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1. Introduction. Let TR denote the class of normalized functions f
which are analytic and typically real in the unit disk E. That is, f is of the
form f(z) = z-+¢,22-+c;28+... in E and satisfies in E the condition
Imf(2) Imz > 0. The class of functions was introduced by Rogosinski
and has been studied extensively. In this paper we initiate a study of
polynomials P,(z) = 2+ay22+a,2%+...+a,2" which belong to TR, that
is P,(z) is typically real in E. For =< 5 we find the exact bounds for
a,, k <mn. We find also the coefficient regions for the cubic 2+ a,2% - a;2°
and the odd polynomial z+a,2%+as25. In what follows the coefficients
a, are real.

2. Main result. Let R(u) be a polynomial such that

"y sink  ImP,(e?)
W Ricost) = Yoo = =t
k=1

It follows that P,e TR if and only if R(cos6)=> 0 for all 0, —n < 0 < =.
Let « = cos6. Then

n n-1
R(u) = Zak Up_,(w) = 2""’{;,,ij1t’, —1<u<l1
k=1 =0

where U,_,(u) is a Tchebychef polynomial of the second kind. For fixed &,
we determine the various forms R(u) assumes in order that a, be extremal.
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n-1
Lemma 1. Let by be 1eal, 0 < j< n—1 and b, , = 1, suppose > b,
j=0
18 either non-negative or non-positive for all uw in —1 < uw < 1. Then there
erist unique a;,1 < j<m,a, =1 such that

n n-1

\Y sink0 T 1 :
,\; a——— = 2"""a, \ b;w
Ll sin ) dd

k=1 j=0

and P, (2) = Y a,2* belongs to the TR.
k=1

Lemma 2. Let P,(z) be a polynomial of degree n and let k be fized,
1 < k< n. Suppose that among all polynomials in the class TR of degree
n the k™ coefficient a, assumes its extreme value for P,(z). Then it suffices
to assume that all the zeros of R(u) are real.

Lemma 3. Under the hypothesis of Lemma 2, it suffices to take all
zeros of R(u) in the closed interval —1 < u < 1.

Since all zeros of R(u) lying in the open interval (—1, 1) must be
zeros of even multiplicity we have the following result.

Theorem 1. Let P,(z) be a polynomial of degree n (a, # 0) and let k
be fized, 1 < k < n. If among all polynomials of degree m belonging to the
class TR the k™ coefficient a, assumes its exireme value for P,(z), then R(u)
has the form

n—2
R(u) = 2" 'a,(1 ) [ | (u—y)
-]

n—2
2

Jor n even, where —1 <y, <1,1<j< and

n-3

R(u) = —2"a,(1—w?) [ [ (u~,)

or
n—1

R@) =2""a, [ [ (u—y,y

for n odd.

3. Coefficient bounds. Using the preceding results we can calculate
the extreme values of a,,2 < k<n,2<n<5, all bounds are sharp,

however, all the coefficients are not extremalized by the same poly-
nomial.
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n =2 |ag <1/2

n=3 |a<1l, —183<a,<1

n=4 |a <@Q+V)3, —1/3<a;<1,a,<2/3
n=>5la<V2, —(Y5-1)[2< a; < 1 +VD)/2,

la) <1, —1/2<a;< 1.

The calculations of these bounds are lengthy but elementary. Em-
ploying the methods in Theorem 1 well yield bounds for coefficients for
n > 5 but the calculations are very lengthy.

4. Coefficient regions. The equations of the boundary 9V of the
coefficient region V in the a,, a, plane are determined in part by finding
the envelope of the family of lines bounding the half-planes R(u) = 2ua, +
+(4u?—1)a,+1 > 0. The envelope is the ellipse a2-+4(a;—1/2)? = 1.
It is easily shown that 0V consists of a portion of the line 2a,—3a, = 1
between the points (0, —1/3) and (1/4, 1/5), the upper arc of the ellipse
between (1/4,1/5) and (—1/4,1/5) and the portion of the line —2a,—
—3a; = 1 between the points (—4/5,1/5) and (0, —1/3).

The boundary of the coefficient region in the a,, as plane in the
case of the odd fifth degree polynomial can be found in a similar manner.

The proofs of these results are to appear in Publicationes Debrecen.
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STRESZCZENIE

Niech P,(z) = 2+a,2" +...+a,z" bedzie unormowanym wielomianem
typowo rzeczywistym w kole jednostkowym. Autorzy wykazuja, ze gdy
P, jest wielomianem, dla ktérego k-ty wspéleczynnik osigga maksymalng
co do modutu wartoé¢ (1 <k <mn), to wyrazenie R(cosf) =

Im{P,(¢®)/sin 6} musi mieé jedng z trzech postaci
n-—2/4

1. R(u)=2""'a (l;tu)” (u—y)2, —1<9;,<1,1<k< "—2,
n 1 1) i 2
r--3/2
2. R =2""a,(1—u?) [] (u—p)

j=1
n-1/2 '
3. R(u) =2""a, [] (u—p), —1<py<1.
j=1
Mozna stad otrzymaé dokladne oszacowanie a, przy 2<k<n dla
2<nghb.
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PE3IOME

IMycts P,(2) = 2+a,2%+...+a,2" OydeT HOPMUPOBAHHLIM THIIMYIO
BELIeCTBEHHKIM INOJIMHOMOM B €IMHMYHOM Kpyre. /lokasaHo, uyTto, eciam I
eCTb IIONIMHOMOM, Kk-blif KO3((ULMEHT KOTOPOro IPHHUMAET MAKCUMYM
mo mouaynw (1< k<mn), To Bupamenue R(cosf) = Im{P,(e")/sin0}
OOJHKHO MMETb OIMH M3 TpeX BHIOB
n—2/2

1L R(u) =2"%a,(14w) [] (w—p)h —1<9 <1, 1<k
);13/2

2. R(u)=2""a,(1—u?) [] (u—p)

j=1

n—1/2

3. R(u)=2""a, [] (w—p), —1<w
J=1
OTcioga MOKHO BHIBECTH TOYHYIO OLEHKY @) NpU 2 < k<, 1A 2 < n < 5.

1.
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