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Construction of an Object of Center-Projective Connection
Konstrukeja obiektu koneksji rodkowo-rzutowe;j

HoHcTpyKuUMA 00BEKTA IEHTPO-IPOEKTUBHON CBA3HOCTH

In this paper we present & method of a semiholonomic prolongation
of linear connections in principal bundle of the first order H (M) of linear
frames to connection in bundle H?2( M) of semiholonomic frames of the sec-
ond order.

Next, from this prolongation we obtain an object of center-projective
connection which has been investigated in [4].

A connection in a bundle P(M) of center-projective frames having
an n-dimensional manifold as a basis, and the group of center-projective
transformations as its structure group is called center-projective connection
(cf. [4])

We derive infinitesimal equations for the ohjects of prolonged connec-
tion and of center-projective connection.

1. Let M be an n-dimensional manifold of the class C°. Let H (M)
be the bundle of the first order linear frames over M. H (M) is the principal
bundle with structure group L.

We start with some linear connection I' on M. The value of the con-
Dection object I" at the point we M on the local cross-section:

M>U 4 H(M)
18 considered as the first order jet of the local cross-section:
o,: neighbourhood of point z—H (M),
Such that: o, (x) = u(z),
(1) I'(@) = j}202(8).
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The right hand-member of the formula (1) denotes the value of the first
order jet of the mapping: {—+o,(t), taken at the point .

N | 1
2 2t Q\N_

x 4

M

Let y be an arbitrary point of a neighbourhood of the point x. Let « denote
a mapping of the neighbourhood of # into L{ such that:

oy (Y) -1, = a,(¥).
Let us consider the following mapping:

(t, y)—=>0,(t) u,.
We define a semiholonomic prolongation I" of the object I by means of
formula:
(2) ] r(w) =j:rl:jll1vau(t)'uu'
If we express this formula in a coordinate systemn then we’ll get the follow-
ing formula for components of the object I':

(2" ' r}kl =akP;l+PJ‘:hP£l'

[T}, T'};] are components of the connection object in the bundle of the

second order semiholonomic frames over M with structure group L.
2. We set:

(3) B =L

We have to prove that the object I"® with components [I'};, I'y] is an object

of a center-projective connection [4]. As the use of the rule transformation

leads to some ambiguous formulas we shall use the mnethod of infinitesimal

equations for geometric objects.

Later, we shall use the infinitesimal equations for the object of the con-

nection, I'f,, [3]:

(4) dI‘;k—I‘:kw;—P;,wi%—r;km:—wh = P;k',ﬂln

We write Cartan’s structure equations:

do* = —ajA0’,
dow], = — iAo — A 0°,

(5) dwj, = — 0iA0f— 0jA 0f — Wy AW — A o°,
dofyy = — OyA wf, — WiA ©fy —w:j, A @f — O A ofy —

(! 8 { 8 i 8 i 8
— Wgp A\ w, — Wg A wﬂ = ﬂ"ajk'\ W — w,m/\ w .
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Forms o}, v}y, wj,, are symmetric with respect to lower indices. 4
We compute exterior differentials of the expression of the ohject I" of the
pbrolonged connection (2'):

(6) ‘zﬁfm = dr;l:k‘i“{"”?ﬁ) Iy I (ary),
W}lere: P;,;k = akP;,.

After substituting (4) to (6) and some easy calculations we obtain:

(7)  aTy,—Tiyef —Tiyop— My, of + Ty of +

= Fizw}‘k _2[‘;:3“)21"" F;lw.:k— Ple;j_‘ w;kl v P;kl,:;“’s'
Applying contraction to (7) with respect to the indices: i, k we obtain:
(8) dI}‘;—F&w;’—I}‘:wf-i-I}‘}wg—(T)}’, =Iy,0°

Where: &) = wj+21} o}, +2I;w},.

Equations (7), (8) are infinitesimal equations for the object I' of
Prolonged connection and for the object I" of center-projective connection
respectively. Thus we have obtained the following:

Theorem 1.: The components [I'}, I'y] of center-projective connection
may be obtained from a semiholonomic prolongation of [I';] by a contraction:

[P;:’ ﬁ;:kt]"*[P}u f}e:]’
wherﬂ: P;:kl = 0,‘11;,-{— ]-‘;h Fi‘-!q
and ) = Tj‘al = aaP;l‘*‘P;thu

3
3. Forms oV = Y W, ..a @l %, Where &gl are basic vectors in

=y
the Lie algebra of the group L}, are not connection forms, and together
With forms o', ..., ®" they form a base of linear forms in the principal
bundle H*(M, L?, n**) of the frames of the 3rd order, [1].

The connection form, w, may be expressed in the following way, [1,3]:

(9) o = o4y,

3
. _ 1 a...a
Where: y _1§1 0, .o ® g™
In our case we have:
(10) . w; = oj+Cj0’,
= | i
Wl = oy + Ol @
o : .
gy = Wjig + Cipae ©° .
Functions €i,, C4,, Cinsy are so-called non-holonomic components of the
Object of holonomic connection in H*(M).
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If we apply contraction to expression (10) for connection forms with res-
pect to indices i, k we’ll get:

(11) @) = j+ 00",
?L};)l = ﬂ),a-f -+ 'ﬂ.m'-
Now we have to prove the following :

Theorem 2: The object C° with components: [Cy;, ('], where (7 = et
18 just the object of center-projective conneclion on M.

Proof: We want to obtain infinitesimal equations of C° by means
of the formula:

(12) do] +wpa of = Ry, 0'A o”,

where [RJ, ] is a matrix of non-holonomic components of the object of
curvature of the center-projectiwe connection.
After some calculations we obtain:

(13)  dol+@} Awf = (40, —C%p el —Cl, p+ ;,,wg—w;’,,+

+ 02 Cp 0%) N\ 0.
Formula (12) will be satisfied if we set:
(14) A0y — Cap 0] — Gy}, + Clp g — wfy = €5 g0

where (), , are just components of the first prolongation of Cj,, [3].
From the expressions (13), (14) we have:

(15) do} + olaof = [0}, ,+Ch,Ch ] A o?
Therefore, the formula for the curvature object will take a form:
(16) Rjoqn d. Cgp a qu »T Czq Cjkp = ?cp Cﬁl'

It still remains to be proved that the object with compo.nents o)
satisfies infinitesimal equations of a tensor type:

a7 ARjop — Rogp 0] — Rjy 0y — Rjy, 0 + Rig 008 = Rigpe .
To this end, we differentiate (14) and we obtain the infinitesimal equations
of Cj,, by a method of G. F. Laptiev. Thus we have:

0 0 0 N . RS

(18) dCj, 4 Cuu q C)s ¢ Wp — Cjp g+ Cjp gy — w0}, o = Cip.ar®
0 0 0o 8

where: @j,, = wjp— Cjy iy + Cy jg + Cfy ).

Differentiating (16) and makmg use (18), (14) we have (17), where:
(19) = Clp.au C},q.pa+0 «Cia + 2 € Ja.a— Cra 2 Cip— C1aClp e

From this, it follows that R}, are the components of curvature in bundle
with center-projective structure group.

)’II) 8
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Remark: Equations (17) may be obtained in another way. Namely
if we look for a connection object in H*( M) (i.e. in a bundle of holonomic
frames of the second order) then we’ll obtain the corresponding components
of curvature [Rj-,”,, R;,,»] and their infinitesimal equations. A contraction
[R},,, Rj,,,] yields the same object of curvature of center-projective connec-
tion as in the above theorem and its infinitesimal equations (17)

4. The object of curvature for center-projective connection may be
obtained in another way. Curvature tensors Rj,, Rj,, for the linear
connection [I'j,] and prolonged connection [I7,I'f;;] may be writen
respectively:

(20) Rjy = 0, — 0, Th + Iy Iy — 'y Iy,
(21) 'R;A'In = 0, r‘;u = ‘]:-"_1}‘;.-; +T ik! I~ T:ka nt

+ iy — T}y Ty — i Ty + Ty T,
Next, we calculate the object of curvature for center-projective connec-
tion (17, I'y]. If we apply contraction with respect indices i, k to curvature
tensor (21) of the prolonged connection [I'}, I'};], we'll have:

(22) Ry, = 0,5 — 0,13, + I'y I}, — I, Ty,

Where: I}, = I'%,,.
From formulas (21) (20) it follows that:

(23) Rjj, = 0, Ry, + T'jy Ry + Rjy Ty + Ry, T,
We now apply contraction to (23) with respect to the indices i, k. We obtain:
(24) R;"Ie = ahR;lla - F;'rR;da a R?ra ;1+R?lrp;w

~ Remarks: 1. From formula (23) it follows that if the linear connection
I8 flat (R}, = 0), then the prolonged connection is also flat (Rj,, = 0).

2. The formula (24) means that if the former linear connection is

flat (R}, = 0), then the obtained centre-projective connection is also
flat (B}, = o).
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STRESZCZENIE

W pracy przedstawiamy metode poétholonomicznego przedluzenia
koneksji liniowej w glownej wiazce H (M) reperéw liniowych pierwszego
rzedu do koneksji w wigzce H?( M) poétholonomicznych reperow drugiego
rzedu. Nastepnie dokonujac odpowiedniej kontraktacji dla obiektu koneksji
drugiego rzedu (przedluzenia pdétholonomicznego koneksji liniowej) otrzy-
mujemy obiekt koneksji Srodkowo-rzutowej, [4].

Wyprowadzamy réwnania infinitesymalne dla obiektéw: koneksji
przedluzonej i koneksji srodkowo-rzutowej.

Obliczamy obiekt krzywizny dla koneksji przedluzonej i koneksji
srodkowo-rzutowej.

PE3IOME

B paGore upencraBiieH MeTOJ MOJLYTOJIOHOMHOIO MPOJOHKEHUA JTNUHEIi-
HOii cBA3HoCTH B paccioenuu H(M) JMHeHHBIX pemnepoB OO CBA3HOCTH
B pacciocHun H2(M) HOMYroilOHOMHEIX PeEIEepoB BTOPOro paHra.

IloToM 11poBoaAA CooTBeTCTBYIOlIlee CBEPTHIBAHUE AJIA 06beKTa CBA3HOCTH
BTOPOro paHra (MoJIyroJIOHOMHOTO ITPOJOKEHUA JIMHEHHO! CBA3HOCTH),
MBI Mo:Iy4aeM 0OBbeKT 1IeHTPONIPOEKTUBHO CBA3HOCTH [4].

Mel monyyaeM MHQUHMTeCMMallbHBIE YpaBHEHMA A OOBCKTOB: INpO-
JOJT*KEHHOH CBA3HOCTH M LEHTPOIPOEKTHBHOI CBA3HOCTH.

ITorom BblYMCIAEM 00bEKT KPHUBM3HH JIA NPOMOJIMKEHHOI CBA3HOCTH
M 1€HTPOIIPOCKTUBHOI CBA3HOCTH.



