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1. Imtroduction. In a quality inspection the different criteria of the
acceptance or of the rejection of a lot are applied. In [2] A. G. Phattak
and M. N. Bhatt have considered the following sampling plans.

Plan 1. Inspect a random sample of n units from the lot. Accept
the lot if there are fewer than k defectives. Reject the lot if there are k
or more defectives.

Plan 2. Inspect randomly selected units of the lot one at a time
until either k defectives have been observed or until n units have been
inspected. Reject the lot if k defectives are observed. Accept the lot

if » units are inspected, provided that the number of defectives observed
is less than k.

Plan 3. Inspected randomly selected units of the lot one at a time
until either k defectives have been observed or n —k +1 nondefectives.
Reject the lot if there are k defectives.

It is supposed that in all these plans k and » are predetermined
numbers and % is much less than =.

To receive the probability distributions related with the above plans
we define the following discrete random variable:

X — number of defectives in » inspected articles.

Y — number of articles inspected when the k-th defective is found.
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7Z — number of articles inspected when the (n—Zk-+1)-th nonde-
fective is found.

I — number of defective found when sampling is curtailed by the
finding of the (n —k +1)-th nondefective.

0,1,...,k—1 when a lot is accepted,

k,k+1,...,n when a lot is rcjected.

The probability distributions of the random variable 8 are respecti-
vely as follows:

Plan 1
n X  N—=T
[a))pq y 8=2=0,1,2,...,k—1,
a) f,(s) = in
(oo, s =o =k ki1,
Plan 2
w\ ...
mpq ’ s =2=0,1,2,..., k-1,
b) fa(s) = N
(i_i)?qu_k7 s=y=k k+1,...,n.
Plan 3
N—k+% i ok 7
¢) fo(s8) =

y—1 b o)
(}1_1) ol g s =y=%k k+1,...,n,

where p is the probability of selecting a defective in a single trial. Further
on, it is assumed that the trials are stochastically independent.

In [2] it has been obtained the maximum likelihood estimate and
the asymptotic variance of p in the above plans.

In this paper there are considered the similar problems of the rejection
or acceptance of a lot in the case when the decision random variable is
distributed according to:

Plan 1
ﬂ ] aqﬂ, s — 0’
a(n\) piq" ¢ s=2=1,2,...,k-1,
9,(8) = $
n 8 n—8 ¥ i =
la(s)pq s=zxz =k, k+1,...,n.
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Plan 2
ﬂ-}—aq", s =0,
gals) = ( )”’q" oo s=o=1,2,0,k1,
s§—1 S
.a(k_l) p’e, s=y =k k+1,...,n.
Plan 3
B+ ag"+, s =0,
n—k+8\ . ._k )
93(8) ( n_’v )pq ’+1, 8 =1 =1,2,...,k—1’

s—1
(k l)P q~ s=y =%k k+1,...,n,

where 0 < a <1, a+f = 1. The parameter a can be interpreted as the
fraction of populatnon Whlch has one of the distributions a), b) or e¢).

Let us observ c, that 5 g,(s), j =1, 2,3 is the probability of accep-

a=0

tance of a lot, Z g;(8), 3 = 1,2,3 is the probability of a rejection of
a lot, and ek

k-1 n
D@+ dge =1, j=1,2,3.

a=1 8=k

The considered models of inspection of a random sample can appear,
for instance, in such cases, when the part of articles is double controlled.
The first control is realized by a producer who sends defectives to be
repaired. The second control is realized by a customer. The number of
defectives received by a customer is in fact less than the number of pro-
duced defectives. The inspected population is the mixture of two groups
of elements, where one of them has the distribution a), b) or ¢) and the
distribution of second part of population is degenerated at the point 8 = 0.

2. Estimates of the parameters of the distributions g¢,(s), ¢,(s) and
g;(8). Let T be a number of lots which have undergone inspection under
one of the described plans. Let us introduce the following notations:

a.;, — number of accepted lots under plan j-th in which the number
of defectives in the sample was z(j = 1, 2).

a;; — number of accepted lots under plan 3 in which the number of
defectives in the sample was 4.

a,, — number of accepted lots under Plan 3 in which the number of

articles in the sample was z.
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r., — number of rejected lots under Plan 1 in which the number of
defectives in the sample was z.
r,y — number of rejected lots under Plan j in which the number of

articles in the sample was y(j = 2, 3).
Note that in Plan 3, when a lot is accepted, the experimenter can
observe either I or Z, because ¢ = z—(n—k-+1).
Let T,;(j =1,2,3) denote a total number of accepted lots and
T,; — a number of rejected lots (j = 1,2,3) in the respective plans.
We have:

Plan 1
k=1 n
T,, = Z 6z, Tpy = Z’z,u
z=0 =k
Plan 2
&l 2
Ta.2 = 2 Az, Tr.2 1 Z Ty.29
z=0 y=k
Plan 3
k=1
IZ a;, when the random variable I is recorded,
T,; =

a,3 n
I 2 a,; when the random variable Z is recorded,
e=n—k+1

n
2y
Tr.s == Z’v.a‘

y=k
Let us denote
k-1 k—1
Dyy= ) 28,5, j =1,2, Doy = ) ia,,
x=0 1=0

Dr,l iTH Zmrx.li -Dr,j s Zyry.ﬁ J=2,3.
z=k y=k

Note that D,,;, j =1, 2, 3 is the total number of observed defectives
in accepted lots under Plan j (j =1, 2, 3), D,, is the total number of
observed defectives in rejected lots under Plan 1, and D,; (j = 2, 3) is
the total number of inspected articles in rejected lots under Planj (j = 2, 3).

The likelihood functions in respective plans are as follows:

Plan 1

n

Ly =(B+ aq")“°'lzj [a (:)p’q""‘]ax'l [l [a(:)-?'q"" -

T
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Plan 2

k-1 tpa n - ry,
= (B + ag")%= n [a (:’)pan—r] [a (Z _i)pkqv—-k] rz’
; y=k

=]
Plan 3

k=1 o
_ (ﬂ+ aqn-k-f-l)ao',”[ (nn k‘;‘:f’)p qrswk-f-l] L %

<[I[{ e

(1) LogL, = a,,log(8+ aq" )+Z z.[loga+log( )+w10gp+

=1

Therefore,

+(n— x)logq]+ vrx,[loga—{—log( )+a;logp+(n m)logq]

=5k

{2) logL, —a“log(ﬂ—i-aq")-}-z ,,[loga+log( )+mlogp+

+(n—:v)logq] zryz[loga+log(k )+klogp+(y k)logq]
V=
k-1

(3) logL, = a,;log(f+ aq"_k+l)+ Z a;3

loga +log (n;ﬁ;—z) 4

n

+ilogp+(n—k +1)logq] + 2 g [loga +log (z :i) + klogp +

y=k

+(y—k)10gq]-

Differentiating the equalities (1), (2) and (3) with respect to p and a
and equating it to zero, after casy calculations, we obtain

Plan 1
. (Dgy+D, ) (1 —gn)
(4) = ,
n(Ta,l+Tr,l'—'a0,l)
(5) a = T“-‘+T"‘Fa°'.‘,, y
(Ta,l +Tr.l)(1_q )
Plan 2
E (Dg,s + kT, ,)(1—¢")
(6) P ——5 N, .
ﬂ{Tn_:—ao,z) +Dr,2_q (Dr.z_’"'Tr,z)
) it Toy+T,,—a,

(Lo 4T, 201 —q""
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- (Da,3+kTr,3)(1_‘qn_k+l)
[D,,;+H(n— k+1)T, 3+D, (1 — &"_k+l) +(n—k+1)[(T,,3 +T,,) .qn_k“ T3 ao.a]’

A B Y aoa
(Trs_*'Taa)( ” k+l)

The maximum likelihood estimates obtained from (4) — (9) are not
linear in p and a. Thus, there is some trouble with their calculate. In
order to get the pilot estimates 7 and a of p and a respectively, we can
use the method of linearization considered in [4].

Pilot estimates 7 and a of p and a concerning Plan 1 and 2 can be ob-
tained from the following equations

fo ﬂ‘*‘aq I}
fr = anpq"”

where f, and f, are observed relative frequencies for 0 defectives and 1
defectives respectively in sample of size n, and in the case of Plan 3 from

fo = ﬂ+aqn—k+1’
fi = a(n—k+1)pg"~**!,

where f, is observed relative frequency for n —k +1 nondefective and f,
is observed relative frequency for 1 defective and n» —k +1 nondefective.
The right-hand sides of (10) and (11) are the probabilities of the men-
tioned events.

Eliminating parameter a from (10) and (11), we have

(9) a=

(10)

(11)

' np(l _fO)
10 1—¢" = ,
L2 qfi+np(1—fo)
(lll) 1 __qu—k.;.l - —fO)(n k+1)

f1+P n—k+1)(1 —fo)

Putting (10’) into (4), (5), (6) and (7) and next putting (11’) into (8)
and (9), we obtain linear equations for estimators of p and a respectively.
Thus, we have:

Plan 1

- (D) + D, 1) (1 —fo) _.fl(’lja.l +T,,—a,,)
(Ton+T,1—6o,) [0 (1 —Fo) —fi]
- (Dgy +Den Loy + T, — aox)[’n il oy fo fl

O (T + T, V(Do + Do VL —fo) =1 (Tys + T — o)1
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Plan 2
L | (1=fo)(Da2 + kT, ;) = filTa2+T, 2 — a0,)
n (L—=fo)(D,,. +nT, , —nay,) —fi(T,q +T,, —ay,) !
g (Th+T,y2—a02)[n(1 —fo) (D, +kT, ) —fi(D, +kT,,—D,,+ nT,,)]

”(Ta,z +Tr,z) [(A—fo) (Da,z +kT,,) o (Ta.z +Tr.2 E— ao,z)] ’
Plan 3

— (1 —fo)(Da,a +kT, ;) _fl(Ta,3 +Tr,3 —ay,3)
P A=f D,y 4D+ (0= b+ 1)(T,— 0,0)]

(T, 34T, 35— ) fil Dy 3+ D, 3— (n—k+1)T, 31+ (n—k+1)( Dy 3 +E T, 5) (1— fo)}
(To,3+T,,3) (n— kE+1)[(1 —fo)(Dq,s + kT, 5) — —f1(Tes+T,, —ay,3)]

3. Variance and covariance of the estimators. The asymptotic variance
and covariance of the estimators p and a are given by the following ma-
trix M

- dlogL b o Lo
ol g2 %!

od’ 0adp
(12) M= . -
d*logL ~ d*logL
| =¥ " aa0p i

[0°(a) Cov(a, $)]
covia,p) o (p)]
The second derivatives of the likelihood functions are of the form:

Plan 1
6210gL1 P—q n pna,, [+ a(n+1)q"]
= D D, )—— (T q: ’
apz 2 ( a,l+ r.l) q’( a,1+ r,1)+ q”(ﬂ-}-aq")z 7
d*log L, 1 ay,(1—2a+2aq"™)
il - ot Y W0 T .
aaz at (-Ta.l+ r,l)+ a’(ﬂ-}-aq")z
and
OlogL,  mau,q""
dadp (B+aq")
Plan 2
d*logL
afz - I;) 1 [Da2+kTr2_:p(nTa2+Dr2)]—;)’_(nTa2+Dr2)+
B+a(n+1)q"
L T
4 (B + aq")
azl L 2 2 n
O 0B ad (T g BT 4 %2(1 4__(_1i_aq )

da? a*(p + aq™)*
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and
0’logL,  mna,,q""
0adp (B + ag")*

Plan 3

d’logL, p—q 1
ap; = pzqz (Da,3+kTr,s)_—q—,'[Da,3+(‘n_k+1)Ta,3 +Dr,3]+
B+a(n—k+2)g"**!

¢ (B+ag" =)’

+B(n--k+1)ay,

4

@*log 1 1—2a+ 2ag"*+!
Fpe =) i ;2-(1’“,3 T‘Tr,a)'*‘ao,a az(ﬂ-{-aq"""“)z )
and
0’logLy  (m—k+1)a,,q" "
dadp  (B+ag" Ty
Let us observe that
8oy B+ aq", =12,
T ﬂ+aq"—k“’ ji=3,
D,,+D,
E 'lT B anp,
D,,
E T = anpB(p,n—1, k—2),
5w T, u
where B(p, u,w) = ) !‘x]p "
z=0 \¥y
and B(p,u+1,w) = pB(p, u,w—1)+qB(p, u, w),
D, ,+kT,,
where
J, =np B(p,n—1,k—2)+k[1—-B(p,n, k—1)],
nT, ,+D,
PEIt2TIE — prptad,,
where

Jy =np B(p,n,k—1)+k[1—-B(p,n+1, k)],
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where
= (n—k+1) B(p,n+1,k—1)/g—(n—k+1) B(p,n, k—1)+
+k[1—-B(p,n, k-1)],
and
pp Pt OBt aat s pin—kt1ypt oy,
where

Jy = (n—k+1)pB(p,n+1, k—1)/g+k[1—-B(p, n+1, k)].
Taking into account the above relations, we get:

Plan 1
- T(1—q")
PO ey M
% anT [ pnpg" ',
i — 1 G 1)y
| b o e
P nTq"~
CO'V((I, 'p) = _ﬂ——q ; 19
where
_ nT*(A—g"—npg"")
' P4(B+ ag")
Plan 2
T(1-—-q"
a(Pp) = a((ﬂqu")) Ay
3 Jy  ptq"
" = al 23
it [p’q B+ aq" Ji
'k nTq"!
Cov(a, p) = — W/Az,
where
o e Bl P I_HJ!__22 —I.
P*q(B+aq") (=) e
Plan 3
-4 41 3 g
o*(p) = W)‘/As,
. Js ﬂ(n—k+1)2¢""“]
'(a) = of | 5>~ 2,
4 (a) a I:paq ﬂ+aqn_k+l /
_ n—k
COV(&,f)) L —u M{l |44,

ﬂ + aqn—k-f-T——



32 Lucja Grzegérska

where

o

4y [(Q—g" ) Jy—(n—k+1)p"¢**].

~ P g(B+ag" FY

After making use of the linearization, we have:

Plan 1
o*(p) = pq(1 —fo)/(an M),
o?(a) = alafy—Bf,) [ My,
COV(E, P) = —p(fo—P)IM,,
where
M, = T{l_fn_fi)-
Plan 2
o*(P) = p*q(1 —fo)/[(aTM,),
0*(@) = - [B+J:(fo—B) M),
COV(a,ﬁ) = —pqf,(TM,),
where
M, = (1 —f,)d,—npf,.
Plan 3
o*(P) = p*¢*(1 —fo)[(aT M,),
o*(@) = 7z [+ a(fo—A)al M),
Cov(a, p) = —pqfi/(TM,),
where

My = q(1—fo)ds—p(n—k+1)f;.
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STRESZCZENIE

W pracy rozwaza si¢g problem kontroli jakodci partii towaru, w przypadku
gdy partia ta jest niejednorodna i obserwowana zmienna losowa (liozba elementéw
wadliwych w prébce) ma rozklad ze znieksztalceniem w punkoie zero z parametrami
p i a. Autor uzyskuje wyrazenia (uproszozone przez linearyzacje) dla estymatoréw
najwiekszej wiarygodnoéci parametréw p i a dla trzech planéw pobierania préby,
a ponadto znajduje asymptotyozne wariancje i kowariancje tych estymatoréw.

PE3IOME

B pa6ote paccmatpuBaeTca npobneMa KOHTPONSA KaueCcTBa MAPTHH TOBapa, B CiyYae KOraa
3Ta MapTHA HEOAHOPOOHA H Habmonasmascs CiyvafiHas BelHYMHA (MHCIO NedeKTHBIX 06BEKTOB
B BRIOOpPKE) HMeET ,,pa3ayToe’ pacnpelesieHHe B TOYKe HYJIb C MapaMeTpaMH p U a. ABTOp nouy-
9acT BRIpaXkcHHA (YOpPOLLEHHble MHEAHBIM Npeobpa3loBaHMeM) A7 OUEHOK MAKCHMAILHOrO
npaBaonoaobus napaMeTpos p U a NPH Tpex BLIGOPOYHBLIX MIaHAX KOHTPOJIS H KPOME TOTO Ha-
XOOMT ACHMIITOTHYECKHE [JHCNEPCHH W KOBAPDHAHLMM 3THX OLEHOK.
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