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Recurrence Relations for the Moments of the so-called Inflated Distributions
Wzory rckurencyjne na momenty tak zwanych rozkladéw “nadetych”

Pexyppentiue popMysIn 3j1A MOMEHTOB TaK HasHBAGMBIX ,,pAadAYTHX’’ pacnpeseneHui

1. Introduction and notations. A. Noack [3] and, next, G.P. Patil
(6] have shown that a large class of random variables with the discrete
Probability distributions can be derived from certain power series

1(8) = Y a(x)6®
z
Where the summation extends over a subset 7' of the set I of non-negative
integers, a(z)>0 and 6e2 = {6:0< 6 < R}, the parameter space,
and R is the radius of the convergence of the power series of f(6). A random
variable X with the probability function

P[X = o] = p(a; 0) =—

Is said to have the generalized power series distribution (GPSD).

Now we are going to introduce an inflated generalized power series
distribution (IGPSD).

A random variable X is said to have the inflated (at the point z = 8)
generalized power series distribution, if

(1) P(X =a2] =p(z;0,a) =
alx)6”

— for ¢ #8, weT
7(0)

Where 0 < a <1, a(z) > 0, f() = Ya(x)6” for 02 ={6:0< 6 < R},

o

the parameter space, and R is the radius of convergence of the power
Series of f(6), T is a subset of the set non-negative integers, and se7.
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A random variable X is said to have the inflated generalized power
geries distribution, truncated at point 2 = x,, if

(2) P[X =a] =p(x;0,a)

a(x) 0" a(x,) 6% e
(Bt bl o = e

a(ﬁ)ox a(a;o)ezo ‘ ‘ L
a_f(g) /[1—a W] for 2T, o # 8,2 # @,

a, 0, a(z) are defined as in above and £, = minsz.
zeT

This note gives the recurrence relations for the moments of the random
variable having IGPSD and the recurrence relations between the nioments
of GPSD and of ones of IGPSD. Moreover, we establish the recurrence
relations for the moments of a truncated IGPSD. From some forinulas
given in this note one can obtain as particular cases, the formulas for the
recurrence relations for the moments of the simple binomial, negative
binomial and Poisson distributions. For instance, we get the formulas
given in [1], [3], [6] and [10].

Through this note the following notations will be used:
. — rth moment of GPSD,
., — rth moment of IGPSD,

p#, — rth central moment of GPSD,
u#, — rth central moment of IGPSD.

2. The recurrence relations for the central moments of IGPSD and the
recurrence relations between the moments of GPSD and the ones of IGPSD.
We are going to prove

Theorem 1. The (r +1) -th central moment of & random variable X having
the distribution (1) i8 expressed by

du, dm,
F T

(3) Brgr = 0[ ,u,_l]—%(s—m,)y,+€—(s—ml)"“.

where f =1 —a.

Proof. The mathematical expectation and the rth moment of the
distribution (1) are given by
J'(0)
4) my = s+ al———,
( : 1(6)
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and
o= Ba—m) tay (@—my 2O
< f(6)
respectively.

Differentiating the last formula with respect to 0, we get

_rlp = —fr(s—m,)" ldm, i \ r(@—my) a[.’r)ﬂ dm,
a0 do — f(0) do

+a yw(w—m,)' g(ﬁ)_o_x___l —a_fl_(..o_), S-‘ (w—m.)'wo_z,

‘ < f(6) FUNEE.., resondfils)

Hence, we have

0_‘?”5 = —7rf " dm‘ [B(s m,) "'+ a S (@ —m,)"" a(a) 0™
de do e f(6) 10 |

+aZ (@ —my) ™+ Z a(a—)e’ 2( my) Ll L (ml—o_ftﬂ)_\.

fo f(6) \ f(0) ]

In view of (4), we get

l—of—-=£(8—m;).
f6)
Therefore
du, dm ~ -
05 = ~T0 g Heo1tpesa— B8 —my)"

+%(8—m1) [a,—B(s—m,)].

Hence, the formula (3) follows.

21

In the special case when T is the set of all non-negative integers and

8 =0, the formula (3) becomes

(3")

Brpr =

du. dm,
a6 do

8
- by — /“r—l] + 'E"”"l,u'r i ( —'m'l)r-“'
a a

Moreoyv- er, if @ = 1 then the formula (3) describes the recurrence relations
for the central moments of the power series distribution established by

Noack [3].
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The following theorem gives the recurrence relations between IGPSD
and GPSD

Theorem 2. If X is a random variable having the distribution (1), then

d‘! f . . dm' ’
(5) o =Atad ,\ ()ﬁ i (m; —8)~ f[ s "U—1-}—d—ﬂl#1~z]-'
where
A = ap(s—my)(a™' —(—p)).
Proof. It is obvious that

m, = B8+ amy,
and

, = Bls—m +a§’(w m, )y SOV CL
2 1(6)

Using the fact that

N, o a@)6” v\, g 0(2)6°
< 7™ _22\3)‘”” Y= m ™ )

we have

L
r ’ r r— 2 r=— L)
g, =a pe—m) +a 2(}) B (my —s) j.“i'
P
On the basis of the equalities y, = 1 and u; = 0, we have

B, = af(s —my) (@™ —(—B)"]
27 L TP o
4"2:(3‘)‘" m =0 .

Using the formula for the rth central moment of simple distribution

i du dm,
B, = 6 [*"i',‘o—' +(T—1) dGl .“r—z]7 r = 27 37 Dog
and putting 4 = af(s—m;) [a"'—(—B)""'], we get (5).
One can observe, that some formulas given in [9] are the particular
cases of the formulas given in the Theorem 1.
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Now we are going to consider some special cases of the distribution (1).
(a) Let f(6) = (1--6)", 6 =%. Then a(z) = ( ), T = {051,500}

and the distribution (1) has in this case the form of the so-called inflated
binomial distribution

(6) P[X =z] =p(@;n,p,a)

n

iy

l l—a+ ap®g" ™ (:) for z = s,
(

After simple calculations one can obtain the following relations:

d r r r
(7) Brit = P (Tf; +anrﬂ,_n)—ﬂ(s—np)ﬂ,'f—ﬂa (8 —np)*t,

e au)_, . ,
® = Avapg Y (()g oy [—"f;P— Fnli—1|
j=13
RS A = af(s—npY @ —(—BY-"].

1
(b) Setting f(6) = €°, 6 = 4, a(x) = and T = {0,1,2,...}, we

obtain the so-called inflated Poisson distribution

;‘J
1—a+ae“——' for z = s,
x!

(9)  P[X =a] = p(#;2,a) = '3
) X =zlie= ;i 4, o) ae“;; for 2 =0,1,...,8—1,

s+1,...,
For the distribution (9), we have

(10) Brp1 = A [%? 15 arﬂr—l] _ﬂ(s _2')/"1- +ﬂar(8 —}‘)'+19

: hos | e v
(11) p = A +al?;:(;)ﬂ'"’(1—s)'_’[% + (3—1),4,_,],

T A =af(s—A) [a " —(=p)""].

() If f(6) =(1—6)"", 0 =p,a(z) = (—1)’(;”) and T ={0,1,
2. -}, then the distribution (1) is the so-called inflated negative binomial



24 Lucja Grzegorska

distribution

/1—a+a(—1)’(;ﬂ) p°q" for v =3,

12 P X =zx]=p(zin,p,a) = —n =

( ) [ ] p( ’ p ]a(_l):( " )pzq for x =0’1’
\2,....3—1, SE{HIL v i)

In the case of the distribution (12), we get

P, ) ( P)
g =—— g —— Jarap,_,| —Bls—n—|u,
By o \7 dp Hopy ﬁ q Iz

r+1
+ Ba’ (s —n %-) ’

r X ) r=y ;
- "\ ar=i|p P dpy_, P;-
(14)  p,=Aiap (.)ﬂ' ‘(w-— —s) [ +n(j
Z J q dp

where
) [ar—l _( _ﬂ)r-l]'

y a(x) :(:) and T = {1, 2,...,n},
then we obtain the so-called inflated truncated binomial distribution
(15) P[X = 2] = p(x;n, p, a)

| —a+n( )p " */(1—q") for x = s,

(13)

4 = aﬂ(s—'n

|

(d) If f(6) = (1-6)"—1,6 =

|

\ ( " "/(1—q") for x =1,2,...,8—1,8+1,
124

For the distribution (15) we have
1 _— qn .

dp, npg"~! ]
16 = - g
( ) /"+l pq[ dp +arn {1_‘?“)2 F’r—l

—ﬁ(s— ﬂpq,,)#r fa (s— np )I'f.l’

(17) u, = A - apq y )ﬁr-j ’)IP 9 Q)r-l

‘1/‘)-- ; 1—q"—upg"™"
[ S Sl v |
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£
¥t

where

t o solat®P Yo by . gt
A - aﬂ(s _1H_.;"] [ —(—B)y~"].

1
(e) If f(0) = e*—1, 0 = A, a(x) 3 U and T ={1,2,...,}, then we

have the so-called inflated truncated IPoisson distribution
(18) P[X = 2] = p(x; 4, a)

xr

A
1—a+ae“;/(1—e") for ¢ = s,

a# -
ae ‘E/(l—e Y fordwi=.1, 2, ...,6—178 11, ....

In the case of the distribution (18), we get

| du, 1—0"—fo?
A9)  ppyy =4 [_d) +m‘—(1_e—_;), —#r—x]

—ﬁ(s— A ) + pa” —,ri )’-+l
1—e? - pa 8_1__0_ -

(20)  p, = A +ak 6(?)&-!( A _s)"’

- R
d,u;_1 i 1—e*—le? ,
o |l Ry ) W R e
[ a T Ty ""’]
where
}' 1 r—1 r—1
4 =ap L= o aajnte = (i l.

(1) If £(0) = (1—6)"—1, 0 = p, a(z) = (—1)2{‘:) and T = {1,2,
S .}, then we have the so-called inflated truncated binomial distribution

(21) P[X =z]=p(z;n,p,0)

-

o
e L6 ") el — ") for o =,

a(—l)‘(_l-”)pzqn/(l—q") for z = 1v2’ ey 81, 841, ...

‘
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In this case we have

(22) gy =

r+l
_ﬁ[”_‘qﬂnj})]"' ﬂ[ ﬂ"?_"] '

23) pp =4 \"(’f)"-i[ i 3]
R ) H Ll P

=2
dp_, . 1—q"—npq" ]
. Ty e et
[ ap MUY TEa ey B
where
¥ =aﬁ(s— P )[ (=Y.
q(1—q")

If in (7), (10), (13), (16), (19) and (22) we put ¢ = 1, then we obtain
the well known recurrence relations for the central moments of binomial,
Poisgon, negative binomial, truncated Poisson and truncated negative
binomial distribution respectively.

3. The recurrence relations for the moments of negative order of the
inflated generalized power series distributions. Now we can prove the fol-
lowing:

Theorem 3. If X i3 a random variable having the distribution (1) for
which O4¢T, then we have

dm_, 5 L4 ™ | J'(0)]
24 0———== —ps~"
e e T A TOR |
Proof. It is obvious that the moment of negative order of X is
given by

S, e
Hence, we have ;
dm_, 1[0 XY @)
do—_ olps + a @ f(0)
/(0 [ Pl u(-t-'}ﬂz] J(0)' 2, «pom!
— -~ +a ) @ . Bs ,
0] /AR T R TT) 0

which proves (24).
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-3

It is easy to verify that:
(¢) For the distribution (15), we have

am . np P np
—=m —_—m_,—fi8 A
PIgp — Mo T g ( )

(¢¢) For the distribution (18), we have

_dm_, A o, A
A - d)' ='m_,,_;_1—1—_e—_—jm_r---ﬁs 8——i = .

(i77) For the distribution (21), we have

q1—q")
4. The recurrence relations for the positive and negative moments of the
truncated inflated generalized power series distribution. Let X be a random

variable having the distribution (2). By the similar considerations as
in the proof of Theorem 3, we get

Theorem 4. If X i3 a random variable having the distribution (2), then

mc s IS
P—W =My em  — 8T8

dm__ np ( np \

a(x,) 70 - Bf(—o—)

ar, —
m,,., =0 % — - 7(6) -— _f(O_) m,
' dao a(xz,) 6% d
kg 9 5
(25) 7
— B8 [3_0 m>]
T, SO f6) ¥
f(6)
and
o S@) 6T ()
dm_, * 1) fe)
o a0 M_ppr + _ag(wo)oi" m_,
(26) . f(IO)
- ﬂs o [8—-0-]:(—0)]
AL 1(6)
f(0)

In particular, one can obtain

(A) If f(6) = (1 +0)" and 6 =§, then the random variable X has
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the truncated inflated binomial distribution

P[X =z] = p(z;n,p,a)

|.[l —a+a(2) p’q”“"]/(l—aq") for £ =8 # 0,

a{n\l p*¢"*/(1—aq") for x =1,2,...,8—1,8+1,...,n,

L \@)
and
dm, np Bs” :
Mme . = Pq dp + T uqn n, + 1 ﬂqn (8 —mnp),
dm_, np ps"

Pq- ip =7"’—r+1—'IT(1q7m-r_ 1—ag" (8 —np).

(B) If f(6) = €’ and 6 = 4, then the random variable X have the trun-
cated inflated Poisson distribution

P[X =a] =p(x; 4, a)

z.r
‘[1—a+ae“r—']/(l—ae“) for x = s # 0,

PR
ae ‘E/(l—ae for v =1,2,...,8—1, s +1, ...,

dl

(C) If f(6) =(1—6)"" nad 6 = p, then the random variable X has
the truncated inflated negative binomial distribution

and 2 dm, o 1 ps’ et
m, , =A—" — —_—(s—4
. da T R S — ’
dm _ ) ps~"
}. L = gy — ———————— —_——— — 4 "
mo x W T (=)

1 —ae

P[X ==z] = p(z;n,p, a)

I [l_“+a(—1)x(;R)P’q"]//(l—af‘) for @ =3 # 0,

u(-l)‘(;’")p’q"_!u —ag") for & =1,2,...,8—1,

s+1, s+2,...,

and
dm, ) 8" \
m,,+,=pr—£~ P ——— 498, -1 ——ﬁ uls—ng,
dp  q(1—aq") 1—ag" \ q
dm_, —r
P — =M,y — 4 o -t ﬁs_". [8—-'31,-2)-)—
dp q(1—ag") 1—ag' " " g
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STRESZCZENIE

W pracy podano wzory rekurencyjne na momenty ,,nadetych’ roz-
kladéw typu uogélnionych szeregow potegowych. :

PE3IOME

B paGote npusopsTcA peKyppenTiible (OPMYIIBE ISl MOMCHTOB ,,pa3-
AyTLIX™’ pacnpeesnentii THIIA 0000INCHHLIX CTEHEHHLIX PHIO0B.






