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1. Introduction

The following theorem was a main tool in the proof of the P’dlya-
Schocnberg conjecture [3] and reflects the trivial fact that a starlike
univalent funetion is starlike in every direction (in the sense of Robertson
[(2D):

Let f(2) be a starlike univalent regular function in the unit disc U
= {2]|2| < 1}, f(0) = 0. Then for every te R there exist t*, e R such that

- ,-p) ﬁz)

Re[e“”(l—ze‘“)(l—ze —]> 0, ze U.

Ranges for t*, ¢, depending on f(z) and ¢, have also been given. The aim
of the present paper is to generalize this theorem to functions starlike
of order a. In the cases a = 1 —n/2, ne N, our conditions are also sufficient
for these functions, thus creating a characterization of them. Farthermore
our theorem, in one version, may be considered as an approximation
result for starlike functions (of order 0).

F4

2. Definitions and statement of results

By 8., a<1, we denote the class of functions f(z) starlike of order a.
This means, by definition, that f(z) is regular in U, f(0) = 0, and that

(2.1) Re T )

These classes are connected by the following obvious relation:

11—
f{z} (3 —a)
€ S(_\.

(2.2) feBiwg = z( :
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For every fe S, the function

(2.3) V(t) = limargf(re")

r—1

exists for all te R and has period 2x. Using (2.2) it is easily seen that
theorems A and B below are equivalent.

Theorem A. Let f(2) be regular in U, f(0) = 0. Let ne N. Then fe S, if,
and only if, for every t,e R there ewist numbers e R, k =1,...,n—1,
and g R such that with

n—1
(2.4) P(z) —_— Z” (1 _ze—if-k}—z,fn
k=0
we have
i _f_@] kd
(2.5) arg[e"’P(z) <y e ' 8

Remarks: i) It should be stressed that even the ‘sufficiency’ part
of theorem A works for every fixed ne N.
ii) For fe 8, let V(t) be as in (2.3). Then in (2.4), (2.5) we can choose

(2:6)RRIp {tl V()< V(L) + %} <K< sup{tl V)< V(L) + 22"},

k=1,...,n—1, and

n-1

1—n 1
2-7 p—— — — -
(2.7) =" V(to)+nk_§o’tk

Theorem B. Let f(2) be regular in U, f(0) = 0. Then fe S;_un, neN,
ify and only if, for every t,e R there ewist numbers ;e R, k =1,...,n-1,
and pe R such that

n—1
(2.8) Re [e"’n (1 —ze~ ) ﬂ:—)—] >0,z2eU.

k=0

Remark: Let fe 8;_,).. Possible ranges for ¢, and ¢ in (2.8) may be
found from (2.5), (2.6) and (2.7) via (2.2).
Theorem B has the following corollary.
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Corollary. Let fe S,, a < 1. Then for every t,e R there erist numbers
t,eR, k=1,...,[1—2a]+1, and ge R such that

[1—2a]+1

(2.9) Re[e""’(l—zc'“O)” [ ] (1 —ze~Y) “4] >0, ze U,
k=1 =

where y = 1 —2a —[1—2a].?)
Remark : The ‘sufficiency’ part of theorem B fails to be true for the
corollary.

3. One preliminary lemma

Let A be the class of functions a(t), te R, with the following properties:

i) a(t) is nondecreasing,
(3.1) ii) a(?) — t has period 2=,

iii) a(t) = §(a(t+0)+a(t—0)), teR.

For seR let
2kn for 2(k—1)z<t—8< 2kn, ke Z,
(2k +1)n for t = 8 +2kn, ke Z.
Obviously p,(t)e A for all se R.

Lemma. Let a(t)e A, tge R, ne N. Let

2k
tla(t) < a(t,) -’f——_—n—l <t sup{tla(t) a(t,) +

ps(t) &=

kn]
T f

(3.2) sup

k=1,...,n—1, and

k.
(3.3) po=a(ly) — —.

n
Then, with

1 n-1
W) = — ¥ py(t)

k=0

we have for te R

(3.5) la(2) —h(t) — ul <T’:-.

1) We use the following conventions: i) [a] denotes the greatest integer less
(!) than a. ii) The empty product equals one.
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Proof. Obviously ¢, , <t and t,e[t,,t,+2n], k =1,...,n—1. We put
t, =t,+2xn, I, = (t._,,t). Then, if I, is nonempty, we find
2k
(3.6) h(t) = —nf, tel,.
Using the relation
sup{t|a(t) < n} = inf{tja(t) > 9},
valid for every nondecreasing function and every 7 ¢ R, one easily deduces

2(k—1 2k
(3.7) ot + 2T < o < ot + 22, e,

for every nonempty I,. Combining (3.6), (3.7) we obtain (3.5) for te | J I,.
k=1

But a(t) —h(t) —ux has period 2= and possesses the property iii) of (3.1).
Thus (3.5) holds for all te R.

4. Proof of Theorems A and B

Theorems A and B are equivalent. Thus we can prove the ‘necessity’
part of theorem A and the ‘sufficiency’ part of theorem B to obtain a com-
plete proof of both theorems.

Let fe S,, t,e R, neN. It is well-known that

V(t) = limargf(re*)e A

r—1

(cf. Pommerenke [1]). To V(t) we apply the lemma which yields a function
h(t) (given by (3.4)) with

(4.1) 1V (t) — k(1) — ] &% teR.

It is easily seen that P(z) (given by (2.4)) may be represented by
1~ i it
P(2) = zexp| —— | log(1—ze™ )dh(t)J.
T

Obviously Pe 8, and another result of Pommerenke [1] implies

(4.2) limargP(re") = h(t) +C,

r—>1

where C is a constant. With ¢ = C —u we obtain from (4.1), (4.2)

w Jre) ]| _ =
P(re*) | et P i

(4.3) lim

r—l

arg [e
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Since

L )] % - [ i flre") re +z
a.lg[e ?(z—)] —5;! (mg[e P(re“)])Re = dt

for |z| < r, (2.5) follows from (4.3) in combination witi Lebesgue’s domina-
ted convergence theorem.
An evaluation of (4.2) at ¢ = o gives

C = —n%—%nz_;tk,

k=0

so that (2.6) and (2.7) follow.
Now let f(2) fulfil (2.8). Writing

n—1

Q2 t) =z [ ] (1—2e7")7, ¢ R,
k=0

h(z) = f(2)/Q(z,1,), we have Ree'*h(z) >0, ze U, which implies, by
a well-known result,

zh' (2) 2 |2
-~ [} € U-
| h(z2) 1—|z)%
Thus
’ ’ 2
o T Qe 28
J(2) Q(z, to) 1 -2
For a fixed 2 ¢ U we have from (4.4)
zf’ ] 2
L B A UL W
J(2) ~ g Qz,t) 1-—J
; —1 2
> max Re (1 —ze o)~ — Arlie o84
fgeR 2 1—|z|2
1 n—1 a 2—mn
vl 2 Biaa

which implies fe S;_y);-

3. Proof of corollary
Let feS,, a< 1. A straightforward calculation gives
g(2) = (1L —ze "o)’f(2)e S_{1-2ay29
where 6 = —2a—[1 —2a]. Applying theorem B to g(z) gives the result.
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For every t,e R there exist g¢ R such that

[.. 1—ze ™ .
Rele""——J) 0, 2¢e U.
1—2
Thus
[ 2y 1 -—-26"“0 |<
argle’” ——— 7
87 o ||S
or

!—eiw (1 —ze” o)

Re'_ =0 ]>0,ze U.

Since z/(1 — 2) ¢ 8;,, our example shows that (2.9) is not sufficient for a re-
gular function f(z) with f(0) = 0 to be in §,.
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STRESZCZENIE

Niech 8, bedzie klasg funkcji a-gwiazdzistych ze zwyklym unormowaniein.
Nawiazujac do jednej z prac poprzednich, autor podal dwa warunki konieczne i dosta-
teczne na to, by fe S,. Warunki te dotycza przypadkéw a = 0, a = 1 —n/2, przy
czym pierwszy przypadek prowadzi do pewncgo wyniku aproksymacyjnego dla
funkeji gwiazdzistych.

PE3IOME

IMycts 8, Gyaer xnaccoM a-3Be3noobpa3nbix GyHKUMit ¢ OObIYHBIM HOpMHpOBaHHeM. O6pa-
mManch K OJHONA M3 mpeamnaylurax paboT, aBTOP AA€T ABA YC/IOBHS, HCOOXOQMMbIE M JOCTATOYHBIE
U8 Toro, 4robnl fe S,.

OTH YCNIOBHA OTHOCATCA K CiyqaaM a = 0, a = 1 —n /2, npu 3TOM nepBblif Coyvail npHBo-
KT K HEKOTOPOMY pe3yJIbTaTy, aMpOKCHMAaTHBHOMY IS 3Be3n000pa3HuIx GyHKLHHA.



