plan 1, and Drj (j —2,3) is 
the total number of inspected articles in rejected lots under Plan j (j = 2,3).

The likelihood functions in respective plans are as follows:
Plan 1

£, - <0+ OS")““ H [«Qf'«""*]ń[”
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Plan 2

L,
Plan 3

- w+««")”•> ff n[° (J

L3 = (/S + ag»-t+1)°».»J7^Ww * +

<1) Logij =a0illog(/S + aç”)+^fflz,ipoga + log^+^logJ) +

+ (n - x) log q j + rX' ! £1 og a + log [ + x log?) + (n - x) log qj,

(2) logi2 = au,2log(/5 + agn) + £ ax,2^oga + logQ+»logp +

+ (» - ®) logg] + J\v>2 [log a + log ~ Jj + k logp + (y - 1c) log gj,

1 I /{3) logi3 = a0,3log(jS + agn_fc+1)+ ai>31 log« + log Ç

Therefore,

[n — le + i 
n — li *)

+

ilogp + (w - fc +l)loggj + 2? rVi3 [log a + log _*) + fclogp

(y-fc)loggl.

+

Differentiating the equalities (1), (2) and (3) with respect to p and a 
and equating it to zero, after easy calculations, we obtain

Plan 1
• = (-Pa,i+-Pr.i)d-yt)
P n(Tail+Tr>1-a0A) '

^a.l +2’r,l °o,i

(4)

<5) = (Ta>1+Tr>I)(l-g”)’’
Plan 2

(6)

<7)

• = _ (Pa,2 + feTr,2)(l-g") ______
- «0,2) +A.2 - g”(Dr>2 -%Tr>2) ’ 

Ta,2+^r.2 — a0.2a —
(Ta_2+Tr,)(l-qn)
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Plan. 3

(8) P =
_______________________ (Ja,3 + fcTr,3)d-gn~fc+1)_______________________
tDa>3+(»- fc+1) Ta>3+Dr>3](l - g”_fc+1) +(»- k+1) [( Ta_3+Tr>3) g”-fc+I - o0>3] ’

*______ Ta3 +Tr3 aOt3
’ a~ (Tri3+Ta3)(l — qn~k+1)'

The maximum likelihood estimates obtained from (4) — (9) are not 
linear in p and a. Thus, there is some trouble with their calculate. In 
order to get the pilot estimates p and a of p and a respectively, we can 
use the method of linearization considered in [4].

Pilot estimates p and a of p and a concerning Plan 1 and 2 can be ob­
tained from the following equations

(10)
fo — P + ag", 

fi = anpqn~',

where f0 and f3 are observed relative frequencies for 0 defectives and 1 
defectives respectively in sample of size n, and in the case of Plan 3 from

(11)
W + <1+1,

fi = a(n-k+l)pqn~k+l,

where f0 is observed relative frequency for n — k +1 nondefective and 
is observed relative frequency for 1 defective and n — fc+1 nondefective. 
The right-hand sides of (10) and (11) are the probabilities of the men­
tioned events.

Eliminating parameter a from (10) and (11), we have

(10') 1 —g"

(ii')

np (!-/„) 
g/i+»2>(i-/o) ’

p (!-/„)(№-ft+1) 
/i+p(n-ft+l)(l-/0)

Putting (10') into (4), (5), (6) and (7) and next putting (11') into (8) 
and (9), we obtain linear equations for estimators of p and a respectively. 
Thus, we have:

Plan 1
—   (A,,l H- Pr.])(l ~\fo) — .fil'T'n.i + Tr,l ®0,l)

P ~ (TaA +Tr>1 -a0>1)[n(l -/„) -/i]

— _  (^«,1 P-^r,l)(^1a,l "b^r.l ®0,l) [®(1 fo) /ll
n(TaA+TrA) [(DaA +Pr>1)(l -fJ^T^+T  ̂a0J] ’
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Plan 2

P =
(1 —/o)(®a,2 + ^^r,2) —+^r,2 — ^0.2)

(1 —/o)(-^r,2 +nTa,2 ~~ na0,i) +^r,2 — ®0,î)

- (^0,2 +2’r,2 — ao,2) [%(1 ~fo)(Da2 +kTri2)—f1(Pa2 +kTr_2 —-0r>2 + ^^,2)]

Plan 3
n(Ta,2 +2 r,2) [(1 —fo) №a,2 + ^^,2) —( Ta2 +Tr>2 — «0,2)]

- _ (-*-~/oH^3 + fcPrt3)— /l(Pg,3+Pr,3 — a0,3)
(1 —fo) [®a,3 +2?r>3 + (n — k +1) (Ta>3 — a0|3)]

(Pa,3+Pr,3-«n,3){/1[Jq,3+J>r,3-(^-fc+1)2’r,33+(»-Æ+l)(Pa,3+fcTr,3)(l-/o)}
” (T0(3+Tr(3)(n-fc+l)[(l-/o)(2>a.3 + fc2’r(3)-/i(2’a.3+2,r,3-«o,3)] "

3. Variance and covariance of the estimators. The asymptotic variance 
and covariance of the estimators p and à are given by the following ma­
trix M

o2 l 7- o21 _ - t -1

(12) M =

r d2logL
~E da2

E 921°"L 
dadp

p ô2logi „ d^gL
L dadp dp2
[d2(à) Cov(â,p)l

|Cov(â,p) *2(P)J'

The second derivatives of the likelihood functions are of the form: 
Plan 1

d2logi1 p-q n
dp2 p2q2 (-^0,1 +Dr.l)----(^a,l Pî’r.l) +

j3wa0,i[/î + a(»+l)sn]

and

£logA
9a2

(2’a,l+ ’̂r,1) +

32(^+«3ft)2 

a01(l — 2a + 2aqn)
,n\2a2(/S + «g")

Plan 2
92logZ2 p-q

d2logL1
dadp

na^ifT
(P + aq")2

dp2 2 2 C-^a,2 + ^21 2—J)(nTa 2+-Dr>2)]------------
p2a2 pq

+ fina >2

(n2’Oi2+-Dr,2) + 

p + a(n+l)qn

d2\ogL2
da2 (^’a,2+^’r,2) +

32(^ + a3B)2 

2(1 ~ 2a + 2aqn)
afâ + aq*)2



30 Lucja Grzogórska

and

Plan 3

Ô2logZ2
dadp

naOf2qu~‘ 
(/3 + «3")2

d2log_L, p — q 1= ^(Da>3 + kTr>3)--[Dat3 + (n-k+l)Taii+J)fii] +

+ ^(n-fe+l)a03^ + a(n~fe + 2tC->
' q2(P + aqn~k+1)2

1 ,T ,T ... i-2.+2<-»1 
da1 a2 ' «-3' M<f 0.3 Q3(p+ag» -0+1 ). ’

and
d2logZ3 (n-k+l)a0'3q' 

dadp

.n—k

Let us observe that

E-
a.o,i
T

(p + aqn~k+1)2

p + aqn, j=l,2,

P + aqn~k+l, j—3,

ED.^±^L = anp,

E^- = anpB(p, n —1, k — 2),

where B(p,u,w) = £ l)pxqu
x=o

and B(p,u +1, w) — pB(p, u, w —l) + qB(p, u, w),

where

J, — nP n—1, k — 2) + k[l—B(p, n, k— 1)],

W^a,2 + -®r,2
pE = pnp + aJ2,

where
J2 — np B(p, n, k—l) + k[l—B(p, n+1, k)], 

Da.3 + ^Tr,3 = aJ.E
T 3,
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where

Js = (» — fc+1) B(p, n+1, k—l)lq — (n — k+l) B(p,n, k—1) +

+ k[l-B(p, n, k-1)],
and

,, Ea3 + (n ~ +1) ^a,3 +-®r,3 oi 7 I r
pE —-------------------- ï------- - = p(n-k +1)2> + aJt,

where
J4 = (n — k+l)pB(p,n+l, k— l)lq + k[l— B(p, »+1, fc)].

Taking into account the above relations, we get: 
Plan 1

T(l-ç")
<T8(p) =

a(/?+ag”)
^lAr,

ff2(â) =
anT
pq L />+««•J' ”

where

A nTqn 1

nT2 (1 — qn — npqn~1)
=

Plan 2

where

Plan 3

pq(P+aqn)

,,aX T(l-qn) ia

Li>’« ?+«rl
A nTqn~i

Cov(a,p) = - ■ -n IA2,
P + aqn

A =
T2

7>2g(/3 +agn)

,/A, T(l-qn~k+') iA
ff2(P) = /J3,

ff2(a) = aîT-

Lp

a^ + ag"-^1)
J3 p(n-k+l)2qn~k+1

P + aqn—k+1
] Ms>

„ A ai T(n-k+l)qn~k IA 
Cov(a,p)=-. ^^n_k+T-IAt,
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where

A3 =
T2

p2q(ß + aqn~k+1)
[(1 - qn~k+1)J3 - (n - Tc + W S"-*] •

After making use of the linearization, we have: 
Plan 1

<r2(p) = pq(l —f^KanMj], 

a2(a) =

Cov(a,p) = —p(/„ —
where

Plan 2

where

Plan 3

where

<72(j9) ==^2g(l-/0)/(aTJf2), 

a2(«) = -^-[^+J2(/0-/9)/M2],

Cov(ä,p) = -pqf.ßTM^,

AI 2 = (l-fo)Jt-npfi-

o2(p) = p*q*(l-f0)l(aTM3),

a2(a) = — [ß + q(f0 — ß)J3l AI3^,

Oov(ä,p) = -pq^ßTMs),

M3 = g(l-/0)J3-7)(n-k+l)/1.
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STRESZCZENIE

W pracy rozważa się problem kontroli jakości partii towaru, w przypadku 
gdy partia ta jest niejednorodna i obserwowana zmienna losowa (liozba elementów 
wadliwych w próbce) ma rozkład ze zniekształceniem w punkcie zero z parametrami 
p i a. Autor uzyskuje wyrażenia (uproszczone przez linearyzację) dla estymatorów 
największej wiarygodności parametrów p i a dla trzech planów pobierania próby, 
a ponadto znajduje asymptotyczne wariancje i kowariancje tych estymatorów.

РЕЗЮМЕ

В работе рассматривается проблема контроля качества партии товара, в случае когда 
эта партия неоднородна и наблюдавшаяся случайная величина (число дефектных объектов 
в выборке) имеет „раздутое” распределение в точке нуль с параметрами р и а. Автор полу­
чает выражения (упрощенные линейным преобразованием) для оценок максимального 
правдоподобия параметров р и а при трех выборочных планах контроля и кроме того на­
ходит асимптотические дисперсии и коварианции этих оценок.

з — Annales




