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Pewne problemy ekstremalne w klasie funkeji quasi-gwiaZzdzistych
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I. Dziubiniski [2] introduced the class ¥ of the so called quasi-starlike
functions ¢(z) determined by the equation

W 6lg@) = 5766 in s <1,

where M fixed, M > 1, and G(z2) is starlike in the unit disc. He also in-
troduced the subclasses @) of the class ¥, where G(z) is of the form

@) @) =— 2 injg<1,
1] (1 —0,2)%
k=1
(3) Cp = g“’k,
(4) Zlgk = 27
ka1

and @ (k =1,...,m) run over all real numbers, o, # o, for 1 #n,

Bk =1,...,m) run over all positive numbers.
Let

(5) 9(2) = ay+a,(z2—2,) +...,

{6) G(2) = Ag+A4,(2—20)+...,

where z, denotes a fixed point of the unit disc.
Suppose that
(7 H = H(X, vion XNy X gy 00y Y7)
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is a real-valued function of 2N 42 real variables, defined in an open and
sufficiently large set V, He C?, grad H # 0 at every point of V.
Given a function g(z), let

() H, = H(&y ooy Eny oy ooy N
where
&+, =a,, mn=0,1,...,N.
We shall prove the following theorems for the class @ :

Theorem 1. If the functional H, attains its extremal value for a function
g(2) of the class @M, then this function satisfies the following differential
equation

g'(z) L(gz) 1 £()

8 :
) 10 Z@) 7 A)
where
N+l ¥ i3
B by, B, 2!
® 20 = | > Tar (:—zo>"+( _)k +(i ")k i
$5 5300 —%
g [y
o ¢ 1
N+1 ;7 s D —_—
;¢ D, C ¢ $
R(0) = - —_——
ag)  #o =l oy - e
k=1 — —Qy __z)
4 '3 ?
N
(11)  Bi= D' Hy((k—1+2)ap 2% +2 =1+ 0 gy 20+ (K~ ),
e l=0,1,...,N+1,
12) b H el Va +2aPa,+aft?), 1=0,1,...,N+1,
k=]—1
N k=142
(13) .D; = Z H,‘ Z NA,Cx_1_n42) l= 0,1’ veey N+1’
k=1-1 n=1
N k—1+2 k—n+1
149) &= Y H D na, 3 a0y 1=0,..,N+1,
kel—1 n=1 e =
(15) = (D, +Dozo)_’ —(dy+ dozo) e

nal

(zo)
16) 8, =10 2(1 o L=
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ﬂt“‘

=@

T=1,2, .0

I

a7 8o = log G(a,) —1—

87 ==
’
A, ’

«.

=1
(18) H, = HA,(XM YN)_iHYl(Xoy-"!YN),l =0,1,°--1N’H‘1=0,
(19) ‘ = (l+S‘z°)_l-1x

i 1+4+8,2, 0 0 2z,
83‘!‘“28’20 1+Slz° DY 0 1
XKulsglt] « o ¢ o o0 0 o v oo Feagbmbl:. . . B, . o, WINNC S o [91=0,...,,N+1

(l_l)Sl_l'l"lS‘ZO (l_2)S‘_2+(l—1)Sl_lz‘) e 1-*-8120 0
IS]_I__ (l+l)S‘+120 (l_l)Sl_l'}‘lS‘zO eoe Sl+2Szzo 0

Moreover, the numbers o;yt =1, ..., m which appear in (2) and (3) are
roots of R (L) and double roots of function of the form

N+1

= 1 d D d
(20) () = 2 k—1 ((C—a’:)"“ o (= zk)k 1 + : 8 . k-1 ol
k=2 (—— —Eo)
¢
D 1~ % 1—% %
= —T——iﬁ +d,log e § +d,log _°C + 949,
(z-# ek
&i " 3
where
N4
(21) N o= —4 ) (81 —Dy8y_y).
=]

Proof. Since the family ¥ is compact and because of the continuity
of the function (7) the existence of extremal function is evident. We
suppose that the extremal function belongs to the class @ .

From relations (2), (3) and (6) it follows that the coefficients A,
k =0,1,... are functions of the parametres @,,...,®m,B1)+++s Bm}
simultaneously from (1) it follows that between the coefficients of the
functions (5) and (6) the relations

22) {% (G (g(=)— %G(z))} =0

=
hold. Consequently, the value of the functional H, for any arbitrary
function (5) coincides with the value of the function (7°) at the point
P = (ag, Gyy-.ey BNy P1s Pay oy Py P1y Buy -y Bm) Of a0 2N +2m +2 dimen-
sional space, provided the additional conditions (4) and (22) are satisfied
for ¥ =0,1,..., N.
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Applying the method of Lagrange’s multipliers for the functions of
complex variables [1], we conclude that for the point P = (a,,..., ay,
@1y ooy Py Py +++y Br) connected by (2) and (22)

a*  OH _ (oH)\
T (Gt ))——6( ))) e -r(;ﬁa—),

N
@) 3 (
=0

N
By [ 1
(24) EI{A"I)‘E,(?' (G[g{z))—EG(z})) 4
k=0

f=Zg

-0 f 0* 1
+ Akaf%(gz—k((;(y(z) — 77 8 ))mn} =0,

1 =1,...ym,

(25) _Sj‘{h (t,z,, (¢lo )——G(z)))

.E-‘Sn

R

t=1,...,m,

b4ao,

Z—Eo

where A, 4, 4y, ..., 4y are a nontrivial set of Lagrange’s multipliers,
are fulfilled.

By suitable transformations the equations (23)-(25) can be written
in the form

(26) K(G'(g@)(z—2)) =H,y 8=0,1,..., N,
27) K6 (9@) @) —K@@@fPe) =0, t=1,..,m,
(28)  E(6 (9()f () +E(G(g (z)m’*(z)) +A=0, t=1,..,m,

where
J*h
E(h(s)) - 21(02,,)
v (0%
K(h(:n - ‘2‘ ;.k(—a—zj‘-ln."; y
k=0 0
h(z) = h(3),
L ag® ez | 6g@)
0 = (200 ~ Toel ey LR
G
19(2) = ((log (1 —oy2) —log (1 —aig (@) 9B 4 _ 1 . m.

G'(g(2)’
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Next, from (26) and the definition of the operator K (h) it follows
that for any function hy(z) of the form

ho(2) = Eo+E\(2—20) +...

we have
5 X 1 dz
29) K@) = YEE = [ H‘( _,)h.,(z) :
ko T ezgn e g
where

FER

:;' (2 —2)

-~
~ ~n

and C(z,, r) is a sufficiently small circuimnference with centre at the point z,.
Using (29) the set of equations (26)-(28) can be written in the form

1 ofi ol )( 99(2) oz \ Glg@) dz
30 -— H | —— == 1
(30) 2nic‘;{:,) \s2—2/\1=0y9(2) 1—0,2] G'(9(2)) 2—2,
1 ,;.( 1\ 9@ _ ax \GE) & _
i —2%\1-0g () 1-02 F§@) 2%

t=1,...ym,

1 1
(81) . === H*|——| (log (1 —a,2) —log (1 —a,9(2)) x
LT g, m) 2—2

Glglz) @ 1 T .
5 @l9(2) z—z +?”_iol§{r)ﬂ (z_zo)(log(l—a,z)-}-

—log(l—a,g (z)))% zi +2=0, t=1,

Further, let us introduce the functions

choy M

1
(32)  RQ) = 5 ( ) T ) e
z : b oG 2y 1 G'(g(z))
t‘n) 1__9() l——;z
” At Y f,p( 1 ) tg(z) e \G(_«}(z) dz
iz, Mg, \2-Z/\1-0g(k) 1-(z] @'(9(2) 2—%
and
G
(33) 2(L) = R() “5((%&

Annales
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By applying equation (1) and by the definition of the function #(¢)
we get equation (8). Moreover, from (30) and (32) it follows, that the
numbers o;,¢ =1, 2, ..., m, are roots of the function #(Z), and by (31)
double roots of a function

(34) .:f( ) = 1— J H'( t )(log(l— E:) —log(l—-}-(z)))x
‘L‘{:g.n 2—2, A ¢

G(g(z)) 41 f

o . »
G sz Zmi d T (}:5;)(103(1*Cz)—log(l—kg(z))x

Gl9(2) dz
& (g(z)) 2—2, 23, T4

The functions #({) and £ ({) of (32) and (33) are rational functions

with the poles only at the points 2y, 1/Zo, §(20), 1/g(2,). Further, we
prove the formulae (9) and (10) for the functions #({) and #({) and next
formulae (11)-(19) for the coefficients of these functions.

From definitions of the functions #(¢) and %#(Z) we can obtain the
following formula

Clzp.7)

- 1
(35) R () = —F%()

and, further, formula (20).
Theorem 2. The extremal value of the functional H, is atiained in the
class 9™ for function belonging to the class ¥y, m < 2N+1

Proof. Let H* denote e.g. the maximum of the functional H, in

%M and let H; denote an analogous maximum in U M I = 1,2,
M=)

1°. First we shall prove that Hy = Hjy., for k> 2N +1 and con-
sequently

(36) supH, = Hiy,,.
n

k
In fact, because the family (J 92,k =1,2,... is compact, we can

ml

find a function of the class ), I < k, realizing the mentioned maximum.
Hence, and from Theorem 1 1t follows that there exist such numbers
o, = e“’t,_t =1,...,1,0, # a; for Lk +# j, which are double roots of the
function #((). From properties of the function (;e(C) it follows that

P(g) = R(e")

is a real-valued function of a real variable and P(g)e O, Moreover, it is
easy to see that the function P(¢) has the period 2n.
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Next fromn (35) we obtain
P'(g) = —id(e").

Because the function #({) of (32) has 4N +3 roots we take the inequality
1< 2N +1 and, consequently, (36).
2°. In the second part, we prove that

(37) H* < Hyy,,.

In fact, it is not difficult to observe that we can approximate any quasi-
starlike function by the functions of classes #X. Hence, and from (36)
it follows that the inequality (37) is true.

Using Theorem 1 and 2 for the functional

H,=g (zo)-g-(_zo)
or

=
<o

we obtain sharp estimates of |g(z,)| and arg gEz,)

class FM: %o

Theorem 3. For every function g(z) of the class ¥™ the inequalities
—g*(—lzD) < lg(2)l < g (=)

are satisfied, where g*(z) is determined by equation

y |2o] <1, in the

g*°z) 1 2
l—-g*) ~ M (-2}’
Theorem 4. The functional

z
By g Y
0

attains its extremal values in the class @™ for functions g(z) determined
by the equation
gz 1 2
(l—og(2) M (1—oz)

in which o are the suitably chosen roots of the equation

]/ 41— 1) ot +]/1 o Y.
o ( (@Fory ( . )(a+r)’
3 or 1 or
=2l/1_4(1_7)m1/1 4(1———) T
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Moreover, from Theorem 3 we have following
Theorem 3’. Every quasi-starlike function maps the unit disc onto
a set containing the disc |z| < Ry, Ry = 2M —1—-2V M(M —1), only.
Moreover, the function g(z) determined by the equation
L T e
(1+g(2))*

- M@1+2)
maps the unit disc onto the disc without the segment [Ry, 1] of the real axis.
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STRESZCZENIE

W pracy tej zajmuje sie klasa @ funkeji quasi-gwiazdzistych wpro-
wadzong przez 1. Dziubinskiego. W szczegélnoSci wykazuje, ze funkcjonat
rzeczywisty H, o r6znym od zera gradiencie osigga extremum dla pewnych
specjalnych funkeji okredlonych réwnaniem (8). (Twierdzenie 1i 2). Ponadto
znaleziono oszacowanie wyrazen |g(2)| oraz argg(z)/z w klasie ¥™.

PE3SIOME

B paGore aBTOp 3aHMMaercA KiaccoM ¥ HopMupOBaHHWX KBasM-
3Be3q000pa3HbIX QYHKUMH, BBeNeHHhx WM. [I3io6mubckuM. [Joka3saHhl
cienyiomue TEOpeMbl: XEeHCTBUTENbHHIT Qynkumonan H,, miasa Koroporo
grad Hg # 0 npuHUMaeT OJKCTPeMa/IbHOe 3HA4eHMEe [UIA ClHelMaIbHBIX
PyHKUMI onpeneléHHLIX ypaBHeHHeM (8). (Teopema 1, 2). HalimeHn Takxe
ouenku |g(2)|, arg[g(2)/z] maa kmacca 9H,



