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The Region of Variability of the Ratio f()/f(¢) within the Class of
Meromorphic and Univalent Functions in the Unit Dise.

Obszar zmieunodci stosunku f(b)/f(c) w klasic funkeji meromorficznych i jedno-
listnych w kole jednostkowym

O6nacts 3Hauenuit nepamenus f(b)/f(c) B knacce mMepoMOpdHHX M OZHOJMCTHHIX
Qynknuit B eXUIUYHOM Kpyre

1. Introduction.

Let U, denote the class of functions meromorphic and univalent
in the unit dise A subject to the conditions

(1.1) f(0) =0,7(0) =1, f(p) = o
where p is fixed, 0 < p < 1.

Let .#, be the family of functions meromorphic and univalent in A
and satisfying the conditions

(i) fo) =0
(1.2) (i)  f(20) = 20y20 #0,20¢ 4
(iii)  f(p) = o0, # 2

Various problems concerning functions that are holomorphic and univa-
lent in 4 and are normalized by the conditions (i) and (ii) in (1.2) have
been considered by many anthors. In particular, J. Krzyz [3] found the
region of variability of ¢(2) for fixed ze 4, where ¢ ranges over the whole
class of functions that satisfy (i) and (ii) in (1.2).

In the present note we determine the region of variability of f(z),
fe#,. In the limit case p = 1 we obtain the Krzyz’s result.

This paper is a part of research done by the author as a Visiting
Scholar at the University of Michigan in Ann Arbor (U. S. A.). The author

is very much indebted to Professor Maxwell O. Reade for his encour-
agement.
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2. Preliminary remarks

Let 2,z +# 0, p, be a fixed point of / and let the variability region
of ¢(2) over .#, be the set £ = {w: w = ¢(2), pe A }.

It is clear that F is identical to the set of all possible values of the
ratio 2,f(2)/zf(2,) for f ranging over the whole class U,. The set E is closed
because the class U, is compact.

Let 0F denote a boundary of F and let £ be the complement of E.
A point I’e 0FE is said to be a non-singular boundary point of the set £
if there exists a point a, ae €F, such that |P —a|, P e E, attains its minimum
with P = P,. It is well-known [5] that the set of non-singular boundary
points is everywhere dense in JF.

Functions fel’,, corresponding to the non-singular boundary points
of A4 we shall call extremal functions.

In order to deterniine the set of non-singular boundary points we shall
use variational formulas given by the following:

Theorem A. [4]. Suppose that fe U,, {, # p, i3 a fized point of 4,
A 18 an arbitrary fixed complex number, {, satisfies |{] =1 and a = —
—pres,_,f(2). Then there exists a positive number i, such that for each
Ae{0, 4y) there erist functions belonging to U, that have the form

(2.1)
11(@) = fe)— 3 { (“-’) T AP, 04 uw,:-‘)}wu )

Q] 1O =12
(2.2) f2(2) = f(2)+2P(2, o) -+ O(#*)
where

i i U- P

(2.3) P(z,u) = f(2)—of (&) =— +of*(e)— =
If w, is an interior point of €f(4), then

e o e ad D) .
(2.4) [ (2) =f(z)—44 —’wo_:—f_(ér)— + 0 (4%)

belongs to U,.
3. A differential equation for the extremal functions

Let b,c,b # ¢, ++ 0 # p be fixed points of 4 and let F(f) denote
the expression f(b)/f(c), feU,. We prove now

Lemma 1. The functions corresponding to the non-singular boundary
points of the set E satisfy the differential equation
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o &F(D) )2 (f(®) —f(e)f ()
3.1 = —_—— = {
& U ) Te-ranre—re) —2©
for Le AN{p}; here 0e(0,2n) and Q(l) i8 a rational function such that
(3.2) Q) >0,[l =1
holds.

Proof. Suppose that f corresponds to a non-singular boundary point
of E. Then for a suitably chosen a, ae ¢E we have

(3.3) \F(f)—a| = mftplF(g)—al
9eUy,
Let f* be given by (2.1). Then
B~ = [BU)—a?—AF () —ape {4 | o s
WO TH=PO,TY | G =L N
t 4 R | e e R LI L il O3
o ToaY ik (fm} (ot @) fo— s J§ 08

where f, = f(b), fo = f(¢),f = f({) and 0 = arg[F(f)—a].

In view of (3.3) the real part of the expression in the braces must
be equal to zero for each (e A {p}. Since argA can be chosen in an
arbitrary manner we obtain the condition

- i :.f’)s (fc_fb)f 40 P(b7 C)—I)(C‘, :]
3.4 ) W) (Y O e el < R el A
o0 () T 5 A g
wP by T ) —Ple, T7Y g
gl i D o QL
1 foto e

which holds for e AN\{p}.
Now let us apply the formula (2.2) to the extremal function f. Then

B L
|F(f7)—al* = IF(f)—a|2+}.|F(j)—-a|.9Nlo""Ii(b’ So) —P(o, C")I_*_o()})

fb _fc J
from which we obtain
( _wP(b,Le)—P(c, :o)}
Rie 02 >0.
l fb_fc

From the last we obtain (3.2).
Now (2.3) and (3.4) yield

£+b (e £
(B.B) Q) = Ay + Ay pd o Ay =T g
L Tt C—c i_p
ST T T e Y o S S
A, +4 = NE oy -
g S e *1-p¢

Hence Lemma 1 has been proved.
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1f we apply (2.4) to (3.3) we can convince ourselves that the set
€f(4), where f is an extremal function, has no interior points so that the
set is the whole plane slit along a finite number of ares.

The condition (3.4) has been established for (e A\{p}. However,
it is well-known that it holds also on |f| = 1. Hence, the extreinal functions
map 4 onto the whole plane cut along a finite number of analytic arcs.

4. The form of O ({)

We have proved that @Q({) is a rational function. It is easy to see

Q&) =9()

which implies that the roots of the equation () = 0 are symmetric
w.r.t. the unit circuimnference. Moreover (3.4) shows that Q({) # 0 for
¢ # 0, oo, and || + 1. Since the equation @({) = 0 has at most 6 roots
and the roots on [{| =1 have an even order of multiplicity then @({)
must have the form
- 2 2
(4.11) L T Sk (=1 E
(b= (e =)@ —20) A —pd)(A —el)(1 —bL)
where k& = €, 1 = ¢ are the points on || = 1 which are carried by f
onto the endpoints of the arc f(|{| = 1). Of course, f'(k) = f'(I) = 0.
Hence f maps 4 onto the whole plane cut along one analytic are
with endpoints f(k), f(I).
Since f(|{] = 1) is an analytic arc, the points k,! divide the unit
circuinference into two ares a,, a, with common endpoints which have
the same length in the metric | (¢*’)|*d0. Hence

a n4-2n
[iee)las = [ 1Q(e*)ds
a 8
from which we obtain
s . 6—8 . 0—a
(4.2) J ¢(0)sin — = sin—— o =0,
where

@(6) = [(b—e€“)(c—€”)(p—e”) "
Now (4.2) can be written in the form
(4.3) k+1 = D+Dk-1

where

an 2n

(4.4) D = [ p(0)ab| [ ¢(6)do.
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On the other hand Q(¢) > 0, so that it follows that
kel = AJA| = e
holds. Finally we find that Q({) has the form
KE(E =R =1
(b—20)(e—0)(p— ) —pd) (A —eL)(1—b)

Now, if we compare the Laurent coefficients of both sides of (2.1)
near the point { = 0 and if we use (3.5), then we obtain

(4.5) Q) = |4]

A= e“"’f”—_'&pbck_’l".
Jo-Jfe

Thus we have proved the following:

Theorem 1. If b,c,b ¢ ~ p # 0 are given points of the unit disc
and if te (0,2xn), then the functions corresponding to the non-singular boun-
dary points of E satisfy the differential equation
(4.6)

[SOV Sl SO bpel(1— (D +De)s + et 3%
\ 7@ ] fo=flfe—fO) (=) (e—0)(p—0)Q—p¢) (1 —22)(1—BY)

and map A onto the whole plane cut along one analytic arc.

5. The region F

In this section we shall determine the region of variability of the
ratio f(b)|f(c) within the class U,.
Let z,, 2,, 2,, 23 denote the points 0, b, ¢, p, respectively,

ey =[-— vt By 2l L __]*
() = [g(zl—c)(zz—c)(za—c)(l—zxc)(l—zzz)u—sac)

(5.1)
S(¢) =1—(D+De*)¢+et2
and let F, be the value of the integral [R(()(()dl = I(z,) taken along

7
a closed curve y situated in A that starts from z =1 and incloses the
single critical point 2, (k = 0 to 3). This closed curve can be reduced
to a loop formed by the straight line lz,, the circle of infinitesimal radius
about z,, and the straight line z,1.
Then

%
Fy=2{ 8QRQ), k=0,1,2,3
3

where the integral is taken along the straight line lz,.
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(5.2) Qk = 111"_170, k = l, 2, 3.
It is well-known [6] that

I(y) =100+ ) m. 2,
k=1
or
I(y) = Fo—I(0)+ )'m 2,
k=1

where I(y) denotes the integral taken along a curve 3 jointing I to (-
In the case under considerations there is the possibility of eliminating
one of the constants £Q,.

Since (4.2) holds, we have [ R({)S8(()d. =0 and hence
I21=1

F,—F,+F,—F, =0 = [ R()SQ)d;
1Ei=1
Therefore
O Qi 2y 0

Thus (5.3) takes the form :
1) = 1)+ Y m 2
(5.4) 1 L
1(2) =Fa—1(c)+12mk9k

Let us write (4.1) in the form

v, dv

Vo(v,—v)(vg—gqv) SO R(2)aL

where v, = f(b), ¢ = f(b)/f(c), v = f(£)-

If we set
) §
3q
_ 4(g?—q+1) _ 4(1+49)(g—2)(2¢-1)
g: = —3—q2_’ 3 == 27¢°
then we have
2dx

(5.5)

VoV —giz—g, — L0ISE)A

and ¢2 —27¢F + 0.
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Let fo(u; 2, 2,) be the elliptic function of Weierstrass defined by
the formula

400
Pu; 2, 2,) =u?+ E [(0+nL;+ma,) *—(n0,+m,) 2.
If we integrate (5.5), then we obtain
¢
(5.6) f@) = 4p([S@ORQ)E) + B
p

where A, B are constants and we have made use of the fact that f(p) = oo.
The formulas (5.4) show that we can write (5.6) in the form

4
f(&) = Ago{ | S(u)R(1¢)du+;(Ql+Q,)) + B

and hence the function f is single valued.
Finally, because f(0) = 0 we have

¢
(5.7) f@) = 4|p( [ 8@ R(@)ds+1(2,+92,)) — e

where ¢, = 0(3(2,+2,)) and A has to be chosen so that f'(0) = 1.
Formula (5.7) gives us the form of the extremal functions.
If we set { = b,{ = ¢ then we obtain (k =1, 3)

fO) es—es (2
2 R —“’( 2 )

Let A(r) be the modular function defined as a conformal mapping
of the domain {0 < #7r < 1}n{|r— 4| > 4} onto the upper half plane
such that 4(0) =1, 1(1) = oo, A(©) = 0.

Then [1]
a==.Vg ;'
@ :1_: '3 ,1(:11 =diielay
which combines with (5.8) to yield
fo) Q)

As t varies from 0 to 2x the quotient £2,(1)/£2,(t) describes a circle. Hence,
the set of all bundary points of the region K lies on the curve (5.10).
Thus we have established the following
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Theorem 2. The region E is a closed set whose boundary is given by
the equation
Q,(1)
2,(t)
where 4 is the modular function defined by (5.9) and 2,, 2,, Im 2,/2, > 0
are given by the formulas

Q = fS(a;)R(x)dm, k1,2
YE

w(t) = 1(1+ ), te {0, 27)

v, is a loop that incloses the points 0 and 2z, (k = 1, 2) and that leaves
the other critical points outside.

6. The limit case p = 1
It follows from (4.3) that limD(p) = 1. Hence k =1 or I =1 and

wo obtain p=1
f(b) _ 1(1 le); fe 8
ks P f(e) Q,(1)
it
Q;‘:f (L—e :v)dx_ e

Pk Vo(2, —) (2. — ) (1 — 2, 2) (1 —Z,)

This is a well-known result due to J. G. Krzyz [3].
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STRESZCZENIE

W pracy podano dokladny obszar zmiennodci wyrazenia f(b)/f(c)
w klasie meromorficznych i jednolistnych funkeji.

PE3IOME

B pa6ote onpenenesa ToyHas o6aacTh 3HAaYeHuit Beipa:keHus f(b)/f(c)
B Kilacce MepOMOP(QHHIX M OJHOIHCTHHIX QyHKIMIA.
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