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The Region of Variability of the Ratio within the Class of
Meromorphic and Univalent Functions in the Unit Disc.

Obszar zmienności stosunku /(b)//(c) w klasie funkcji mero morf icznych i jedno- 
Ustnych w kole jednostkowym

Область значений выражения f(b)/J\c) в классе мероморфных и однолистных 
функций в единичном круге

1. Introduction.

Let Up denote the class of functions meromorphic and univalent 
in the unit disc d subject to the conditions 
(LI) /(0) = 0,/'(0) = l,/(p) = oo
where p is fixed, 0 < p < 1.

Let J/p be the family of functions meromorphic and univalent in d 
and satisfying the conditions

(1.2)
(i) /(0) = 0

(ii) Дг0) = zOf z0 0, zoe d
(iii) f(P) = °o,p =£ ze

Various problems concerning functions that are holomorphic and univa
lent in d and are normalized by the conditions (i) and (ii) in (1.2) have 
been considered by many authors. In particular, J. Krzyz [3] found the 
region of variability of q> (z) for fixed ze d, where y ranges over the whole 
class of functions that satisfy (i) and (ii) in (1.2).

In the present note we determine the region of variability of f(z), 
fe In the limit case p — 1 we obtain the Krzyz’s result.

This paper is a part of research done by the author as a Visiting 
Scholar at the University of Michigan in Ann Arbor (U. S. A.). The author 
is very much indebted to Professor Maxwell O. Reade for his encour
agement.
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2. Preliminary remarks

Let z, z Q,p, be a fixed point of A and let the variability region 
of q>(z) over J/p be the set IE = {w: w = g>(z),<pe J?p}.

It is clear that E is identical to the set of all possible values of the 
ratio zof (z)/zf(z0) for f ranging over the whole class Up. The set E is closed 
because the class Up is compact.

Let dE denote a boundary of E and let VE be the complement of E. 
A point Pe dE is said to be a non-singular boundary point of the set E 
if there exists a point a, a e WE, such that \P—a\, Pe E, attains its minimum 
with P = Po. It is well-known [5] that the set of non-singular boundary 
points is everywhere dense in dE.

Functions feUp corresponding to the non-singular boundary points 
of A we shall call extremal functions.

In order to determine the set of non-singular boundary points we shall 
use variational formulas given by the following:

Theorem A. [4]. Suppose that fe\Jp,£,Z p, is a fixed point of A, 
A is an arbitrary fixed complex number, £„ satisfies |£0| =1 awd a = — 
—press=J)/(s). Then there exists a positive number x„ such that for each 
A e <0, x0) there exist functions belonging to Up that have the form

(2.2) f\z) = /(s) + AP(?,J,)W)

where
|

(2.3) P(z,u) =f(z)-zf'(z)--------- Ha/2^)------- .u —z u —p

If w0 is an interior point of ^f(A), then

(2.4) /** (2) = f(z) - aA + 0 (xa)
w0-f№

belongs to Up.

3. A differential equation for the extremal functions

Let b,c,b yi c, 0 A p be fixed points of A and let F(J) denote 
the expression f(b)lf(c),feUp. We prove now

Lemma 1. The functions corresponding to the non-singular boundary 
points of the set E satisfy the differential equation
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(3.1) -iO l£f’W
\ /(0 I

(f(b)—f(c)f(£)
= <№)

for £« J\{p}; here 0c<0,2jr> and Q(Ç) is a rational function such that
(3.2) <?(C)>0, ICI =1
holds.

Proof. Suppose that f corresponds to a non-singular boundary point 
of E. Then for a suitably chosen a, a e T.E we have

(3.3) l-F(/)-a| = min|P(g)-a|

Let f* be given by (2.1). Then
|-F(/*)—«I* = \F<J)-a\*-l\F(f)-a\#l\A +

■+ \7m F»M0)Ji+ (}+e’<
fb ~fc

where/,, = f(b),fc = f(f>),f = /(C) and 0 = arg[P(/)-a].
In view of (3.3) the real part of the expression in the braces must

be equal to zero for each fe/1^.{p}. Since argA can be chosen in an 
arbitrary manner we obtain the condition

(3.4) e (/<,-/„)/
(/c-/)(/&-/)

_.e P(b, Ç)—P(c,
fb-fc

= e +

fb-fc
which holds for fed\{p}.

Now let us apply the formula (2.2) to the extremal function /. Then

\F(f)-a\* = \F(J)-a\* + X\F(J)-a\&le-ieF{b, Co) -P(c, Co)

from which we obtain

^<e' ,9P(i,Co)-P(c
fb-fc

From the last we obtain (3.2).
Now (2.3) and (3.4) yield

(3.5) <?(C) = A.+A,-^- +A4—~ +A ' +P
Z-c

fb fc
W)

Z-p
_ _ 1+6C -r 1+cC

pA1 AA2 ——y? +^3 ■1-6C 1-cC

1+pC 
1 -pC

Hence Lemma 1 has been proved.
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If we apply (2.4) to (3.3) we can convince ourselves that the set 
^/(J), where / is an extremal function, has no interior points so that the 
set is the whole plane slit along a finite number of arcs.

The condition (3.4) has been established for £e Zl\{p}. However, 
it is well-known that it holds also on |£| = 1. Hence, the extremal functions 
map A onto the whole plane cut along a finite number of analytic arcs.

4. The form of £>(£)

We have proved that <?(£) is a rational function. It is easy to see

<?(£)=<?(£)
which implies that the roots of the equation ()(£) =0 are symmetric 
w.r.t. the unit circumference. Moreover (3.4) shows that Q(£) 0 for
£ 0, oo, and |£| 1. Since the equation Q(£) = 0 has at most 6 roots
and the roots on |£| =1 have an even order of multiplicity then Q(£) 
must have the form

c(£-A)2(:-«)2
(4.11) <?(£) (6_:)(c_^)Cp_C)(1_X)(1_cC)(1_5:)

where k = eia, I — are the points on |£| =1 which are carried by f 
onto the endpoints of the arc /(|£| =1). Of course, /'(fc) = /'(1) = 0.

Hence / maps A onto the whole plane cut along one analytic arc 
with endpoints /(&),/(!).

Since /(|£| = 1) is an analytic arc, the points k, I divide the unit 
circumference into two arcs a±, a2 with common endpoints which have 
the same length in the metric |Q (e‘e) |4 dB. Hence

/|<?(eifi)|M0 = f \Q(eie)\'dO
a P

from which we obtain

where
^»(0) = |(&-e«)(C-C«)(3,_e")|-1. 

Now (4.2) can be written in the form

(4-3)

where

(4.4)

k + l = D+Dkl

D = f eie<f>(_B)d6/ f <p(O)dO.
0 0
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On the other hand Q(e'°) > 0, so that it follows that 
k-l = = e‘iv

holds. Finally we find that Q(£) has the form

(4-5) W) = |A|
__________ ________________________
(6 - 0 (c - o (p - :) a -j»c) (i -c^)(i - so

Now, if we compare the Laurent coefficients of both sides of (2.1) 
near the point £ = 0 and if we use (3.5), then we obtain

A = e-iB
fb’fc

Thus we have proved the following:
Theorem 1. If b,c, b c =£ p 0 are given points of the unit disc 

and if te <fb, 2n), then the functions corresponding to the non-singular boun
dary points of E satisfy the differential equation
(4-6)
/tf'(f)V fb-fc-fU) bpc Ç (l — (fD+Dea) Ç + e+il
\ /(£) / (A - A)(A —/(f)) (b-ü)(c- Ç)(P - £) (1 -PC) (l -co (l - 6£)

and map A onto the whole plane cut along one analytic arc.

5. The region E

In this section we shall determine the region of variability of the 
ratio /(6)|/(c) within the class Up.

Let z„, zk, z2, z3 denote the points 0, b, c, p, respectively,
Zl Zg z3

f (*i - £) (*. - 0 («8 - 0 (1 - ZiC) (1 - z, f)(l - z3 C)
(5-1)

Stf) = l-(D+Pe")C + e’<C2

and let Fk be the value of the integral JJS(C)(C)dC = I(zk) taken along
y

a closed curve y situated in A that starts from z = I and incloses the 
single critical point zk (k = 0 to 3). This closed curve can be reduced 
to a loop formed by the straight line lzk, the circle of infinitesimal radius 
about zk, and the straight line zkl.

Then

Fk = 2f S(£)R(£)d£, k = 0,1, 2,3 
i

where the integral is taken along the straight line lzk.
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Let
(5.2) Qk=Fk-F0, fc =1,2,3.

It is well-known [6] that
l(y) = l(0 + j>A

fc=l

or

i(y)=A-^o+jXfl*
*=i

where l(y) denotes the integral taken along a curve y jointing I to 0 
In the case under considerations there is the possibility of eliminating

one of the constants £2k.
Since (4.2) holds, we have J R(£)S(£)d£ = 0 and hence 

ICI-l

Fa-F2+F1-F0 = 0 = f E(OS(OdC
ICI-l

Therefore
L— 3 1? •> j 1? —— 0

Thus (5.3) takes the form

z(y) = i(o+2’

(5.4)

i(o =r3-i(o+2X&*
1

Let us write (4.1) in the form 
vQdv

j ' O' ,=T =vv(v0 — v)(v0 — qv)

where v0 = f(b),q = /(&№),« =/(0- 
If we set

_ 4(g*-g+l) _ 4(l + g)(g—2)(2g—1)

3q2 ,Sa 27 q3
then we have

2d®
l/®0^4®3 — g2x—g3

0.

fi(0«(0^(5.5)

and 0’-2703
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Let £)(w; 12x, Q2) be the elliptic function of Weierstrass defined by 
the formula

-5-00

£)(m; Q2, H2) = w~2 + —(nfix+wCa)-2].
— 00

If we integrate (5.5), then we obtain 
t

(5.6) /(f) = Ap(p(f)E(f)df) +B
p

where A, B are constants and we have made use of the fact that/(p) = oo. 
The formulas (5.4) show that we can write (5.6) in the form

c
/(f) = JS(u)E (u)du+I(f2x+P2)) +B 

0

and hence the function / is single valued. 
Finally, because /(0) = 0 we have

(5.7)
t

/(f) = f S(æ)E(æ)dx+|(^i + ^2)) ~«2]
0

where e2 = p(i(£i+I22)) and A has to be chosen so that /'(0) = 1. 
Formula (5.7) gives us the form of the extremal functions.
If we set f = b, £ — c then we obtain (k =1,3)

Let l(r) be the modular function defined as a conformal mapping 
of the domain {0 < Six < l}n{|r —1| > j} onto the upper half plane 
such that 1(0) = 1, 1(1) = oo, l(oo) = 0.

Then [1]

(5.9) A(t)
1(t)-1

— 1(t+1)e2 g3 
^1 e3

which combines with (5.8) to yield

(5.10)

As t varies from 0 to 2rc the quotient describes a circle. Hence,
the set of all bundary points of the region E lies on the curve (5.10).

Thus we have established the following
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Theorem 2. The region E is a closed set whose boundary is given by 
the equation

I &i(0\=i(1+ c^r)’

where 2 is the modular function defined by (5.9) and Q2, Q2, > 0
are given by the formulas

f2k = f S(x)R(x)dx, k — 1,2 
Yk

yk is a loop that incloses the points 0 and zk (k =1,2) and that leaves 
the other critical points outside.

6. The limit case p = 1

It follows from (1.3) that limZ)(p) = 1. Hence k = 1 or I = 1 and 
w’e obtain P=1

where

p:

д.)-я(1+ж)! ,,s

, C (l — e‘‘x)dx
= J ' Vx(z1—x)(z2 — x)(l —zlf x)(l— z2x)Yk

This is a well-known result due to J. G. Krzyż [3].

REFERENCES

[1] Bateman, H., Erdólyi, A., Higher Transcendental Functions, Me Graw Hill 
New York (1955).

[2] Krzyż, J., Some remarks concerning my paper “On univalent functions with 
two preassigned values”, Annales UMCS XVI (1962) 129-136.

[3] Krzyż, J., The region of variability of the ratio f(z1)/f(z2) within the class of uni
valent functions, Annales UMCS XVII (1963), 55-64.

[4] Lewandowski, Z., and Złotkiewicz, E. Variational formulae for functions 
meromorphio and univalent in the unit disc, Bull. Acad. Pol. Sci. 12 (1964), 253-254.

[5] Schaeffer, A. D., Spencer, D. C., Coefficients regions for schlicht functions, 
Coll. Pub. vol. XXXV (1950).

[6] Stoilov, S., Theory of functions of a complex variable, Moscow (1962), (Russian).

STRESZCZENIE

W pracy podano dokładny obszar zmienności wyrażenia f(b)lf(c) 
w klasie meromorficznych i jednolistnych funkcji.

РЕЗЮМЕ

В работе определена точная область значений выражения/(6)//(с) 
в классе мероморфных и однолистных функций.
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