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An Existence Theorem for an Integro-Differential Equation 
of Neutral Type

Twierdzenie o istnieniu rozwiązań równania ealkowo-różniczkowego typu 
neutralnego

Теорема о существовании решений интегрально-диференциального 
уравнения нейтрального типа

I. Introduction

In this paper we shall consider the problem of existence of the solution 
for the neutral integro-differential equation of the form

oo t
x'(t) =/(*, J x(t — s)dsG(t, s), j x’(t — s)dsK(t, s)} for tt (0, a)

(0) ° ° 
x(t) = £(I) for te ( — oo, 0>.

To solve the problem we shall use the method based on the notion of 
“measure of noncompactness” and the fixed point theorem of Darbo [3]. 
To do that we shall need the exact formula for measure of noncompactness 
in the spaces C, G1 of continuous and differentiable functions on a compact 
interval. Those formulas have been proved by Goebel [4]. Besides those 
formulas the paper [4] contains some remarks which show how to check 
the assumptions of Darbo’s theorem for concrete transformations in the 
spaces C and U1. It appears that it is enough to check that the mappings 
change the modulus of continuity of the argument function in a “regular 
way” (see Definition 1). In our case the transformations we shall have 
to study will be some linear integral operations. So the main stress will 
be put on finding the conditions under which they change modulus of 
continuity as required in Definition 1.
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II. On some integral operators

Let be the Banach space of bounded and continuous functions
(p(t) defined on an interval ( — oo, a> with the norm ||</'||(_OOjO> sup{|</)(t)|:
te ( — oo, «>}. Let G(t, s) be a real function defined on <0, a) x<0, oo).

We shall deal with the mapping # in the following form

(1) (^)(t) =/°9>(*-s)dg(?(t, «) forf€<0,a>.
o

In [1] Bielecki gave some conditions on the kernel G(t, s) which are suf
ficient for to map the class into a class 0<p,ay Those assump
tions are:

1° G(t, 0) = 0 for te <0, a>.
2° The function G(t, s) is of bounded variation with respect to s for 

any fixed value te <0, cs> and satisfies the inequality

T G(t, s) Fx = const.
8—0

3° For an arbitrary e > 0 exists a number K > 0 that

r G(t, s) < e.
a-K

4° For an arbitrary fixed number K' > 0 and te <0, a>
K'

lim f \G(t, s) —G(i, s)|ds =0.
<-4 o

Theorem 1. Under the assumptions 1°— 4° the mapping & maps any 
function into a function of the class C<Oia> and this mapping is
continuous.

Proof. The proof that has been given in [2]. We
shall prove the continuity. Because the mapping is linear, we shall only 
show that there exists a constant Jf and

IWI<0,a>< Wll(-oo.«>-
In fact

l(W)l = If rG(t,s)^ TVMc-«,, «>•
0 8=0

This ends the proof of Theorem 1.
Let us go through a new problem. Let us consider a function K(t, s) 

defined for te <0, and se <0, a> with real value. We assume that the
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function K(t, s) has bounded variation with respect to s for any fixed 
te <0, a) and satisfies inequality

(2) fK(t, «) < Vt — const.

We deal with a mapping Jf" of the form 
<

(3) = Jq)(t — s)d8K(t, s) for te <0, a> and <peC<Oiay.
o

We shall use a concept of the modulus of continuity co(x, h) for a func
tion x e G<0>ay as

w(x, h) = sup[|a?(<) — a?(B)| : t,le <0, a), |i —i\ < A].

Definition 1. We say, that transformation Jf changes the modulus 
of continuity in the regular way, if there exist a constant L and functions 
«(A) and /?(A) such that 0<a(A)-*0 and 0</?(A)->0 for A->0 and for 
every 9>eC<0,n>

(4) ^((JQ), < La)(q>, a(h)) + £(A).

Now let us raise a question; what conditions on K(t, s) are sufficient 
for the mapping Jf to change the modulus of continuity in the regular 
way.

The following theorem holds.

Theorem 2. If the kernel K(t, s) of the transformation Jf is given by

(5) K(t, s) = Kz(t, s)+K2(t, s),

where K1(t, s) is a continuous function of s for every t and satisfies:

1° for every te <0, a> Y K1(t, s) Va — const, 
a «<=0

2° lim Y (Kjft, s) —Kift, »)) = 0 for t, it <0, a> and t > i,
(<-0->O »-°

3° lim Y Ki(t, s) = 0 for t, te <0, a> and t^t,
(<—Z)->0 s=t

and K2(t, s) is of the form
oo

(6) K2(t,s) = 2aiH(V{w-8\.
<-l

where 4° JT(m) is the Heaviside's function
0, w < 0 
1, -« > 0,

H(u) =
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5° The functions r^t), i =1,2,... satisfies O^v{(t)^t and all are 
equicontinuous i.c. there exists a function 13(A) defined on the interval <0, a> 
such that for every i co(v{, h) 13(A) and 0 < 13(A)->0, if A-*0,

00
6° The coefficients a{ form an absolutly convergent series £ |aj < oo,

i=l
then the transformation maps C<0>a> into itself, is continuous and changes 
the modulus of continuity in the regular way.

Proof. It is easy to verify that the transformation X maps C<0(J> into 
C<0,o> and is continuous. We prove only the last part of the thesis.

Let t, te <0, a) and t> t. By (5), (6) we have 
i t

= | J<p(t—s)daK(t, s)-fcp(i-s)dsK(t, s)|
0 0

t t
^\jcp(t-s)d9K1(t, s)-f c/){t-s)dsKi(i, «)]'+

0 0

<00 / oo *

+ |/y(*-«)<*» aiH(Vi(t) -8)~ fcp(i-8)ds^ afH{v{(i)-s)\.
0 i=l 0 i=l

Now we estimate both parts separately. 
t t

«1=1/9>(<-«)^-^i(<, «)-f 8) (
0 0 

7 f t
< «) + /?’(<-«)^ff1(i, «)-/93(<-8)d87v1(i, 8)|

0 j- 0

t 7
< IJ «) - /ep(t-s)daK1(t, s) I +

0 0

t 7 i
+ | /ep(t-s)d,K1(t, s) - /cpft -s)daK1(i, s) | + | f cp(t-s)daK1(t, s)

0 0 t
1 ‘

^\f (<p(t-s)-cp(i-s))d8K1(t, 8)| +
0

t t
+ |/9’(<-«)<MK1(l, «)--^i(<, «))| + |/?’(*-«)«№(*, «)|

0 i

< sup 199(1 — s) -<p(t —8)1 • T Kt(t, s) +
8«<0,I> 8 = 0

a t
+ sup l9>(l-8)1 • Y S)-K1{t, 8)) + sup l9>(l-s)l T s).

«C<0,<> 8 = 0 «€<<,<> «-<
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Thus in view of 1°, 2°, 3° we obtain

«i < n(<p, lt-<|)-r3 + ll9’li<o,0>-7(l<-<l),
where

(7) y(l*-i|) = T (K1(t,s)-K1(t, «))+ r
S~Q 8~t

However, by the assumptions 4°, 5°, 6° we get

s2 = | J <p(t-$)ds f <p(i-s)d3^aiH(vi(t)-s)\
0 t = l o i=l

oo t t

i=} 0 0

< l«»l It-tl+toO’o l<~*l))
i«=l <—1

< |a,|) •«(?, |f-i| + 0(|f-f|)). 
i=l

Therefore the modulus of continuity for the transformation Jf can 
be estimated in the following way:

w(W<p), h) < V3-a>(q>, h) + £ |a,|-0,(99, h + f2(h)) + M<o,a>-?(&) 
i-l

for |£ — <| < h.

Then there exist a(h) = hf-Q(h) and (i(h) = y(h) and L = y3 + £ |a,-|
i=i

such that conditions of Definition 1 are satisfied and

(8) «»((Jfy), A) < (f8 + |ail)-o(?», A + ^(A)) + |l93||<0,a>-y(A)
i=l

for every <pe C^.
This ends the proof of Theorem 2.

III. Remarks about “measures of noncompactness”

Let (Jf, q) be a metric space At with a metric q. By 3JI we denote 
a class of all nonempty closed and bounded subsets of the space At.

Definition 2. If Xe9Jl, then /j\X) is the greatest lower bound of such 
numbers r that X can be covered by a finite number of balls of radius r. 
We call p(X) the “measure of noncompactness” of the set X.

2 — Annales
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Now let us consider a space C<Oa> of all real functions x(t) continuous 
on an interval <0, «> and the space C'0 o> consisted of the differentiable 
functions in continuous way. The norm in the space G\Oa> we introduce

llalloi = ||«||o + ||Da»||o, 

d
where ||aj||c = sup[]cc(f)|: tt <0, a>] and D = — is differential operation.(tv

Let 9Jtc and be classes of all nonempty bounded subsets of the 
spaces G and 6’1 respectively. We quote the basic theorems concerning 
methods of estimate of the function y in the spaces (7<0 a> and C‘o o> 
(cf [4]).

Theorem 3. For arbitrary set X e we have

yc(X) — — lima>(X, h) = lim {sup [co h): ajeJT]}. 
2 a-»o 2 ft_»o

Theorem 4. For arbitrary set X e 2Rci

yc\{X) = yc[DX), where DX

Moreover we use

Theorem 5 (Darbo [3]). Let (B, || ||) be a Banach space and let E be 
a bounded closed and convex subset of the space B. We assume that a trans
formation T maps the set E into itself and is continuous. If y (TX) < hy (X) 
for all closed subsets X of E, where 0 < lc < 1 and y means the “measure of 
noncompactness” for sets in (B, || ||), then the transformation T has a fixed 
point in the set E.

According to the above remarks we can see that in order to check 
the inequality in Darbo’s theorem in C1 space, it is enough to verify that

lim o)(D(TX), h)^h lima>(DX, h)

for all bounded sets XeUlci. Notice also that this inequality holds if 
we can find two functions a^h), (ffh) such that for any xe G1

<d(D(Tx), h) < co(D®, ajfh))
and

lima! (A) = lim/?i(A) — 0.
h—>0 /t—>0

Similarly to the Definition 1 we could say that the mapping DT: G1~^G 
changes the modulus of continuity of the derivative in the regular way.
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IV. An existence theorem.

Let /(<, x, y) be a. real continuous function defined on D = <0, a) x 
x R x R. In the set D we define a metric

y), (*, x, y)\ = max[|t-i|, |a> -x|, |y-y|]-

Let G(t, s) and K(t, s) be functions such as in Theorem 1 and Theorem 2. 
We shall deal with the differential equation

00 t

(9) x'(t) = f(t, J x(t — s)dsG(t, s), f x'(t-s)dsK(t, s)jfor te <0, «>,
0 0

(10) ®(t) = f(f) for <e(-oo,0>.
Theorem 6. Assume that

1° the function f (t, x, y) is bounded \f(t, x, y)\ < M and satisfies a Lipschitz 
condition with respect to a variable y

\f(t,x, y)~f(t, x, 2/)l < k\y-y\,

where 0 fc < —-, L = V3 + |ctj,
L i=i

2° the function G(t, s) satisfies the assumptions of Theorem 1,
3° the function K(t, s) satisfies the inequality (2) and the assumptions of

Theorem 2,
4° f(t) is an initial, bounded and continuous function defined on an interval

( — oo, 0>.
By those assumptions a differential equation of the from (9) has at least 

one solution x(t) defined and continuous for te ( — oo, ay, belonging to the 
class CL on an interval <0, and satisfying the initial condition (10).

Proof. Let us consider the space C<0fO> and a integral operation 
R- C<0.a> given by

(11) (F<p)(t) = f(0) + f f(r, J (p(r-s)dtG(T, s), f <p'(T-s)dsK(T, »)) dr
0 0 0

for te <0, a~)
and let
(12) (F<p)(t) — f(f) for te (—oo,0>.

By notations and assumptions 2°, 3°, 4° and by above formula it is 
easy to verify that F is the continuous transformation.

The norms in spaces C<Oa> and O’0,a> we introduce as usual 
IITOIIo = Sup[|(Fq>)(t)\: te <0, «>],

||(lfy)||oi = ITOIIc + llWllo-
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Now we estimate

\(F<p)(t)\ |f(0)| + J |/(t, J <jp(T-s)d8G(T, s), J 99'(r-s)dgJf(r-s))| dr
OO 0

and. thus

IITOIIc^ |f(0)| + oJf.
Because

|(^)'(«)| = |/(<, f q>(t-s)dsG(t,s), f V'(t-8)d8K(t,8^,
0 0

then
IIWIIc Jf.

Hence

■ ||(JV)||C1< |£(0)|+aK + 2lf = |f(O)| + (a+l)-Jf = r.

It means that transformation F maps the set C'0,a> in a ball B(0, r). 
In particular this ball maps into itself.

Now we denote the modulus of continuity for (F<p)' for <peB(0,r). 
Then for t > t, w’here t, t e <0, «>, we have

-t- w
/ 00 °° \ \f, max f <p(t — s) daG(t, s) — f <p(i-s)daG(i, 8)1)).
' <Je<0,a> 0 0 '

We apply Theorem 2 to the first part of above sum. Let

(Jf<p')(<) = f <p’(t-s)dsK(t, s).
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By the assumptions of Theorem 2 and the formula (8) the modulus of 
continuity for can be estimated as follows:

oo

(14) co((Jfy), 7') + |af|)h + 12(A))+1^'||<0>a>y(A).
t=i

In view of Theorem 1 we can also estimate the second part. It is easy 
to verify that a domain of the function/ is a compact set, so / is the uni
formly continuous function. Since the modulus of continuity for the 
function / satisfies

(15) lim «,(/, <|)) =0,
l<-7|-*o

where »?(|i —1\) = max[|t —?|, |(^9?)(<) — (^<p)(i)|]
{,7<<0,a>

(see the formula (1)).
Returning to the formula (13) in view of the inequalities (14) and (15) 

we obtain for — i| < h

A) < k [(fs + l«<l)«(<?>'> + &W) HHIp'lko.a/y W]+"(/, ’/(*))•
<-l

For arbitrary set Jc we have

«»((^JT)', A) fc[(^3-|- A + /2(A)) + r-y(A)] +a>(/, 77(A))
i=l

and by (15), (7) and the assumptions 2°, 3° of Theorem 2

limwhJ’X)', h) < k(v3+ Y |aj)•limcofX', h + fi(h)).
A->0 ' ' ft-»0

Since, by Theorem 4 we obtain

№(FX) = pc((FXy) = ^imw^FXy, h)
h-*Q

(13 + , lail j lim ft)(A , h 4- Q (h)}
h—»0

oo
= fc(r, + 2'|ai|)/ic(Z') 

1=1

oo

1=1
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By the assumption 1° —■■■-■ —----- . Then all assumptions of
^3+ la,-I

»=i
Darbo’s Theorem for F are satisfied. Therefore the transformation F 
has a fixed point, which is a solution of our differential equation (9) and 
(10).
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STRESZCZENIE

W pracy tej rozważamy problem istnienia rozwiązań dla równania całkowo 
-różniczkowego typu neutralnego postaci (0). Do rozwiązania tego problemu stosujemy 
metodę opartą na pojęciu „miary niezwartości” i twierdzenie Darbo o punkcie stałym.

РЕЗЮМЕ

В работе рассматривается проблема существования решения интегрально-дифферен
циального уравнения нейтрального типа вида [0]. Для решения этой проблемы применяется 
метод, опирающийся на понятии „меры некомпактное™” и теорема Дарбо о неподвижной
точке.


