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On the Coefficients of Functions whose Real Part is Bounded

0 współczynnikach funkcji, których część rzeczywista jest ograniczona

О коэффициентах функций, вещественная часть которых ограничена

1. In this note we are going to give sharp estimates for the coef­
ficients of regular functions of some classes. As some special cases one 
can easily obtain the estimates given in [2] — [4], [6], [9].

Let P(z) be a function regular in = {«: |«| < 1} and such that 
P(0) = 1, i.e.
(1) P(z) = l+plZ+p2Zi+..., Ze

We say that P(z)< &[a, t, m, Jf] if and only if there exists a function 
to(z), |ft>(z)| < |z|, regular in Kx such that

(2) P(z) =
Am(z) +M 
Bcd(z) + M ’

the parameters a, t, m, M should satisfy the following conditions:

A == (M2-m2)+m(l-2a)+a(l-a)-P+if,

(3) В — 1 — m — a+it, D = D[a, t, m, Jf] = (A — B) > 0,

— oo < a < 1, — oo <t< +0O, m> 1/2, M > 0.

The condition (2) denotes that P(z) is subordinate to P0(z), where 
P0(z) = (Az+AI)/(Bz+M) is a function mapping the disk onto the 
disk K(m + a+it, Jf) so that 0 «-»1. The condition D > 0 means that 
le K(m + a+it, At).

The following particular cases were investigated earlier:
1. If t — 0, m = oo, At = oo, then ReP(z) > a, where — oo < a < 1, [9],
2. If t = 0, a = 0 and m — Af, where Jf > 1, then |P(z)—< Jf, for 

zeAi, [4].
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3. If a — 0, t — 0 and (m, JI)e D, where D — D^D, with Dk = {(m, M): 
1/2 < m <1, 1 — m < HI < m} D2 — [m, M : 1 m, m — 1 < M m}, 
then we obtain the class introduced in [2].

4. If 0 < a < 1 and m = M then one obtains the class introduced in [6].
2. Using the method of Clunie [1], we obtain

Theorem I. If P(z)e P[a,t, m, If], P(z) = 1+J/ pk^i then 
k= 1

(4) IPnl^lF’ n =1>2>

The sign of equality holds for the function

P(z) = (Aezn+M)l(Bezn+M), |«| =1.

Proof. From the representation formula for P(z) we obtain
00 oo

{(A-B)-B^pkzk] a>(z) = M£pkz*
k=l fc=l

hence
n—1 n oo

{(A-B)~B^pkzk}co(z) = M^p,^ + ?***•
k= 1 fc—1 Jfc=n+1

Putting z — re,e, 0 > r < 1, 0 < 0 < 2 7i after integration we obtain 
n oo n—1

M2%\Pk\2r2k+ 2' lA-JSf + IJSI2^ \pk\2r2k.

k^l n+1 k — l

If r->l, we get
n OO n—1

M2V\pk\2 + V \qk\2^\A-B\2 + \B\2£ \pkf.
Zc=l /c = 7i-pl /c=l

Hence
n—1

M2\pn\2^ \A — B\2 +(\B\2 —M2) V lpkl2,
fc=i

which gives (4).

Remark. If P(z)e^[a, t, m, If], then

y w2(5)
D2

n2 -1 bi2
Proof: If [A — BP(z)]aĄz) = M [P (z) — 1], then the condition |w(z)| < 1 

gives
OO oo

M^pkzk\<\(A-B)~B^pkzk\.
k—l Jfc-i
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Thus
A/» kAZ A '-A'

>2 ! I r < f I (A - P) - B^p.rW |2 dg,.
0 A=1 0 fc-1

Hence, after integration we obtain by letting r->l:
oo oo

fc-i k-l
which gives (5).

Corollary. If P(z) e ^[0, 0, m, M], then

l/>»l ) n =1,2,..., [2].

OO
Let f(z) — z ak^ be a regular function in the unit disk K,. 

fc-i
We say that f(z)e 8# [a, t, m, M] if f'{z)eP[a, t, m, Jf], i.e.

J \.zi — n ,1 „, »Pm (z) + M

where m(z) is a regular function in K, such that |<o(«)| < \z\ and the 
parameters a, t, m, M satisfy the conditions (3).

Theorem 1 implies

Theorem 2. If f(z)e3i[a,t,m, Jf], then the sharp estimates

(6)

and

(7)
00 IP

hold, and the sign of equality in (6) takes place for the function 

’ Ae£n +M
d£, |e| = 1.

, n =2,3, ... [2].

Bep + Mu
Corollary. If P(z)e ^[0, 0, m, M], then

3. Denote by ^[a, t, m, M, ft] the family of regular functions

(8) /(«) ~ g akz>C> h l
k—2

5 — Annales
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satisfying the equality

(9)

« zf (z) . ■ nep------ ----- tsin/?
/(«) Am(e)+M

cos/? Bm(z) +M

where a, t, m, M are as in (3), and /?e ( —tt/2, ti/2).
We have

Theorem 3. Let f(z) e IT* [a, <, w, M, /3]. If the parameters a, t, m, M

satisfy the conditions (3) and E — 25[a, t, m, M, /3] ’= Jfcos/3 x

x(Tsin/? —ticos/?) +cos/?l/lf2(Tsin/? —??cos/?)2 + 2) — 1 < 0, where a = A/JH 
— u+ir, b = B/M = v+ir, then

(10)
2? cos/?

l«„l < -----------—, n = 2,3, ....
JH(n-l)

If the parameters a, t, m, AI obey the conditions (3 ) and M cos /3 ( t sin—v cos /? ) +
+ cos/3l/jf2(Tsin/? — t>cos/?)2+2) — 1 > 0, then

n )

(11)

and

(12)

k=l

N-l

"ni< (n-l)(N-2)'. H N+1'

where N = [2H-Mcos/?(Tsin/? — ®cos/?) +cos/?/lf2(Tsin/? — vcos/3)2 + 2)]

= e_</)(acos/? + i&sin/?) —[De^cos/? —(fc —1)2?]. The estima- 
Ja.

tes (10) and (11) are sharp and equality holds for the functions

(13) f(z) = zexp e
Delcos/? n_j 
M(n — 1)

De—V-eoBf

)' Ici = 1 when E < 0

and B = 0

(y> \De. l,'cosp
.1+e-j-2n_,l ^(»-0 , |e| = 1 when

N

E < 0 and 2? 0

(15) /(*) 1 + e —si B , Id — 1 when E>Q,
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respectively. Moreover,

(16)

Proof. From (9) we get

(17) zf'(z)-f(z) =s(o(z)[e~ifi(aco&p+ibzinp)f(z) — bzf'(z)],

where a = A/M, b — B/M. Hence using (8) and taking into (17) we have

(18) ^(fc-l)«*z* = ft>(z)[/4,z+
&=2

where pk=~[De ’^-cos/9 —(fc —1)P], k=l,2,.... We rewrite (18) 

as follows
J^(fc-!)<»*«* + dk^ = m(z)[/j,1z+n̂  ykaks^,

k=l k—n+ k = 2

where the sum £ dk^ i® convergent in K,. Put z = re®, 0 < 0 < 2n, 
lt=n+l

0 < r < 1, then since |co(«)| < 1, we have
2tt n oo

— / |2’(fc-i)«fc(rc<V+ V 4(^v|2^

f | th ™iB + ^M, (re®)k 2 dy.
o fc=i k=n+l

fc=2

Upon integration, we get

(19) 2’(fc-l)2|«fc|V*+ £ l^l2»-2fc< l^|V+2’|^|2|afc|2r2fc
4=1 *=»+1

In particular (19) with r-+l implies
4=2

2’(fc-l)2|a/<|/z1|2 + 2’|/xJ2|afc|2.
k = 2fc=l

This inequality is equivalent to

(n-l)2|«„|2< l/hl2+ Jt1 [l^fcl2 —(£ —i)2] l«*l2-
k=2

If for each k—2,...,n — l, |/z&|2 — (fc — l)2 < 9, i.e. if B < 0, then 
(n — l)2 |a„|2 < l/zj2 holds. By the last inequality we have (10). Therefore

(20)
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the extremal functions have the form as in (13) or (14). Since |/zn_1|2 —
— (n — l)2 > 0, if and only if n < N, where N = [2+Jfcos/?(Tsin/? —
— ®cos/3)+cos/9/jf2(Tsin  ̂— «cos^)2+Z>], the term in the square brac-k 
ets is max(jV\, N2), where N\ and N2 are the roots of equation |/z„_i|2 —
— (» — l)2 = 0. The induction argument gives (11). Of course, for n — 2 
we have a2 =/z,^, where co(z) = <40+... and |c,| < 1, therefore |aa| 
= lj«illcil^ Ia*iI- us suppose that (11) holds. We must prove that

1 wl
lan + ll y y l/^fcl •

fc=l

From (20), we obtain:

n2 |«n+112 *£ l/hl2+( W2 -12) l«212 +• • • + IKl2 -1» -1)2) l«n12 

< L“i
l/bl2 |zZj|2|zZ2|

(l^l2-1) + (|/Z312 — 22) +... +
(I!)2 

l^il2l^l2.-.^„-il2
[(n-1)!]2

(2!)2

[|/z„|2-(n-l)2] =
[(n-1)!]2

Now the extremal function (15) and the estimate (12) may be easily 
obtained from the above consideration. The result (16) follows immedia­
tely by integration from (18).

Corollary 1. If a — 0, t =0 we find the results published in the paper [3] 
for the class -1* [0, 0, m, M, /1].

Corollary 2. If t = 0, (I = 0, M = m = oo we also obtain from, (11) 
the coefficient estimates for starlilce functions of order a, — oo < a < 1 [5], 
or 0 < a < 1 [8].

n— ]

l«„l ^T-1 n |[(fc + l)-2«]|.
»-Ill' ' k=l

Finally, we give the sharp estimates of the functional |a3 — va2\ for the 
function f(z)e 9* [a, t, m, M, f\.

We have

Theorem 4. If f(z) = z+£ anzn e 9* [a, t, m, M, /3] and if v is a com-
71 = 2

plex number, then

(21) max(l, |2^j v - ,«2|).

For each v, there exists a function f(z)e9*[a,t,m, M,(i] for which the 
equality holds in (21).
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Proof. If f(z)eSf*[a, t, m, M,(i], then from (9) by equating the coef­
ficients we obtain
(22) tq = «2//zn

/oo\ .. _ 2a3lu1 —a^2
(/<!) v2 — ------- — ,

Mi

where w(z) = c1z + c2z2+... is regular and |w(z)| < 1 for zeK1. Since 
|cx| < 1, |c2| sg 1 — kJ2» therefore for every complex number s we have 
the sharp estimates

(24) |Ca —scjl < max(l, |#|) [7].

Using (22), (23), (24) we obtain (21), where v — -2-~. Again (21) is 
2Mi

sharp which follows from the fact that (24) is sharp.

Corollary. If t = 0, M — m = oo, then f(z) is ^-spiral-like function 
of order a, fie ( — n/2, n/2), — oo < a < 1. Moreover, if v is complex numb­
er, we have

(25) |u3-ra2l < (1 — a)cos/Jmax(l, |2eos)3(l-a)(2»--l)-eM|).

For each v, there is a function in /S'* [a, 0, oo, oo, /3] for which equality holds. 
The estimate (25) is identical if for /3-spirallike functions of order a, 
Pe( -n /2, 7i /2), 0<a<l, [7].
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STRESZCZENIE

Niech P(z) będzie funkcją regularną w Kr = {«: |«| < 1} postaci 
P(Z) = l+p1Z+...,ZeKl.

Mówimy, że P (z) e [a, t, m, M ] wtedy i tylko wtedy, gdy istnieje 
funkcja to (z), |co(z)| \z\ regularna w K\ i taka, że

P(z)
Aw(z) +Л1 
Bw(z)+M ’

parametry a, t, m, M spełniają warunki

B = 1 — m — a+it,
— oo < a < 1, — oo < t < + oo, m > 1/2, Jf > 0.
Stosując metodę Clunie [1] otrzymano dokładne oszacowania współ­

czynników dla funkcji P(z) i dla funkcji f(z) postaci f(z) = z + a2z2 +..., 
zeK,, f'(z) =P(0) i zf(z)lf(z) = P(z).

РЕЗЮМЕ

Пусть Р(г) — регулярная функция в единичном круге А", = {г: |г| < 1} 
вида Р(г) = 1+Р12+ гек1.

Говорим, что Р(г) е&>[а, Г, т, М] тогда и только тогда, когда существует 
функция со (г), |(о(г)| < |г| регулярная в и такая, что

р, , _ Аш(г)+М .
(2) Ва>(г)+Л/’

где параметры а, 1, т, М удовлетворяют условиям 
А = (М2-щ2)+т(1-2а)+а(1-а)-/2+/7,
В — 1—/и—а+Й,
— оо < а < 1, —оо < Г < +оо, т > 1/2, М > 0.
Введенный класс касается и некоторых ранее рассматриваемых классов,

[9], [4], [6]. Применяя метод Клуни [1], получаем точные оценки коэффициентов 
для функций Р(г) и для функций /(г) вида /(г) — г4-а2г24- ...,геК1, /’(г) — 
= Р{г) и [2/'(г)//(2)] = Р(2).


