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Some Estimations and Problems of the Majorization in the Classes of
Functions Sfa_ 8)

Pewne oszacowania i problemy majoryzacji w klasach funkecji S(L;,ﬁ)

HexoTophle OLEHKH H BONPOCHI MOXOpaLmi B knaccax $yHxLmi S(’,:' 8)

1. Let S denote the class of functions f(z) of the form
(1.1) f(2) = z24a,22+ ..

regular and univalent in the unit disc K,, where K, = {z: [2| < r}. And

let S, 4,ae(0,2), fe(—2,0), a—f <2, denote the class of functions
of the form (1.1) and satisfying the condition

7 2f'(2) n
ﬂ§"< arg——f(z) < GE

for every ze¢K,.
This condition means that w = zf’(2)/f(2) is in the angle of the vertex
at the origin of the coordinate system, which includes the point w =1

and equals to (ea—p)n/2. In some cases the class S(a,n coincides with
the well-known subclasses of functions of the class S:

f 2f'(z e
Sl—l Re—— 2’6.’1, =
b = {f: Re TR >0 Asek =8
S(,l,__“) _—:{f: %&rgg(—()_)!<a% /\zeI(”ae(O,l>‘l =8
—10 zf’(z " R > 7 ‘ S
S(u,u—z) S {f: I{O {6 'f@“} -] 0 ;"-‘~Eﬁ|‘ 6 = 5-((1-—1)' —] ‘.\ﬂ
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The class S, has been investigated in the paper [3]. In this paper we
deal with the subclass Sﬁ,_p), (k=1 is an arbitrary positive integer) of
the class S, 4. S:‘a,m denotes the class of functions of the form

(1.2) f(2) = 2+ ap 1 2+ @y ) 2T+ a2 K

k-symmetric and univalent in K.
Let P denote the class of functions p of the form

P(2) = 1+4p12+p,2°+ ... 2¢K,

regular in K, and satisfying the condition: Rep(z) > 0, and let P, denote '
the class of functions h of the form

(1.3) h(z) = 1+ h 2"+ h, 28+ ..., 2¢ K,

regular in K, and satisfying the condition: Rek(z) > 0. There is the
following relation between P, and P: if heP, then there exists a function
of the class P such that h(z) = p(z").

2. Theorem 2.1. A function f belongs to S, ; if and only if there
exists a function peP such that

zf’(2) iv =2 7 atp
fle) {1 +e€"cosy[p(2)—11} NeeEKyyy = o il

This theorem was given in the paper [3] as the theorem I.
Theorem 2.2. A function f belongs to St g if there exists a function
p(2*)e P, such that

3 1 ‘ L=/ 4
(2.1) f(z) = zexp{f?[{1+e‘ycosy[l’(§k)—1]} i —-1] d:}
0
Proof. If feSf, then there exists a function FeS,,; such
R _
that f(z) = VF ().

Hence
#f'(2) FF () LF (L)

flzy ~ F(*)  F(©)’

where { = z*. As we know, a function FeS,, satisfies the following
condition

¢F (L) _ 1-+e”cosy[ (g)—l]}a_;i [El< 1, tekK,, y=- LS
F(C) —{+ SyLp y y bE€lly,, Y= -

[~

w8
=]
'
k- k-




Some estimations and problems of the majorization... 31

and so
f'(2)
fz)
hence we get (2.1).

Theorem 2.3. In the class S, ,, the set of variability of the func-
2

tional w = [zf’(z)/f(z)]"";’_, zeK, i8 the disc

a—p
= {14 eeosy[p(ef)—11} 2

2r¥ cosy
1— r2k ’

1+,r2k 21y

ta+f
2| =7, y “2a_p

The extremal functions are of the of form

= , a=p
PRy [( 23“’;:"(-.0&}:) E has ]-~|
f(2) = zexp IJ : 14 e T 1 d;,[

Proof. From the definition of the class S, , we have

’ o—p
_Zf (z) e {1—*—81.70087[}1‘(2)_1]}-?’ kf.Pk

f(2)
whence
- 1 4 2Kemit-2)
[zi( ) 1+e”'cosy[h(z)—l] f —m—_“—dﬂ(n

—-n

because functions of the class P, can be introduced by means of integral
formula of Herglotz-Stieltjes in the following way

” 1+ k —it
h(z) = 1—%,‘-j du(t)

where u(t ) is a real non-decreasing function in { —x, n) satisfying con-
ditions: jdy(t =1, uy(—n+0) = u(—n), u(n) = 1. The set of varia-

bility of the functional w is the convex hull of the domain bounded by
the curve

1+ gke-it-2)
¢ - a1 te( —my )

The equation of this curve can be written in the form [(£—1)/( + €)= r¥,
r = 2|

It is the circle about ¢, = (1+7r*¢*")/(1—+**) and the radius o
= 2r¥cosy | (1 — %),
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Corollary. If feS§, gy then
[ V1+2r*cos2y +r*F — 2r¥ cosy ] o

2f'(2)
f@)

- [ V1 -+ 2r*cos2y +r'* 4 2 cosy J =t
- 1—r*

2k

1—r

—B r**8in2y 2r¥ cosy f'(2)
aretg —— o —— aresin ———— ———— | < arg -
2 1+r%cos2y Y1+ 2r*cos2y + r** f(z)
— r*3in 2 2r* cos
< i—é [arctg _k_y_ - aresin ___y_ = ]
2 1+ r*cos2y V14 2r*cos2y + r*
1+ 7*cos2y — 2r*cosy [ = 1-+7%cos2y + 2rfcosy
ok < R E‘:: "k_
1—r l f(2) J (e
where y = 1 %ain
2 a—f

For suitable « and f we obtain above estimations in the classes Sy, 8%, S%
and for k =1 in the class S, and for £ = 1 and suitable a and 8 in
the classes S*, 8, and §,.

- -]
Theorem 2.4. If f(2) = z+ 3 a,,.,2"*"" belongs to the class S, , and
n=1
A i8 an arbitrary complex number, then

(2.2) 18y —Aaiy,| <

_ (a—B)cosy | e [1_(_a——ﬁ)(k+2 41)] 1.
ok max ,le cosy T

For each A there exist functions:

s 1 2:]: iy *—ﬂ
fu(2) = zexp | E[{l —f_—c;?y—} —1]dc

‘1 2t%* 6 cosy )0
fz(Z) = zexpr[{l _C—]j‘ yi —1]!‘!‘:
o )

[

belonging to the class Sfa.ﬂ) such that the inequality (2.2) becames an equality.
To prove this theorem, we need the following

Lemma. If h(z) =1+ k2" Fhy2*+ ..., 2¢K,,heP, and 7 i8 an
arbitrary complex number, then

(2.3) ko — 7hZ| < 2max (1, 27 —1])
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Proof. First, we’ll prove that if p(2) = 1+ p,2+py2®+ ... «P, then
(2.4) 1p, —np;| < 2max(1, |27 —1])

where 7 is an arbitrary complex number.
It’s known that

1+ w(?)
2- =_ —————
(2.5) P = 1o
where w(z) = a,2+a,22+ ..., 2¢K, is regular function in K, and satis-

fying the condition: |w(z)| <1 for ze¢K,.
For the function w, the following inequality is well known [4]

(2.6) |a, — Aaj| < max (1, |4|), 4 is any real number.
From (2.5) it follows that p, = 2a,, p, = 2(a,+a?), and so
1P, —npil = 2la,—(27—1)a}] < 2max(1, |29 —1|)

If h(2) = 1+ h2¥+ hy2** + ... eP; then there exists a function peP such,
that h(2) = p(2*), hence h, = p,, h,. = p,. Now, making use of (2.4)
we get (2.3). Equalities in (2.3) occur when the functions %, and h, take
the form:

’ 1+zk

' s Ui
1+z2k

hal2) = 3

Proof of the theorem 2.4.
If f(2) =24 a;, @' + @y, 2+ .. eS8, g, then

’ a—f
4@ _ {1 +evcosy[h(z) =11} 2 , heP,,y — — 57

f(2) 2 a—f’
From this it follows that
Gy = %e"cos;zhk
o = 2o o LSRG S ]
or
gy — Aa || = =i c08y|‘ by — e_”’(.:}os;; [l — (a—ﬂ)(k?;th—U»)]th

3 — Annales t. XXIX, 1975
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Making use of (2.3) we have

2 - (a—B)(k+2—42)
[@ sy — ABp )| < al—cos;»max(l, e"‘cos;:[l ok ] l)
Corollaries.
: o 1 k+2 41
1. If fe8(,_yy = Sy then |ay ,—Aa,,|< = max(l e T l)
la(k+2—44 |
2. If feS(,, —a) = 8% then |ay. ,—Aa} | < —Z—max(l, ME—‘)
x 1 { -
3. If feSf o =85 then |ay ., —Aa},,| < Icosémax {1, e’ cos d %

k+2—42
1— = o0
x[ - ]

mation of |a;— 43|, A is an arbitrary complex number, in the class S, .
and for the suitable values of a and g also in §*, S, S,.

Theorem 2.5. If feSf ,;, then

}, where 0 = g(a—l). For k =1 we get the esti-

a) [, < W cosy
A ipCosy - (k+2)(a—p)
b) |a2k+l| = —2—k——— max 1, e”’cos;; ) i T | )
Proof. The inequality a) follows from the facts that a,,,
e

= 2kﬁ e”cosyh, and |h, <2, and if in (2.2) we put A = 0, we'll get

the inequality b).
The inequality b) can be written in the form:

@ 1
G 2k
azkﬂ CO8y for 0 < a—ﬂ < m
< a—p | i . (k+2)(a— ﬂ)] 2k
: : — 1I for ——<ae—f<2
% cosy € cos;:[t ok | ) a—f <
Th diti 0 < 2 d %% < 2 foll fr
S: — an —
e conditions <a ﬂ\k—i-2 k+2<a < ollow from
, k+2)(a—
inequalities: e"'cow[l—- u_—;%ﬁ —-1i< 1 and
r k+2)(a— |
{e"co&;yll = (—%ﬁ)] -1|>1

respectively.
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Corollary. For suitable values of a and f we get estimations of |a, |
and |a,, .| in the classes S, S*, S and namely:

9
1. In the class 8; = 8, _,) lap | <

i k+2
i"".'.k+1| < .'l'[lilx(]—’ %)

2. In the class 8§ = St _a) |t ,] <

Il
)

|

3 m-a.x(l, a k—:2)

co8 &

|a2k+1| <

?'-'Ip,:,,

3. In the class 8§ = 8t ., lap,,| <

ER ™

e‘“cosé+1‘)
where 6 = %(a—l)

For k¥ =1 and suitable a and g we get the estimations of |a,| and |a,]
in the classes S, 5, 8%, 8., S,.

3. Let 8 c 8 denote the class of k-symmetric, univalent in K,
functions of the form

k+1 2k +1
J(2) = 24+ @, P+ a2 L 26K

Let feSg 5, ae(0,2), fe(—2,0), a—f < 2. Denote by

Tela, B) = Slip{r: NFe8* Ay 1rﬂ%< arg z;(i:) < ag}
and
» zf'(2)
re(a, ) = Slrlp:r: AfeSE.an N arg-';(z) < f;}

=
Theorem 3.1. 7,(a, f) = y/thn%, n =min{a, —p}
Proof. If feS* then

1+ _
< log—— 2l<r

B2, "1 —7*’

f(2)

and the estimation is sharp.

l 2f'(2)
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The condition

B

< log

1—7* 2f'(2) 1+% 7
177 "0 ST IFS %

(IR

T4 rk
will be satisfied for every function feS* if log lir"' <ng , where

7 = min{a, —f}.
From this it follows that r,(a, f) is the solution of the equation

14r*

lo +
1 T3

T
Hence 7,(a,f) = th’?:

Theorem 3.2. 7} (a,) =1, when ae(0,1), fe{—1,0) and ri(a, f)
i8 the root of the equation

ﬂ l r”‘sin2y | 2 cosyr® n
(3. 1) ——— aretg ——p———jaresin =izt =
1 1+1‘2 0082)' | '/1'*"072"0082‘}/—*—1'4,‘ 2
otherwise.
Proof. If ae(0,1), fe(—1,0) and feS8*(a, B) then
n<0n< zf’{z)< n ]
—_—— s P— alr - —x —
g SPg =88 ) =% S0
2f'(z
and so Re S )— > 0 for zeK,.
f(2)
This means that in this case r;(a, ) = 1.
If f‘S:‘a,ﬂ) then
> = 1 2 | s K
a A (z) & ﬁ ” arctg :;’:n 4 -|+aresin — —— ﬂzowr :
1@ B 1+r%cos2y | V1+2r%cos2y - r'*
where
natf
= a—p’

The right hand member of this inequality is strictly increasing function

of r which is bounded by - if re(0,7i(a,B), ac(l,2), fe(—2, —1),

-

where 7, (a, f) is the unique, positive root of the equation (3.1).
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4. In this part of the paper we deal with a relation between module
and domain majorization of the functions of the class S, ;. The function
f(2) = a2+ a,2+ ...,z K,, is said to be module subordinated to the
function F(2) = A,2+A4,2*+ ... if |f(2)| < |F(2)| for every zeK,. This
fact will be written in the following way: |f, F,7|. If f(z) = F(w(2))
for every zeK,, where the function w(z) is holomorphic in K, and such
that w(0) = 0, lw(2)| < r for zeK,, then f is said to be domain subordi-
nated to the function F' in K, and we write it (f, F, r). In the case, when
F is univalent function, the above condition means that

J(K,) = F(K,)

Now suppose that FeS(,, s and f(2)/f’ O)eS(a g+ We deal with the follo-
wing problems:

1. Find possibly greatest number 7,¢(0, 1) such that independently
of the choice of functions f and F, the following implication is satisfied:

(f’F-” ""f'Fa;o'

2. Find possibly greatest number 7,¢(0, 1) such, that independently
of the choice of functions f and F, the following implication is satisfied:

|f1F’ 1|=>(fyF17'o)

Let S, denote the class of functions F(2) = z-+ 4,22+ ... holomorphic
and univalent in K, and satisfying the following condition for every
rel0,1):

()) {\ <wv(r) for R|<r<1

F(z

where

I ’ 2F (z l
v(r) = sup,sup arg
FeSo l|zj<r | ]

is the continuous function in <0, 1).

From this it follows that the function »(r) is strictly increasing in 70, 1)

and v(0) = 0, provided that this class doesn’t contain only an identity.
Let

4
r(v) = sup :lr: v(r)+2aretgr < 4
rec0,1) 2 l

The number r(v) is the unique positive root of the equation

v(r)+2arctgr = £l

In the papers [1], [2] the following theorems have been proved:



38 ‘ Czestawa Bucka, Krystyna Ciozda

Theorem 4.1. If FeS, and f(z) = a2+ as2*+ ..., a,> 0 s holo-
morphic function in K, and f(2) +#+ 0 for z + 0, zeK, and if (f, F, 1) then
|fy F,r(v)l, where r(v) is8 the unique root of the equation

v(r) + 2aretgr = g—

The number r(v) can’t be replaced by any greater one.

Theorem 4.2. If Fe8, and f(2)/f'(0)eS,, f'(0) > 0, and |f, F, 1| then
(f, F, 7(v)), where r(v) is the unique root of the equation

v(r) -+ 2arctgr =%
The number r(v) can't be replaced by any greater one.
Let Sfc 8, denote the class of functions of the form
F(z) = 2+ A, + 4,022 + .. 26K,

holomorphic, univalent and k-symmetric in K,.
If FeS, then

2F'(z) | b
larg F2) Igz(i)

K, =
It easily follows from the fact that F(z) = I/G(z"), 2¢K,, where GeS,,
whence

2F ()  2°G'(2")

F(2) G (2)

and

< v(r*), where 2| =r.

‘ - 2F'(2) | _l 26 (%)

Fe) | M e

And in the class 8% we can state the following theorems:

Theorem 4.1'. If FeS% and f(2) = a,z+a,2%+ ...,a, > 0 is holo-
morphic function in the circle K, and f(z) # 0 for z # 0, zeK,, and if
(fy ¥,1) then |f, F,r(v)|, where r(v) i8 the unique root of the equation

v(r*) + 2aretgr = g

The number r(v) can’t be replaced by any greater one.

Theorem 4.2'. If FeS* and f(2)/f'(0)eS¥, f'(0) > 0 and |f, F, 1| then
(fy F,r(v)), where r(v) is the unique root of the equation

v(r¥) + 2aretgr® = l}

-
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The number r(v) can’t be replaced by any greater one. Now we give appli-
cations of these theorems to the class Sf, ;.
If FeS{;, then as it follows from theorem 2.3

2F' (z)

) < v(r)

(4.1) ia.rg

where

v(r*) = sup isup |arg 8 ‘l
reg® itk F(z) ||

(a,8)

a—p ‘ ta *k8in 2y
= —" | |arctg ————
2 1| 1+ r”‘cos2y

2r*cosy
+ aresin ————

V1+2rt*cos2y + 1t

VS
Making use of the theorems 4.1’ and 4.2’ and the estimation (4.1) we have
Theorem 4.3. Let Fe Sﬁ,,ﬂ) and f(z) = a,z2+a,22+ ..., a, > 0 is holo-
morphic function in K, and f(2)/2 # 0, z¢K, and (f, F,1). Then |f, F, 1|,
where 7, i8 the unique root of the equation

a—pB ] r**gin2y | 2r¥ cosy n
———| | aret ﬁ——l+arcs1n— + 2aretgr= —,
- 147" cos2y | V1 +2r** cos2y + 2
Wit
779 a—pg’

and can’t be replaced by any greater number.

Theorem 4.4. If FeSj, ; and f(2)[f'(0)e8G, 5, f(0) > 0 and |f, F,1|
then (f, F,r,), where r, is the unique root of the equation

a— BTl r?k3in2 ! . 2r* cos n
p larct-g—,* U +-aresin - ahtlal. -+2arctg —
2 1+ r*cos2y V1t "r”‘cosZy + 7tk ~ 2
noatp
=) a=sptt

and can’t be replaced by any greater number.

For suitable a and § we get the radii of subordination in the classes
S(l -1 = Sk’ S(a —a) — Sﬁ’ S:ka,n—z) - Sﬂlf'

Theorem 4.5. If F &S} and f(z) = a;2+a,2*+ ..., a, > 0 18 holo-
morphic function in K, and f(2)/z # 0, zeK,, and (f, F, 1) then |f, F, 7|,



40 Czeslawa Bucka, Krystyna Ciozda

where 7, 18 the unique root of the equation
» rk
arcsin

+ 2arectgr =

|

N ,.2&'

Theorem 4.6. If FeS, and f(z)/f (0)eS},f'(0)>0 and |f,F,1|
then (f, F,r,), where r, is the unique root of the equation

PPt e T
arCS]nW+ arcig L=

tu'§

Theorem 4.7. If FeS8% and f(z) = a2+ a2+ ...,a,> 0 is holo-
morphic function in K, and f(z)/z + 0, 2z¢K,, and (f, F, 1) then |f, F,7,],
where 7, 18 the unique root of the equation

. 27k n
aarcsin L + 2arctgr = 5

Theorem 4.8. If FeS* and f(z)|f' (0)eS%, f'(0) > 0 and |f, F, 1| then
(f, F,ro), where ry i3 the unique root of the equation

+ 2aretgr® = g—

aaresin -
147
Theorem 4.9. If FeS8% and f(2) = a,z+a,2? + ...,a, > 0 i8 holo-
morphic function in K, and f(2)/z # 0, zeK,, and (f, F, 1) then 7, is the
unique root of the equation

Larct r**8in2 6 ]+ ] 2rkcos & L e
retg ———— arcesin —== S =_
| g 1 +7'2k00826 : '/1 L 21-2"' cos26 +r‘“‘ g 2
6 =2 (a—1)
= 2 a L

Theorem 4.10. If F eS¢ and f(2)/f'(0)eS%, f'(0)> 0 and |f, F, 1| then
(f, F, r,), where r, is the unique root of the equation

| ! r*5in2é - | 2r* cos & P ot 7’
arctg — —— aresin- - —— arctgr’ =
2 1+7r*cos20 | V1+2r**cos26 + rt* y 2
T
6 = E{a—l).

For k¥ =1 we get the radii of subordinations in the classes S, 4, s*, S,
and §,.
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STRESZCZENIE

Niech 8,4, ac(0,2), fe(—2,0),a—f <2 oznacza klas¢ funkeji
postaci f(z) = z+a,2%+ ..., spelniajacych warunck: gn/2 < arg[zf’(2)/
[f(z)] < an/2, dla kazdego z¢K,. W niniejszej pracy rozpatrywana jest
podklasa S, ,, (k= 1) klasy S, ,. S{, , jest klasa funkeji postaci (1.2)
k-symetrycznych i jednolistnych w K,. W pracy podany jest wzér struk-
turalny, obszar zmiennofei funkejoiatu w = [2f’(2)/f(2)]V* 7 oraz osza-
cowania |of'(2)/f(2)l, arg (of'(2)[f(2)), Relef'(2)[f2) 1'%, lay,, —Aal,,ly
@4, 1ly |@sy 1. Nastepnie zostaly wyliczone promienie r(a, 8) i 7} (a, )
w Sf‘,.ﬂj W dalszej czeéci pracy zbadano relacje miedzy podporzadko-
waniem modulowym a obszarowym funkeji klasy Sf‘,, 8

PLE3IOME

ITyctsb 8,5, @ € (0, 2), B €(—2,0), a—f < 2 0603nauaer Kkiaacc PyHk-
umit (1.1) yaoB:ieTBopsiloutnx yciaoBuio fn/2 < arg zf'(2) [f(z) < an2\z € K.

B nacrosmeit paGote pacemorpen nomiiace Sf, 5(k>1) kaacca S(«, f).
8*(a, B) aTo Kiace dyurumit Buga (1.2) K-CUMMCTPUYECKUX 11 OXHOJIICT-
HeIXx B K.

B pa6orte paerca cTpykTypaabHyl ¢opmysny, o6aacTe n3MeHeHHUH
gynxunonana w = [2f(2)|f(2)12/a— B u ouenxu: 2f (2) f(2), arg 2f" (2) /f (2),
Re[of'(2)[f(2)12]a =B,y |8gps1— Aaxialy 1@hialy 10ni,]. [lasiee  BbramcicHH
pammycsi: 7} (a, f) u ry(a, ) B S, 5 KpoMe Toro nccienopano 3aBUCHMOCTb
MeHLy TOJUMHEHMeM 10 MOAYII0 M 1o obnactu dymkwii kaacca S, g






