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On the Equation f(z) = pf(a) in Certain Classes of Analytic Functions

O réwnaniu f(z) = pf(a) dla pewnych klas funkeji analitycznych

VYpasuenue f(z) = pf(a) NAA HEKOTOPHX KIACCOR AHAMUTHYCCKUX PYHKIIH

Let X denote a fixed and compact class of functions analytic in the
unit dise 4 and let p and a be fixed complex numbersp # 0,1,0 < |a| < 1.
It is clear that for p, a and f fixed the equation

(1) f(z) = pf(a)

may have a solution 2, in the disc A. This leads to the following extremal
problem. For given p and a,p # 0,10 < |a| < 1 determine

m(p,a, ) = inf {wo: w = ||}
JexX'

Not so long ago, P. Mocanu [2] considered this problem for a class 8
of functions analytic and univalent in 4. More recently .J. Kaczmarski [1]
found m(p, a, X") for the class Sy of typically-real univalent functions
under the additional assumption that p is real.

In the present note we shall give more simple proofs of the results
due to J. Kaczmarski and we shall solve (1) for the classes of functions
that are

(i) starlike of order a in the unit dise 4,

(ii) typically real in A,

(iii) spiral-like in A.

If a,2 and A are given then the set D(a,z, X) = {w: w = f(2)/
f(a)Afe X'} is called the region of variability of the ratio f(z)/f(a) within
the class X'

In terms of the region of variability, the problem of determining
of m(p,a, X’) can be considered in the following way.
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If p, a are given then (1) has a solution in ¥ if and only if
pe D(a, p, X) holds for some ze A.

This is the key to our method and leads to our solutions.

Let S, 8% 8% 8, be the classes of functions f(z) = z+a,2z®+...
that are univalent and starlike of order a, starlike, convex or spirallike
in the unit disec, respectively.

Let TR denote the class of typically-real functions in 4.

If we make use of the structural formulas for the classes 8, §, and
TR we easily obtain the corresponding sets D(a, p) and we establish the
following theorems.

Theorem 1. If a,p are complex constants, p + 0,1, 0 < |a| <1

and if p =[2(1—a]' then
Syimintfjeiilyaa (L ). A
m(a L) = inf ]| z2—a|l—) | = |1—|—
vty = s r—a (2| = 1 (2]}
(1—e®2)"2-9 0<a< 1,0 — real

The extremal functions have the form

Taking a = 0 or a = 1/2 after some elementary calculations we obtain
the following theorems

Theorem 2. m(a, p, 8y) =m(a,p, 8*) = iwﬂl— —

E 2|ap|
1 2 12
_]/[ +|al 2Ia(p_¥ﬂJ oy
2|ap|
Theorem 3. m(a, p, S:/:) = m(a,p, Sc) = ?Itl:%’)l——_{ﬁ. The extre-
-1
mal function has the form z(1 —xz)™', Iag 1;'

Let pf(A4) denote an image-domain of f(A4) under the transfor-
mation W = pw.

If we make use of Th. 2 and Th. 3 we establish

Theorem 2'. For each function f of the class S* we have

f(lz] < r*) = pf(4)
where

11\
po o 1HIPTU S/ QP 1D
2! v Ipl

The number r* is the best possible one.
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Theorem 3'. For each function f of the class S° we have

J(lz] < 7°) = pf(4)
where

r = |pl(1+ip—1])~"

The value r° 18 exact one.

Theorem 4. Suppose that a, p, y, 8 are fixed complex numbers p +# 0,1,
0<|al<1,|y| <m/2,8 = —e”[cosy. Then
2 s
-3}
ap

m(a, p, §) = inf{lzl:

oo )
ap

Theorem 3. If a and p are fized real constants then

e A
[*1+(1+a) 1+4a ;‘i;%a) dap S a1
m(a"vaR) _— SRS —
l 1+(1—a)—1—_“_'/(21;“’ 9 | ap—1)) > 0

and the bounds are attained by the Koebe functions z(1+2)~%, resp.
The details and some further results will be published in Mathe-
matica, Cluj, (1971).
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STRESZCZENIE

W doniesieniu podaje si¢ bez dowodéw rozwigzania problemu wyzna-
czania kresu dolnego rozwigzan réwnania f(z) = pf(a) w pewnych rodzi-
nach funkeji analitycznych w kole jednostkowym.

PE3IOME

B paGore npuBouATca 6e3 NOKa3aTeNbCTBA PpeWIEHUA MNpOGIeMH
onpenelleHHA TOYHOM HHKHeHl rPaHMUB pelleHHit ypaBHeHua f(z) = pf(a)
B HEKOTOPHIX KJIACCaX aHAJIMTHYECKHX QYHKUHH.






