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Some Extremal Problems for the Class Sa
Pewne problemy ekstremalne dla klasy 8a 

Некоторые экстремальные проблемы для класса Sa

1. On a connection between the class Sa and the class P of functions of 
positive real part

Let Sa, S*, 0 < a, y < 1 denote classes of functions of the form

(1) /(г) = z + a2z* + ...

that are holomorphic in the disc AJ/Ç = {z : |г| < r}) and satisfy the 
conditions

(2) < ал /2 for Ze Klf

(2') re • > y ior ze Klt

respectively.
Let P denote the class of functions

(3) p(z) = l + plz + p2zi+ ...

holomorphic in and having the positive real part there.
In this paper using a connection between Sa and P we obtain estima

tes of some functionals in the class Sa. We obtain also some relations 
between Sa and £*.

It follows from the definition of the class Sa that if /« than p (z) 
= [*/'(*)//(2) ]1/a<P. Conversly if peP and a function f(z) = z + a2zi + 
+ ... is defined by the formula zf (z) If (z) = pa (z) then feSa.

From this we obtain a structural formula of the class Sa.
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Theorem 1. A function f analytic in belongs to the class Sa if and 
only if there exists a function p e P such that

/.x z/ x f i^)-1(4) /(») = »exp ---- —----- d£
0

holds,
Proof. A function fe 8 if and only there exists a function peP such

(5) */'(«)//(*)
and (4) follows by integrating.

2. Some estimates in the class 8„

(6)

(7)

(8)

From (5) we obtain the following
Theorem 2. If fe 8a, then we have for \z\ = r < 1

tl-r\l“ */'(*)< re—— 
/(*)\l + rj \1-J

/1-rXa */'(*) d l + r\°
U + r) /(*) 1-r)

arg */'(*)
/(»)

< 2aarctgr,

and these estimates are sharp. The extremal functions have the form

(9) = zexp |e| =1’

and map the disc K, onto the domains bounded by two logarythmic spirals join-

ing the point era to the point -era exp |.T:tg -^-|, where ra is the radius of the larg

est disc centered at the origin and covered by values of functions of the class $„[3].
Proof. In order to obtain (6) and (7) it is sufficient to consider the for

mula (5) and well-known estimates of rep (») and |p (»)| in the class P whereas
(8) follows from the fact argp"(z) = aargp (z). The extremal function F(z) cor
responds to the function p (z) = (l + e»)/(l — ez), |e| = l,by the formula (5).

Using the structural formula (4) one can easily establish the following 
Theorem 3. If fe 8a and |«| = r < 1, then

(10) < \f№\
n—1 0

n = l ' ' ' !
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and both results are sharp. The extremal functions have the form (9).

3. Tlie radius of strong starlikness of order a and some other radii

We shall start with some notations that we will need further.
Let us denote by 8, 8*, 8* families of functions as follows:

(i) fe 8 of(z) — z + a2z2 + ... regular and univalent in Kx,
(ii) fe S* ofeS and re{zf (z)/f(z)} >0, ze Kl,

(iii) f e S* offS and re {zf (z)lf(z)} > (I, 0 < /} < 1, ze KA.
Let us observe that — 8* = <S\.
A function f(z) — z + a2za + ... shall be called starlike (starlike of 

order /?; strongly starlike of order a) in the disc Ke if and only if re {«/'(«!)/ 
//(«)} > 0 (re{zf'(z)lf(z)} > p, |arg{zf (#)//(«)}| < a»/2) holds in Ke.

Connections between univalence, the strong starlikness of order 
a and starlikeness of order p are given by the following theorems.

Theorem 4. Each function f e 8 is a strongly starlike function of order a 
in the disc KR^, where

(12) 2?(a)=th——.4

Proof. If fe S then [c f. 2]

larg {»/'(«)//(»)} I < log

holds for |a| < 1. It follows that a function f is strongly starlikness of order 
a in a disc KR if

log j’J:.1?1 < ~ for \z\ < R.
1-|3| 2

Hence the number R(a) is the smallest positive root of the equation 

1 + -R an
log 1-Æ

The equation has exactly one root in the interval (0, 1) given by the 
formula (12). The theorem has been established.
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Corollary 1. Taking a = 1 we get the radius of starlikeness of the class 8,

n
(13) jR(l) = r* = th—.

Theorem 5. Each function f of the class 8*p is strongly starlike of 
order a in the disc [ar| < R*(P, a) where

(14) R*(P,a)
1 - /? -/(1 - (S)2 - (1 - 2/1) sin2 (ct.-E/2) for p * 1/2 

(1 —2/J)sin(aji/2)

sin(a7r/2), for p =1/2.

The number R*(P, a) is the best possible one. The extremal functions have 
the form

(15) Fp(z) =«(l-^)-2(1-',\ |e|=l.

Proof. If f e 8*p then there exists a functionpeP such that

rfWIfW =(1-P)p^) + P.
Hence if fe S*p then

(16) arg-*/'(*)
/(«)

holds for |«| = r < 1 [1].

< arc sin-
l + r2

2r

1-P (l-r2)

Hence, a function f is strongly starlike of order a in the disc Kr if 
the inequality

2r
(17) arc sin------------- --------------< cct/2,

l + r2+—4-d-r2)
1-P

or an equivalent one
2r

(18) —---------- --------------< sin(ajz/2)
1 + r2 + —^-(1-r2)

1 —P
holds.
Taking the sign of equality in (18) we obtain the equation for R*(P, a) 
whose smallest positive root is given by (14).

The proof of the first part of Theorem 5 has been established.
The equality in (16) occurs for the functions F given by (15), and

these functions are the extremal ones ;n this problem. They are strongly 
starlike of order a in the disc of the radius R*(p, a) and only in this disc.
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Corollary 2. If fe 8C, Sc is the class of convex functions, then f is strongly 
starlike of order a, at least in the disc |z| < Bcp — sin (cor/2). The number Kj, 
is exact one. The extremal functions have the form

F(e) = Fll2 (z) = z/(l —ez), |e| = 1.
Proof. It is well-known that 8C c Sll2 and that the function Ffi given 

by (15) is convex for p =1/2. Taking in account these two remarks 
and Theorem 5 we obtain Corollary 2.

Taking p = 0 in Theorem 5 we obtain

Corollary 3. Each function of the class S* is strongly starlike of 
order a, at least, in the disc

\z\ < B*(0, a) = tg(a7r/4).

The extremal functions is the Koebe function F(z) = z/(l — ezf, |e| = 1.

Theorem 6. Each function of the class 8a is starlike of order ft, at least, 
in the disc

\z\<B.(a,P) = (l-^2)/(l + /3)1/2.

The number B*(a, p) is the best possible one. The extremal functions are 
of the form (9).

Proof. In view of (6) a function feSais starlike of order p if

Hence, R*(a, P) is given by the equation

The example of the function (9) shows that the number E»(a, p) 
can not be improved since functions (9) are starlike of order p if and 
only if |«| < R*(a, P).

Corollary 4. If fe 8* then it is starlike of order p at least, in the disc

\z\<B,(l,p) =(l-p)l(l + p).
In particular, it is starlike of order 1/2 in the disc

|z|<l/3.

Remark. Let us observe that R*(P, a), R*(P, a) may take the value 1 
only in the limit cases p = 0, a = 1 or p = 1, a = 0. It shows that the 
classes and 8a don’t include each other for 0 < p, < 1 and 0 < a < 1. 
These classes are always different ones.
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Theorem 7. If f e Sy then it is strongly starlike of order a, at least, 
in the disc |z| < R(y, a), where

tg (arc /4y) fora<y,
1 for a y.

The radius R(y, a) cannot be improved. The extremal functions have the 
form (9).

Proof. If fe Sy then, in view of (8), we have 
«/'(»)

B(y, a) =

arg
/(«)

< 2yarctg|«(.

Hence a function f is strongly starlike of order a if the condition 
2yarctg|3| < an/2

holds. It follows that R(y, a) is the smallest positive root of the equation
2yarctgr = an /2.

If a > y then $a <= Sy.
Theorem 7 has been established.

Theorem 8. Each function of the class Sa is convex, at least, in the 
disc \z\ < JK(cu) where 2?c(a) is the smallest positive root of

(1 —r)1+a(14-r)1_a —2ar =0.
The number Rc(a) cannot be improved. The extremal functions have the 
form (9).

Proof. From (5) we obtain

i /"(g) /'(g) = aP'w 
« fw /(«) a p(«) '

In view of (5) after some calculations we have

1 +

Thus

g/"(g)

/'(g)
P“(g) + a

gp'(g)
P(g)

r6{1+^(S~}>re7’a
I P(g) \l + r/ 1-r

Since /(») has to be convex in the disc |z| < R so the condition
ll — r\a 2r------ 1 — a------> 0
\ 1 + r / 1 — r2

must be satisfied for r < R.
Hence we obtain Theorem 8.
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STRESZCZENIE

W pracy tej rozważana jest klasa Sa funkcji a-kątowo gwiaździstych 
określona warunkiem (2). Korzystając ze związku pomiędzy klasą 8a 
a klasą P funkcji o części rzeczywistej dodatniej wyprowadzono oszacowa
nia pewnych funkcjonałów (6), (7), (8), (10), (11) w klasie 8a.

W dalszej części pracy wyliczone zostały promienie a-kątowej gwiaź- 
dzistości w różnych klasach funkcji analitycznych i na odwrót różne 
promienie w klasie 8a.

РЕЗЮМЕ

В работе рассмотрен класс 8а, а-углово-звездных функций, ко
торый определяется условием (2). Используя связь между классом 
8„ и классом Р функций с реальной положительной частью, выведены 
оценки некоторых функционалов (6), (7), (8), (10), (11) в классе 8а.

Кроме того вычислены радиусы а-угловой звездности в разных 
классах аналитических функций и наоборот — разные радиусы 
в классе 8а.




