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1, Introduction. Recently M. P. Singh [5], S.N. Singh [6] and K, N.
Panday [3] have discussed the so-called inflated binomial and inflated
Poisson distribution. Each inflated distribution is defined as a mixture
of a simple distribution and a degenerate distribution. Analogously, we
can define some other inflated discrete distributions. One can observe
that a large class of inflated discrete distribution is a particular case of
inflated generalized power series distribution (IGPSD) which is defined
as follows: F

A random variable X is said to have the inflated generalized power
series distribution, if

a(x)
Il—a+a _f_(O)_ for z = x,,
(1) PX =a] =p(@;0,a) =
a(z)0® .
f(0)_ for x = x4+1, 2,4+2,...,
Where 0 < a <1, a(z) =0, f(6) = 3 a(2)6®, for e 2 ={6:0< 6 < R},
zeT

the parameter space, and E is the radius of convergence of the power series
of f(0), T = {@q, @y +1,...} is a subset of the set non-negative integers.

In this paper, we consider the distribution of sums of random variables
In the case of a IGPSD, and also the distribution of sums of truncated
Sums of random variables having inflated Poisson or inflated negative
binomial distributions. Moreover, we find the distribution of the sums of
2 generalized inflated binomial distribution (a value z # 0 is inflated)
4nd the distribution of sums of random variables having a truncated
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generalized inflated binomial distribution. The results of this paper cover
also some generalizatins of the results given in [1], [2], [7].

2. Distribution of sums of random variables with inflated generalized
power series distribution. G.P. Patil [4] has shown that the random va-
riable Z = Y X;, where X,, X,,..., X, are independent and identically

i=1
distributed random variables having the GPSD has a GPSD, too. The
case of the independent random variable having the IGSD is different.

Theorem 1. If X, X,,..., X, are the independent random variables
having the same inflated generalized power series distributions (1) and, if
Y=X+X,+...+ X, then

{2) LY =y] =p(y; 0, a,m)

g (iwg) 690
a1—a)" " 0 for y = maz,,

;\ ) fi(0)

\1 (‘m,) a'.( e i W (y “i_ i) ,) fu—(m—i)zo
i\

for y = ma, -1
£:(6) Bt N

mzx,+2, ...,

where a,(0) =1, fo(0) =1, f,(0) = [f(0)]' and a,(z) is the coefficient of
6% in the expansion of f,(0).

Proof. The theorem will be proved by mathematical induction with
respect to m. In the case m = 2, and for y = 2x,, we have

T Ly \'7 2 fq_ 2t a_,('l:.’l/'o) oi:c(i
whereas for y + 2,
U‘%‘o
PIY =yl = ‘l‘ PlX, =x]P[X, = y—=]
T=ay
:‘)a(l—a)_“(_?’.—wfl)_oi‘,xo it = \" a(x)6* a(y—x)6"""
» ) = 1o £
; y Y — (2—i)z
= \1 (Z) $(1 _ -t @; ‘}LA_ _{L‘)— a’” 0
frrid s e £:(0)
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Hence, formula (2) is valid for m = 2. Assuming now that (2) is valid
for m > 2 we demonstrate that it is also true for m 1. For y = (m +1)z,,
we have

P[Y = (m+1).’l}0] =1)[Xm n— él:o]l)[Xl —+—X2—+--“ N _1'," ___ 7"/41’0]
= []. —a-t+a _u("yo)o'r“] S‘(nﬁ) ‘[1 )m i “i(”’o) 0.20

1(6) =\* L0
= fi(0)
3 gﬂ (a;l) @ (1 — i a; (5 +1) @) 644070
=0V Ji01(0)
_ [m+1 Ml 2 m m\| ; il a,(iay) 0%
(1) o Sl 1m0
| m+1 fm'rl(o
,"Yw’l(,”_. 1) ‘(l m,: iai(i‘ro)ou‘“
im0 1i(0)
and for y = (m+1)xy+1, (m+1)ze+2,...
£o
PlY =y] = ‘Z P[X,., = z]P[X,+ X, +... + X,, = y—x]
=§:(’{')af aym =i ¢ a;(y — (m+1 — 1)) 6V~
=t AL fi(6)
- a,(y_wom) GV—=o™
+a(l—a) —_——_f(T
g m 1 m 3 0”_(m_iko y‘”}:’o .
+ JilEfrio st 2 wistaly—in— e
N S m o L) ;(?/—(m+1——i)wo)()"‘("‘“—ﬂzo
F — [(1«—-1) ( )]“ (1—a) 7100
m+lﬂl(y)6v_
+a fml(a}
© = v—(m+1—i)zy
VmA1\ o aly— (1 —d)g) 6
L W 70

¥~ Annales
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In particular case, when 7' is the set of all non-negative integers, where
z, = 0, by formula (2) we get

(2) PLY =yl =py;0,a,m)
721 m\ ; m—1 ai(“} .
) (i.)ﬂ (l—a) }I(ﬂ) for y = 0,

=0

——t - g u
2(?)&‘(1—(:)""‘-6'7(‘?;—,0— fory =1,2,....

Now, let us consider some special cases of the distribution (1).

=1

(a) Inflated binomial distribution. Let f(6) = (1+6)Y and 6 =%.

i N 1
Then aa) — (7). £i0) - G T =01, )
and
1—a+aq® for z =0,
P[X =2] =p(z;p,N,a) =

a(j;) p*¢"* forax=1,2,...,N.

In this case the formula (2) has the form:
(3)
" (1—a-+ ag™)™ for y =0,
Z (m) (Nz) a'(l—a)"pYqg¥"¥fory=1,
=1 J y
"2, ...y Nm.

(b) Inflated Poisson distribution. Let f(6) = ¢’ and 0 = i. Then f;(6)

=€, a;(x) =%'-, T ={0,1,2,...} and formula (1) is of the form

PlY =yl =py;p,N,m, a)= |

l1—a+ae? for z =0,
4

PIX =2]=p(z; 2, a) = A
L 1=2(@;4,a) ae"“;'— for x =1,2,....

From (2) we have

s 3
Y (’",‘ a'(1 —a)™* ool " S
mal \ 2 y!

=1

|(1 —atae”")" for y =0,

(4) PY =yl =py;4,m,ya) =

L for vy =1,2,....
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(c) Inflated negative binomial distribution. Putting in (1) f(6)
/

=(1—6)",6 =p and a(x) =(—1)‘( mN), we have the so-called
inflated negative binomial distribution

1—a+aq" for ¢ =0,
P[X =2] =p(z;p,N,a) =

_m'N)(—l)”p“’qN forz =1,2,....

Noticing that f,(6) = (1—a)™™ and a,(z) = (—1)*(_;""), we get
by (2)
((L—a+ agV)™ for y =0,
. = N i
(5) P[Y=y]=p(y;p, N,m,a)= S’("‘)a R et (7
=1
for y =1,2,....
(d) Inflated truncated binomial distribution. If we put f(6) = (1 +6)" —
=-1,0 = %, a(r) = (::) and T ={1,2,..., N}, then the distribution (1)

18 the inflated truncated binomial distribution, i.e.

N-1,

N
ll—a—i—a lpq v~ for 2 =1,

PIX = z] =plz;p, N,0a) = g
( )p‘q“'"/(l —q) for 2 =2,3,...,N.
In this case

£i(6) = [A+ 6" —1F = 1—¢")'q~™,

s - S ()

j=0
Then by (2) we get
(6) P[Y =y] =p(y;p, N,m,a)
m ] o _
y D (=1 (T) (;) (‘:J)a‘( —a)" P (1 — ") for y =m,
=0 J=o
= m i
\1 \W i—j m—i y+s—m Ni+m-— Il-i
iy _4( —1) ?/+" = *
f=1 J=0
_(1_qN)—t {for Yy = m--1, /m,+2,..., Nm.
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(e) Inflated truncated Poisson distribution. Putting in (1) f(0) = ¢ —1,
1
6 = 4,a(x) = and T ={1,2,...}, we have
x!

l—a+ale?/(1—e?) for z =1,
PX =z] =p(x;4,a) = i

A

ae*—/(1—e¢?* fore =2,3,....
!

Because of

fi(0) = (¢ =1)" = (e' 1),

R - Y o
a;(r) ;'E;‘U" 1) 21"

we get by (2)
(7) P[Y =y] = p(y; 4, m, a)

w) /) . St \m
\wz (”' l}) b= Lokt t(l—a)m—:_(_?!)_e—h/(l_e—l){ I

i=0 j=0

= WA AT o iR T -y
24 51( )(J)( i o T wri—mr’ =4

=1 j=0

—

for y =m-+1,m+2,...

(f) Inflated truncated negative binomial distribution. If we put f(6)
=(1-0)"V-1, a() =(—1)x(’wN) and T = {1,2,3,....}, then by (1)
1—a+aNpg¥/(1—¢q") for ¢ =1,

P[X = a]=p(a;p, N, a)=
[X =2]=p(z;p, N, a) (_1);( )pzqh ) for z=2,3,

Observe that in this case

fi(0) = [A—0)"Y—1TF = (1 —¢V)qg™,

a;(2) = E (—1)‘”"( ;’) (;)

=0
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$o we obtain by (2)

(8) I’L Y =:y] =P(!/;N,p, (1)
nh 1 A R :
L \ (@)(j)( ; ])( —1 }-r _Jal(l )m Iplq_\l[l_q]‘l)—t fOI‘ ?/ i ,'n,
=0 ,-:_—‘
- <‘W \W m —Nj _q\wAR—m—j {1 _ ym—i y+i-m
— i y+i—m 51 a(l—a)™p :
.qt\'(l_qt') 3f0ry='"1,+1’ ,'n+2’...

3. Distribution of sum of truncated sums of random variables. Now we
are going to consider the distribution of a sum of truncated sums of random
variables. Let Z,,Z,,...,Z, be independent and identically distributed
random variables having a probability function given by

fil‘ I A\‘..- :
PiZ; =z2] =p(z;p, Nym, a) =;‘;f)(:.?)ﬂ1( a)™ipf M-

i=

fl—1—a@—¢")]"} ' for 2 =1,2,..., Nm,
t=1,2,...n, where N and m are positive integer numbers, 0 < a < 1,
0<p<1, p+q =1 Tt has been shownin [7],that if ¥ =Z, 1 Z, +... +
+Z,, then the probability function of the random variable Y is
given by

" wmr

PIY =yl = {1—[1—a(l—g") "} : :{ —1)"-'(”) ("’") (Ns)_

I\ s )\y
r=1 s=1
(1 —a)" [l —a(—q™)"*p?q¢"*? for y = n,n+1,..., Nmn,

and the distribution function of Y is obtained as

(1) mr

Fy) =1—{1-[1—a(@—g")"}" N N -n"*(’j.) ("';").
rel s=I|

@ (l—a)" *[1—a(1—g") """ "I, (y +1, Ns—y)

Where I,(y+1,Ns—y) is the incomplete beta function.
Let us consider the distribution of a sum of truncated sums of the inde-
bendent random variables having the inflated Poisson distribution.
Theorem 2. Let Z,, Z,, ..., Z, be independent and identically distributed
Yandom variables with distribution function

m ‘ ' i }..' P
(9) PlZ; =2] =p(z; 4, m, a) = }_h\l:(i;)uj(.l —a)" e di:!)—-

l—(l—a+ae "] for 2 =1,2,.00y8 =1,2,...,n,



38 Lucja Grzegorska

where m 18 a positive integer number, 0 < a <1, 1> 0.
If Y = Zl +Z2+ eee +Zﬂ’ the'n

(10)- P[¥'=y] = [1—(1—a+ae")"‘]‘"i'2(—1)"-f(“) [WJ

‘(1 —a)™ %1 —a+ae~?y™Mn-"eg 2 (y} for y =n,n+1,

Proof. The characteristic function of the random variables Z,,i
=1,2,..., n with (9)is given by

¢z, () = _\ e _\ ( )a’a ay"e -‘f”)z/tl—(l—awe Ay

£g= 1 jnl

— - —a+ac )] V S(#)ea—am-tes Y L
= [1—(1—(1+ae"*)m]—l“1_a+aexp(l(e:l_1))]m_(1_a+ae—1)711}.

Hence
pr() =[1—(1—a+ae)"]"|[1 —a+aexp(A(e” —1))|" —(1 — a+ ae~y™}"

=[1l—1—a+ ae"‘)m]'" 2 ( —1)”"(:") 1—a+ ae—l)ﬂ!(n-r) .

r=0

[t —a+ aexp(i(e” —1))|™.
Using the inversion formula for characteristic functions, we obtain

k
1
P[Y =y] = lim o fe-“*upy(t)dt

k—oc0

== [1 - (]_ —al ae-’l)m]—nZ ( _1)n—r ‘:”) (1 e W ae-—l)m(u—r)

r=0 2

mr

lim ot ol e v XW (fmr) a’(1 —a)™ *exp(si(e* —1))dt
k—00 2k % :B" 8
= [1—(—atae ] 3 ¥ (-1 ( )(”"\ a*(1—a)™ "
r=1 g=1

(4s)"

(1 —a+ ae~tymn-"e¢—1e :
u'!
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Hence the distribution function of Y is given by

n mr

Fly) =1— \ {—(—ataehm ™ 3 V(-1 ‘r:)( \'
2"”1 r-l s=l
as(l i a)mr—a(l - ae-l)m(n—r)e—u_&:‘)r_'
_]__[1_(1_a ae” m]-n \’ \ ( l)" r( )(’I);T) a(l __a)mr-—s_

r=l a-l
‘(1 —a+ag™ ™" =N ], (y 1)

(48)"
where I;(y 1) 2 e” )

z=y+1
The distribution of a sum of the truncated sums of the independent

random variables having the inflated negative binomial distribution
is given by the following

Theorem 3. Let Z,,7Z,, ..., Z, be independent and identically distributed
random variables having the probability function

(11) P[Z =2] =p(z N,p,m,a) = E(’f)(_\’}( ~1f el (1 —a™i.

¢ [l —1—atag")], for 2 =1,2,...,i =1,2,...,M,

where 0 < a<1,0<p < 1, p+q =1, N, m are positive integer numbess.

If Y =Z,+2Z,+... +7Z,, then the p)obabzhty function of the randomn
variable Y is given by

(12)

n mr

PIY =y] = [1—@—a-t aq‘v)m]"‘z/\:( _1)n—r+v‘ \" _—';;\'3)‘

W

r=1 g=1

‘a®(1—a)™ % (1l—a {ag" )" pVg™®, for y = n,n+1,..., Nmn,

and the distribution function of Y has the form

. n_mr o v
F(?/) = 1—[1—(1—a+aq‘\)"‘]""2’2( )n—r{ )k” ) s(l mr-—a.

r=1 s=1

‘1—a i ag*)™* U, (y +1, Ns).

The proof of this Theorem is similar to the proof of the Theorem 2.
For a =1, the formulas (10) and (12) reduce to the classical ones.
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4. Distribution of a sum of the generalized inflated binomial distribu-
tions. Let X be a random variable having probability funetion

(13)

‘l—(l+f£( )p ¢ ® for v =3,

P[X=£L‘]=p( PNa)—Iu( p*}\z fora;—()l ...8—1
[8

+1 Ly, 8 }—2 l\

where 0 < a<1,0<p<1l, plq=1.
Theorem 4. If X,, X,, ..., X,, are independent random variables having
the distribution (13) and iof Z = X, {- X, +... +X,,, then

\*

for 2z =0,1,..., Nm. where

z—g(m — lerwise.
v J ll ( .)} Otllel“lﬁe

Proof. The characteristic function of each random wvariable X,
1=1,2,...,m is given by

¢x; (1) = (L —a)e" +a(e’ + ).
Hence, we have

gz(t) = [(1 —a)e™ + a(pe -+ @ ™

m Nj

g s w(m) Ni\ 1 — Y3 gt gNi— gitlstm—yir]
ol .-S-J jlI\r o g9 L

j=0 r=0

Using the inversion formula for characteristic functions, we obtain

PlZ = 2] — llm 1 f Sﬂ (m) (1:.7) (1 —ay*ip gV T etam—Dr=2l gy

m Nj k
- . 1 .
_ /\W > (’I{I;) (N]) ( ajm_Jprt{\"_r“lll = f eu[a(m—-Jl :-r--:|d£
H';O ‘-"‘r/___o .) r k=00 2k "
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Taking into account that

i _1_ ‘ s Drealdy |l for s(m—j) | r—z =0,

k—000

;..K_

0 for s(m—j)+r—z = 0,
we get. )

PlZ =z] = Z(M)( Nj . ) o (1 — a)™ T p* - H™-NgNFamN=s
J/\z—8(m—j)
j=0
Let us note that, if s = 0, then for z = 0

m

P[Z = 0] = _\1(".1)11’(1 "I g™ = (1l—a - ag)",
=\
and for z # 0

P[Z =¢] = \1(1)(N)“"(1—a)"""'1”<1"""

e r4
fe=0
J=1

S. A truncated inflated binomial distribution. IMinally let us consider
the case of & sum of the truncated inflated binomial variables.

The random variable X" is said to have a truncated inflated bhinomial
distribution, if

(15) P[X ==] =p(z;p, N, a)
[l -g - u(‘:)p’-q"""] /(1 —aq") for x = s,
b I

| |a(2)1’=q“‘*/(1—aq~") for o =1,2,...,

‘s—l, s-+1, $+2,..., N.
Using the inversion formula for characteristic functions, it is easy to
Dbrove the following
Theorem 6. If X,, X,, ..., X,, are independent random variables having
the same truncated inflated distribution (15), and if 7 = X, + X, -... + X, ,
then the probability function of the random variable Z ix given by

m m—j

(16) P [Z ¥ z] _ ‘-\-: Z (’I;b) (1’1 :r—]) (: :\_i.s) ( _1)m-—i—ram—r(1 o a)r.

=i r=0

ptrr N —a@™)™ for z = m,m+1,..., Nm.

In the case a = 1, (16) gives the formula for the distribution of the
Sum of truncated binomial distributions.
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STRESZCZENIE
W pracy podano rvozklady sum niezaleznych zmiennych losowych
o ,nadetych” rozkladach typu uogdlnionych szeregow potegowych.
PE3IOME

B paGore npusojATcA pacupeeieHfi CYMM HeE3aBHCHMBIX ciyuafi-
HBIX BeJMWH, UMEINIX ,,pa3nyToe’’ pacipeleneHue Tuna o600leHHbIX
CTEIleHHLIX PHMIOB.



