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1. Introduction

Let S denote the class of functions of the form f(2) =2+ Y a,2"
n=2

that are analytic and univalent in the unit disk |2| < 1. A function feS
is said to be starlike of order a, (0 < a < 1), denoted feS8°(a), if

¢

19 =
Relzf}> (lz] < 1)

and is said to be conver of order a, denoted feK (a), if
R l fl’
el1+zrr >a (2] <1).

We determine the order of starlikeness of

i=1 '

i=1

Where f,«S8%(a), g;eK(f) and a;,b; > 0. We also determine precise res-
trictions on a, 8, a;, b, for which

H(2) = f—hitﬂdt

18 univalent and close-to-convex. Finally, we assume a; = a, and b; : b,
and vary the orders of starlikeness of f,(z) for each ¢ and the orders of
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convexity of g,(z) for each j to obtain conditions for which H(z) is close-
-to-convex. These results generalize some of those of Kim and Merkes [2],
Merkes and Wright [3], and Schild [5].

2. Orders of starlikeness and convexity theorems

Theorem 1. Suppose fie8*(a) (i =1,2,...n) and g;eK ()
G=1,2,...,m). Let

h(z) = 21__ (f‘(z) ) ](gj(z))"f where a,,b,> 0,

and set Za = a, Tb, = b. Then

1=1

h(z)eS* {l—a(l—a)—b(l B)}. This result is sharp.
Proof. Forming the derivative of

logh(z) = logz+ Z a;(logf;(2) —logz) + 2 b;logg;(z),

=1

we obtain
zh' % - 2q;
W 21s Syllid)s S0

$=1 J=1

—1—a—b+2- +2 (1+ )

J=1
Taking real parts in (1) leads to

’

Re ! IR S - S
e“m>1—a—b+a Ya -+l —1-a(l—a)—b(1-p).

Te] =1

This completes the proof. To show sharpness, set

2
f‘=(17)2‘1‘°’ and gj=fW1—_m

for all ¢ and j. Then

~
-~

(1— z)2((l—°)a+(l-ﬂ)bl

h(z) = e8'{1—a(l—a)-b(1-5)},

but is starlike of no greater order. Note that this function is not even
univalent when a(l1—a)+b(1—p8) > 1.
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Setting a; =0, b =b, =1, and ¢ = ¢,, we obtain the well known

Corollary 1. ge K (f) implies 29" S* ().

Setting a, =0, b = b,, and ¢ = ¢,, we get

Corollary 2. g K (0) implies z(g')’eS* (1 —b), a result of Schild [5].

Setting a = a,, f = f, and b; = 0, we get

Corollary 3. feS*(0) implies z(-ﬂ:
Shild [5].

Theorem 2.

H(z) = f“ (f* )'1.[ (_g;(n)"f)fm.ﬂ'{l —a(l—a)—b(1—p)}.
0 f j=1 i

)eS‘(l—z), also a result of

\

Proof. This fo]lows from Theorem 1 and the relationship
HeK{1—a(l—a)—b(1—p)}if and only if zH’ = heS*{1 —a(l —a)—

—b(1-p/)}
Remark. When a; = 0 and b = b, +b, < 1, this reduces to a result
of Kim and Merkes [2].

3. A closc-to-convex theorem

We will need the following:

Lemma. Suppose P(z2) i8 analytic in |2/ <1 with P(0) =1 and
ReP(z) > y. Then for z = re” and 0 < 6, < 6, < 27, we have

6y
y(8:—60,) < [ ReP(2)d0 < 2n(1—y)+y(6,—6,).
O
Proof. The left hand incquality is immediate. The right hand ine-
quality follows from
0a ) o i P
(Re{- 27 \gp< [ |2 =213p _ g,
i I e L e
Where this last equality is a consequence of the mean value theorem for
harmonic functions.
We may now prove a theorem about H(z) without the restriction
that the exponents a,, b, be positive.
Theorem 3. Suppose fie8°(a) (i =1,...,n) and g;eK(p)
(G=1,...,m). Let

H(z) = (]7(“”) n(,a))"f)

fm]
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and set

d = 2(1,- = Zai++2ai_ ~ a++a—’

=1
Zb T \“lbl— =b,+b_,

:-1

where {a; } and {b;.} are, respectively, the subsequences of {a;} and {b;}
consisting of the positive terms, and {a;_} and {b; _} are the subsequences
consisting of the negative terms. Then H (z) i8 close-to-convex if

S <a(l-a)+b (1-f)<e. (l—a)+b (1-f <>

This result is sharp.
Proof. By a criterion of Kaplan [1], H(2) is close-to-convex if

fRe 1+z }

H'(
for all 6,, 6, satisfying 0 < 6, < 6, < 2x and 0 < r< 1. We have

(2) 1+z§:l =1—a—b+i’“az{;+ibi(l+%i')'

Taking real parts in (2), and integrating from 0, to 6, we get

(3) sze{1+~=d6 (1—a—b)(6,—6,)
+fRel2 zf” + \“" ,4(1—':;;:’)}%
+
—l—fRe{Eu,-_f—f-LZb (1 + ,g’_)ld()

Using the left hand inequality of the lemma on the first integral on the
right side of (3), and the right hand inequality on the second integral,
we obtain

fRe
+(a_a+b_g)(0,—6,)+2x[a_(1—a)+b_(1—p)]
=[1—a(—a)—b(1—-8)1(6:—6,)+2n[a_(1—a)+b_(1—p)].

= ldo,(l—a D) (83— 62)+ (@, a-+-b, B) (6, —0,) +
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This last expression, denoted by ¢(6,— 6,), is a linear function of (6, — 6,)
and assumes its minimum at either 0 or 2n, depending on whether
1—a(l—a)—b(1—p) is positive or negative. We have

q(0) =2zn[a_(1—a)+b_(1—p)]
and

q(2n) = 2n[l—a, (1—a)—b (1—B)].

Thus ¢(0) > —=a when

(4) a_(1—a)+b_(1-p)=>

(Rl

and ¢(2n) > —= when

vl

(5) a,(1—a)+b, (1-p)<

0o

Now H(z) will be close-to-convex whenever min {q(0), ¢(2n)} > —=a, that
is, when both (4) and (5) are satisfied. This completes the proof.

2
To show sharpness, set f; = ) and

: l
9 = f 11 nei=m
J -y

for all 7 and j. Then

: dt
H(z) = f (1 ___t}.'![(l—n)(Hll-r"]b]—°
0

By a Theorem of Royster [4], H(z) is univalent if and only if
2[(1—a)a+(1—p)ble[—1, 3). Thus H (2) is not univalent when a;, b; > 0

(O B [

3 1
with (1—a)a+(1—g)b> 2, o a;, b; < 0 with (1—a)a+(1-fb< — -

1
Remark. Whena =a,, b; =0,and a =0 or a = 5 We get results

of Merkes and Wright [3]. When a; = 0, b = b, +b,, and § = 0, we get
a result of Kim and Merkes [2].

4. Related classes

By fixing the cxponents in our previous classes, we may vary the
orders of starlikeness and convexity to obtain results analogous to the
Previous theorems.
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Theorem 4. Suppose fie8*(a) (i = 1,...,n) and geK(B;) (j =1,...

.., m). Let
h(z) = :”(Liz) )“ m[( (2 )jb

where a, b= 0. Set

2 e 2b;
il J=1 p
n m
Then h(z)eS8*{1—an(l—a*)—bm(1—B")}. This result is sharp.
Proof. Forming the logarithmic derivative, we have

zh’ 1zgj
o N T (——1) b \
) v

'==l

=1—na—mb+a y f'+b2(1+ gl)

z=l " A

Taking real parts leads to

zh' - =
ReT = 1—na—mb+ana” +bmp",

and the result follows. To show sharpness, set

z d o qELa
fo= G 4 6= f (1 — )27

for all ¢ and j.
Just as Theorem 2 followed fromm Theorem 1, so the next theorem

follows from Theorem 4.
Theorem 5. Under the conditions of Theorem 4,

0 Vi=l je=1

Finally, we prove a theorem analogous to Theorem 3.
Theorem 6. Under the same conditions as Theorem 5, except that
we allow a, b to be any real numbers, H(z) is close-to-convex if
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1 3
e <an(l—a*)+bm(1 —p*) < = (ab = 0)
1 T8
| —5<m(l-d)<5
3 (ab < 0)
L]
l 5 S < bm(1—-p )£—2
This result is sharp.
Proof. We have
zH" W R 2
(6) 14— =1- na-mb.,a) ;.+b\(1+ g’)

In view of the lemma preceding Theorem 3,

(1) na®(0,— 6,) Hfm (Z f‘)doa 2 (1 —a') +na® (0, 6,),

=1

(8) mB*(6,— 6y) {Z(H < 27m(1— %)+ mB* (6,— 6,).
i=1
Starting with the ldentlty in (6), we minimize
- ¢H")

f {Re1+ |0 overall 0<6,<6,<2

01
by using either the left or right inequalities in (7) or (8) according as a and b
are positive or negative. The result follows, as in Theorem 3, upon deter-

mining when the appropriate minimums are > —z. In all cases, sharpness
is found by setting

: R dt
s e ) and g = [ (1 =)=

—~n

for all ¢ and j.
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STRESZCZENIE

Przedmiotem noty jest podanie warunkéw na funkeje holomorficzng
h(2), przy ktérych funkeja [ ¢ 'h(t)dt jest wypukla lub prawie wypukla
0

w kole jednostkowym.

PE3IOME

IIpegmerom paHHOit paboThl ABiIAETCA HCCIlefOBaliMe YCIOBUH A
H

Gynxumii h(z) npu Koropeix Qynkuua [ ¢ 'h(i)dt ABIAETCA BHIIYK/I0N
0

HJIN IMOYTH BbIHyKJIOﬁ B €IUHHY1OM Kpyre.



