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The Generic Property of Differential Equations with Compact Convex
Valued Solutions

Wilasnoéc generyczna réwnan rézniczkowych, ktorych rozwigzaniami s8g zbiory zwarte
i wypukle

O6uee CBOACTBO YpaBHEHMAt B BBOTYK/TbIX KOMTIAKTHBIX KOHTHHIEHLHAX

Introduction

Let R" be the real n-dimensional Euclidean space with the usual

norm |-|. By C we denote the family of all nonempty compact convex
subsets of R" endowed with the Hausdorff metric d generated by the
norm |-|. It is known (see [4]) that (C, d) is a complete metric space.

We shall denote by capital letters X, Y, Z, ... elements of C. In C we
introduce the usual algebraic operations:

addition: X +Y = {z+y: veX,yeY};
multiplication by nonnegative scalars i: AX = {ir: weX}.

The following properties hold (see [2]):

X+{6} ={0}+X =X 1-X =X
X+(Y+2) =(X+Y)+Z AMX+Y) =1X+2Y
X+Y=Y+X MpuX) = (Ap) X

(%) (A+m)X = AX +puX

AX+U,Y+Vy<d(X,Y)+d(U,V)
AX+U,Y+0) =d(X,Y)

d(AX, 1Y) = Ad(X, Y)

(21X, pY) < pd(X, Y)+ |A—pl(d(X, {6}) +d(Y, {6}))

where 8 = max(4, u), 4, 0 are nonnegative real numbers, 0 is the origin

of R" (i.e. 6 =(0,0,...,0)) and {6} denotes the set, whose unique ele-
ment is 6.
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Let I = [0,1] be an unit interval of the real line R. We shall say that
a mapping F: I xC—>C is bounded if there is a positive number M such
that d(F(t, X), {0}) < M for each (t, X)elI xC.

Let us denote by & the collection of all continuous bounded maps F:
IxC—C. For F,Ge# we put

Dist(F, @) = sup(d(F(t, X), G(t, X)): (t, X)eIxC].

Then the space (#, Dist) is8 a complete metric space.
In the present note we shall deal with the following differential
problem of the type

(X(t) = F(t, X (),

(1) :
X(0) =X,, X,eC

where Fe# and X denotes the Hukuhara derivative (see [5]) of the
gset valued function X: I--C. By a solution of this problem we mean
any continuous funetion X which satisfies (1) on I.

Using the Costello technique [3] we shall show that the set of map-
pings F for which the problem (1) has not an unique solution is a set
of the first category in the space (#, Dist) (this property is called ge-
neric). We recall that a set is said to be of the first category if it is the
countable union of nowhere dense and closed sets.

Main Theorem

Let (1, F') denote the problem (1) with the right hand side F. Con-
gider the set 2 defined by

Z = {Fe%: (1, F) has nonunique solutions}.

Z consists of all mappings in # for which (1) has at least two solutions.

Theorem. The set Z is of the first category in #.
Before proving this theorem we shall state two lemmas that will
be used in the proof.

Lemma 2. Let Fe# and let 6 > 0 be given. Then there exists a locally
Lipschitz mapping Ge# such that Dist(F, Q) < 4.

A mapping G: I xC—C is called locally lipschitzean if for each point
pel xC there is open neighbourhood 0, of p and L, such that
d(G(t, X),G(s, Y)) < L,o((t, X), (8, ¥)) for all (t,X), (8, Y)e®, where
e((t, X), (8, ¥)) = max(jt—s|, d(X, Y)). Since the proof of this lemma
18 essentially the same as the proof of Lemma 1 in [6] given by A.
Lasota and J. Yorke, we only sketch it briefly here.
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Define
N (8, (t, X)) = {(s, ¥)eI XC: o((t, X), (s, ¥))) <1 and
d(F(t, X), F(s, Y)) < 8}.
There is a locally finite refinement {Q,}..., of [N(6/2, (¢, X)): (¢, X)eI xC}

where each ¢, is nonempty and open.
For ae A we define u,: I xC—[0, o0), p,: I xC—I as follows

|0 if (¢, X)¢Q.

i inf t, X), (8, Y)) if (t, X)eQ,

pa(t, X) =1 (a_;,)‘doae(( y X), (8, X)) if (2, X)eQ
JdQ, denotes the boundary of Q,),

Palty X) = po(t, D) D pp(t, X))
Best
Then each p, is locally lipschitzean.
Let {(t,, X,)} be a set of points such that (¢,, X,)e@, for all a.
Define now G: I xC—I by

G(t, X) = ) palt, X)-F(ty, X.).
aesd
It is easy to verify that G is well defined, because {Q,} is locally finite,
and locally lipschitzean in view of formulas (x).
For each (t, X)eI xC we have

d(F(t, X),6(t, X)) = Y p.(t, X)F(t, X), Zp.,(t X)F(ta,Xa))

e 5

Zpa{(t,l}d(}'(f X), Pty X)) < Y (pa(t, X))-6 = 8.

ae g
Hence it follows that Dist(F,G)< 6.
Lemma 2. If Fe# 1s locally lipschitzean, then the problem (1) hag
exactly one solution.
To prove this lemma, let us recall the fact the space (C, d) may be embed-
ded as a closed positive convex cone of a Banach space (%, [-1]) (see [1])
in such way that the embedding J is an isometric isomorphism, i.e.

JAX +uY) = W (X)+puJ(¥Y) 4 p=0
and
W(X)—-J(Y)| =d(X,Y), where X, YeC.

From that, using the embedding of equation (1) in the Banach space we

obtain, in our hypotheses, the existence and uniqueness of the solution
X: 1->C.
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Proof of the theorem. By De Blasi and Iervolino Theorem (see [2])
each (1, F) has at least one solution. Define

y(F) = sup{supd(X,(t), X,(t)): X,, X, solutions of (1, F)}
ted

and

1
T,,:{Fcf: y(F)>;}, n=12,..

Then we have £ = (U T,.

n=1
It is easy to verify that each T, is a closed set in #. Now we shall show
that each T, is also a nowhere dense set. Let FeT, be arbitrary. Fix
e > 0 arbitrarily and consider a neighborhood 0,(F) of F of radius e.
By lemma 1 there is a locally Lipschitz mapping G, such that G,e0,(F).
This implies that each neighbourhood of F contains a mapping locally
lipschitzean. In view of lemma 2, (1, @,) has the unique solution. Hence
no point of T, has a neighbourhood contained in T, , that is, T, is a now-
here dense set in #.
So Z is a set of the first category in #.
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STRESZCZENIE

W pracy udowodniono, ze zbiér tych przeksztalcen F, dla ktérych
problem

X(@t) = Plt, X (1),
) ( i )
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gdzie X oznacza pochodna w sensie Hukuhary funkeji wieloznacznej
X: I>C ma przynajmniej dwa rozwigzania, jest zbiorem pierwszej
kategorii w przestrzeni (%, Dist).

PE3IOME

B pa6ote morasano, 4TO MHOMecTBO Tex otobGpaskenuit F, naa Koto-
peix mpobaema

X(t) = F(t, X (1)
X(0) = X,, X,€C,
rae X o6o3nauaer npou3BofHY0 nNo OyKyxapy MHOro3HayHoii GyHKimMn X:

I—>C uMMeeT HeeIMHCTBEHHOE peuUleHMe, ABJIAETCA MHOMKECTBOM MNepBoi
Kareropuu B npocrtpaHctBe (F, Dist).






