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On the Coefficients of Functions whose Real Part is Bounded

O wepolezynnikach funkeji, ktérych czeé rzeczywista jest ograniczona

O xo3doduimenTax yHXimit, BelecTBEHHAA YacTh KOTOPhIX OrpaHM4YeHa

1. In this note we are going to give sharp estimates for the coef-
ficients of regular functions of some classes. As some special cases one
can easily obtain the estimates given in [2] — [4], [6], [9].

Let P(z) be a function regular in K, = {z: |2| <1} and such that
P(0) =1, i.e.

(1) P(z) =14+p2+pe2?2+..., ze K,.

We say that P(z)e #[a,t, m, M] if and only if there exists a function
w(2), |o(z)| < |2|, regular in K, such that

Ao +M
@) PO = oy’

the parameters a,t, m, M should satisfy the following conditions:

A = (M2—m?) +m(l—2a)+a(l—a)—1t2+it,
(3) B=1-m—a+it, D = D[a,t,m, M] = (A—B)> 0,
—ow<a<l, —oo<t< +00, m>1/2, M > 0.

The condition (2) denotes that P(z) is subordinate to P,(z), where
P,(z) = (Az+M)/(Bz+M) is a function mapping the disk K, onto the
disk K(m +a+it, M) so that 0 «» 1. The condition D > 0 means that
le K(m+a+it, M).

The following particular cases werc investigated earlier:

1. Xt =0, m = co, M = oo, then ReP(z) > a, where —oo < a < 1, [9]-
2. Ift=0, a=0and m = M, where M > 1, then |P(z)—M| < M, for
ze K,, [4].
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3. Ifa =0,t = 0and (m, M)e D, where D = D,uD, with D, = {(m, M):
12<m<l,l-m< M<m} Dy={m M: 1<m m—1< M< m},
then we obtain the class introduced in [2].

4. If 0<a<1and m = M then one obtains the class introduced in [6].
2. Using the method of Clunie [1], we obtain

Theorem 1. If P(z)e Pla,t, m, M], P(z) = 1+ p, 2, then
k=1

D
ym =1,2,....

(4) 1Pl < T3

The sign of equality holds for the function
P(z) = (Aez" +M)[(Bez" + M), [¢] = 1.

Proof. From the representation formula for P(z) we obtain

NA—B)—B Y pd| o(z) = M Vpkz
k=1 k-1
hence

fa— B)—BZpkz*} w(z)‘MZPLz"+ ,\ 0.
k=1 k—n+1

Putting z = r¢®, 0 > r < 1, 0 < 6 < 2 n after integration we obtain

n—1
Mle |2 2k+ 2 quia 2k - |.A. B|2+IBI22 kal2 2k

k=n+1

If r—1, we get

n oo n—1
M N gl + N gl < 14— BE+IBP D) Ip.
)::rl k=n+1 k=1

Ience

n—1
M?|p,* < |A— BP+(1BF— M%) Y Ip,P,
k=1
which gives (4).
Remark. If P(z)e #[a,t, m, M], then
24 2
K \ | 2 = .
(")) % ]pkl = Mz_ |B|2 4
Proof: If (A — BP(2)]w(z) = M[P(z) —1], then the condition |w(2)| < 1
gives

| Mf:p,‘z"‘<|_(A —B)-—Bip,‘zk'.
k=1 k=1
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Thus
In &= in =
M? f }Epk"kﬂwlz dp < f ‘(A—B)—BZp,‘r"e"‘"qu).
0 =1 0 k=1
Hence, after integration we obtain by letting r—1:

M2 3 ipylt < D2 1BI* Y (palt,
k=1 k=1
which gives (5).
Corollary. If P(z)e #[0,0,m, M), then

M2 —(m—1)*

an| < M' ’

(D= e [ 8

Let f(2) = z+ 3 a;2* be a regular function in the unit disk K,.
k=1

Wo say that f(z)e #[a,t, m, M] if f'(2)e P[a,t, m, M], i.e.

Aw (z) 4+ M

Bow(z) + M’

where w(z) is a regular function in K, such that |w(z)| < |2|] and the
parameters a, ¢, m, M satisfy the conditions (3).
Theorem 1 implies

£ f

JTNY )

Theorem 2. If f(2)e #[a,t, m, M], then the sharp estimates
D

(6) |a,, ] W’ N - 0%, § A

and

(7) V¥ ktla,|? < —- D1 :
s ) Me— |B|®

hold, and the sign of equality in (6) takes place for the function

- Ael" 4+ M
: Bl + M
Corollary. If P(z)e #[0, 0, m, M], then

M:—(m—1)*
nM ’

f(z) ag, le|l =1.

la,| < n=2,3,... [2].
3. Denote by #*[a,t, m, M, f] the family of regular functions

(8) flz) = z+ }__'akz", ze K,

k=2

6 — Annales
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satisfying the equality

' (z) ..

(ﬁ__—_ —

o 1@ ’smf  Aw@) +M
cosf "~ Bo(z)+M’

where a,t, m, M are as in (3), and Be(—=/2, n/2).
We have

Theorem 3. Let f(z)e #*[a,t, m, M, ). If the parameters a,t, m, M
satisfy the conditions (3), fie ( - ::, %) and E = Efa,t,m, M, ] = Mcosf x

&

X (t8inf —vcosp) +cosﬂl/M2(rsinﬂ—vcosﬂ)2 +D—1<0,wherea = A/M
= u+1it, b = B/M = v+1it, then
(10) ]anl< =2,3,---

If the parameters a, t, m, M obey the conditions (3) and M cosf(rsin—vcospf) +
+cosfV M?(rsinf —vcosf): + 1 —1 > 0, then

n 1

1
11 = — =% . — 2,__”N
(11) @, (-n_l):ﬂ"‘*'- :
and

1 N-1
12 < - — = N+1,...
(12) @, \(n_l)(N_z)!almln +1,

where N = [2 + M cosf(zsinf —vcosp) +cosf l/Mz(rsinﬂ—'vcosﬂ)“_ﬂ;_D]
. 1
pr = € ¥ (acosp +ibsinf) — kb = = [De *cosf—(k—1)B]. The estima-

tes (10) and (11) are sharp and equality holds for the functions

De*?
(1) fle) = sexp s 50 #), el = 1 when E <0

and B =0
B \Dc—iﬁ.mﬂ;
(14)  f(2) 3(1 +e v Z"") B(n-1) _ |g| =1 when
E<0and B #0

s De—00ap

B
1) g =slre o Tl =L when K>o,
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respectively. Moreover,

¥ cos®

(16) \‘;‘“,- 1) — | P lagl® < .

= |
Proof. From (9) we get
(7) zf'(2) — f(2) = w(2)[e” " (acosf +ibsinp)f(2) —bzf (2)],
where a = A/ M, b = B/M. Hence using (8) and taking into (17) we have

oo

(18) D k=Nm = @) |pe+ Y ma?],
k=1 k=2

1 -
where p,, - —E[De #.cosfp—(k—1)B), ¥ =1,2,.... We rewrite (18)

as follows

n

N (k—1)a 2t + \ dkzj‘—ro(z)lylz—kakakz"l

k=1 k= n+l

where the sum Z d,?* is convergent in K,. Put z = re®, 0 < 0 < 2=,
k=n+1

0 < r <1, then since |w(2)] <1, we have

2r n oo
\ | n
lZ (k_l)ak(re‘o)k_i_ ‘}-‘ dk(rew)kzd(p
k=1 k=n

2f

mre’ + 2 e (re™) d

k=2

Upon integration, we get

(19) Z(" 1) |ar™ + 2 P < |p,|=r2+2|,t,,| a2

k=n+1 k=2

In particular (19) with r—1 implies

n n-—1
N k=101 < Il + D lul ey,
k=1 k=2

This inequality is equivalent to

(20) (n =10 |an P <l + ) [l — (k — 1)1 ay .

k=2
If for each k = 2,...,n—1, |mlP—(k—1)?<0, i.e. if I <0, then
(n—1)*|a,|* < |u,|* holds. By the last inequality we have (10). Therefore



68 Anna Szynal, Jan Szynal, Jadwiga Zygmunt

the extremal functions have the form as in (13) or (14). Since |u,_,|* —
—(n—1)2> 0, if and only if »n <N, where N = [2+ Mcosf(rsinf —
—vcosB) +cos BV M3(zsinf —veos B)? + D], the term in the square brac-k
ets is max(N,, N,), where N, and N, are the roots of equation |u,_,|*—
—(n—1)? = 0. The induction argument gives (11). Of course, for n =

we have a, = p,¢,, where w(z) = ¢,2+... and |¢;| <1, therefore |a,)
= |glle,] < |u,|. Let us suppose that (11) holds. We must prove that

1
@y 1] < ?11 [l -

N2 |0y < p]® + (1pal® — 12) [ag]° 4.0 4 (Ial® — (1 — 1)%) [@,]?

From (20), we obtain:

2 [q]? ey |® |eeel® - 2
< puyl*+ (1!)2(|l‘2|2—1)+ —(2!)2—(|l‘a| —2%) ... +
7RV R T laa]® gl - - |pag|®
f] T (e 1 )27 2SR e
[(n—1)I? [l@nl®—(n —1)2] [(n—1)1]*

Now the extremal function (15) and the estimate (12) may be easily
obtained from the above consideration. The result (16) follows immedia-
tely by integration from (18).

Corollary 1. If a = 0,1 = 0 we find the results published in the paper [3]
for the class #*[0,0, m, M, f].

Corollary 2. If t =0, 8 =0, M =m = oo we also oblain from (11)
the coefficient estimates for starlike functions of order a, —oo < a < 1 [b],
or 0<a<1 [8]

1 n-1
lanl < ” I[(k 1) —2a].

" k=1

Finally, we give the sharp estimates of the functional |a;—va3| for the
function f(2)e #*[a, t, m, M, f].

We have

Theorem 4. If f(z) = z+§: a,2"¢ *[a,t,m, M,B] and if v i3 a com-
plex number, then y
(21) @y, — va3| < —Iﬁ;l—zmax(]., 120, v — uyl).

For each v, there exists a function f(z)e #*[a,t, m, M, ] for which the
equality holds in (21).
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Proof. If f(z)e #°[a,t, m, M,B), then from (9) by equating the coef-
ficients we obtain

(22) ¢ = Gy,
2a3u, — a’
(23) ¢y Bhdeinl Jalta
H“y

where w(z) = ¢,2+¢,224... is regular and |w(2)| <1 for ze K,. Since
leyl <1, |egl < 1—|e|% therefore for every complex number s we have
the sharp estimates

(24) lea— s¢}| < max(1, [s]) [7].

Using (22), (23), (24) we obtain (21), where » = -’-‘;fi. Again (21) is

Hy
sharp which follows from the fact that (24) is sharp.

Corollary. If t =0, M = m = oo, then f(z) is B-spiral-like function
of order a, fe(—mn/2,n[2), —oo < a< 1. Moreover, if v i3 complex numb-
er, we have

(26) las— va3] < (1 —a)cosfmax (1, |2cosf(1—a)(2v—1) —e*}).

For each v, there is a function in 8*[a, 0, oo, oo, f] for which equality holds.
The estimate (25) is identical if for g-spirallike functions of order a,
Be(—m[2,m[2), 0 < a<]1, [T]
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STRESZCZENIE

Niech P(z) bedzie funkecja regularng w K, = {z: [2| <1} postaci
P(z) =1+p,2+...,2¢ K,.

Méwimy, ze P(2)e #[a,t, m, M] wtedy i tylko wtedy, gdy istnieje
funkecja w(?), |w(2)| = |2| regularna w K, i taka, ze
Aow(z)+M

P = B

parametry a,t, m, M spelniaja warunki

A = (M:—m?) +m(l—2a)+a(l —a)—1t24it,

B =1—m—a-+:1t,

—o<a<l, —co<t< 400, m>1/2, M >0.

Stosujac metode Clunic [1] otrzymano dokladne oszacowania wspél-
czynnikéw dla funkeji P(z) i dla funkeji f(z) postaci f(2) = 2z +a,2%2 +...,
2¢ K,, f'(2) = P(2) i of'(2)[f(2) = P(z).

PE3IOME

Ilycte P(z) — peryaspuas ¢yHkuns B eauHuuHoM kpyre K, = {z:|z| < 1}
Buga P(z) = 14p,z+ ..., z€k,.

I'oBopuM, uto P(z)eP[a, t, m, M] Torma u Tonbko TOraa, KOrja CyilecTBYeT
dyskuas o (2), |w(2)| < |z| perynspHas B K; m Takas, 4TO

oy AC@EM
PO Boyim’

rae napaMeTphl a, !, m, M yJOBIETBOPSAIOT YCIOBUSIM

A = (M2—m¥)+m(1—2a)+a(l—a)—1t2+it,

B=1—m—a+it,

—o<a<l, —o<t<+oo, m>1/2, M>0.

BeeeHHBI KacCc KacaeTCsl M HEKOTOPhIX paHee PacCMaTpMBaEMbIX KJaccoB,
[9], [4], [6]. Tpumenss meToa Knyuu [1], mosryuaeM TOYHBIE OLEHKH KO3()PHULHEHTOB
st pysxumit P(z) v ans ¢yukumit f(z) Buaa f(z) = z4-a,2>+ ..., z¢K,, f'(z) =
= P(2) u [2f"(2)[f(2)] = P(2).



