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Funkcje jednolistne ktérych wartosci pokrywaja ustalone kolo

OpauosucTane GyHINURA, 3HaYelHA KOTOPHX NOKPHBAKT (QUKCHPOBAHAHN Kpyr

In this paper we present some results whose detailed proofs will be
published in vol. XXVI of this journal.
Let 8 be the class of functions

(1) f(&) = z4-a,22+...,

regular and univalent in the unit disk K, and let §*, C be the classes of
sunctions fe S such that the corresponding image domains f(K,) are
ftarlike w.r.t. the origin, resp. convex. Suppose that K, = {z: |z] < r}.
We also introduce the following subclasses of 8. Let S(E, M) be the class
of all fe 8 such that

2) Egc f(K,) c Ky

for some real B, M such that 0 < R <1< M.
The intersections S*NS(R, M),0NS(R, M) will be denoted
S*(R, M) and C(R, M), resp. If we replace the condition (2) by

(3) Sf(K,) © Ky, M > 1,

we obtain the well known classes S(JM) (S*(), C(M)) of bounded
(starlike, convex) univalent functions. For each class S(M) (8*(M) and
C (M), resp.) there exists a constant &, (8} and 6%, resp.), or the Koebe
constant, which is the radius of the largest disk with centre at the origin
contained in f(K,) for each f of the relevant class. Obviously S(R, M)
= §(M) for R< 8y and analogous relations hold for §°(M) and C(M).

We now state some distortion theorems for the classes introduced
above and sketch briefly the method of proof.
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Theorem 1. If R > 8y and feS*(R, M), then

(4) —Fu(=1) < |f@R) < Felr), 2| =1,
where Fye 8° (R, M) maps K, onto the domain
(5) G‘ = KM\“f

={w: R< |w| < M, 0 <argw < 2n—0}, 0 (0, n).
Theorem 2. If R > 65, and feC(R, M), then
(6) —F (-7 <|f(2) < F(r), |2| =,

where F.e C(R, M) maps K, onto the conver circular quadrilateral G,
symmetric w.r.l. the real axis whose boundary consists of two arcs on 0Ky
and 0K, , resp., and two straight-line segmenis joining their end points
and tangent to 0K .

The proofs of Theorems 1,2 are based on a method given by J. Krzyz
in [1]. In order to determine the extremal values of |f(z)|, we consider
an equivalent extremal problem for the Green’s function in a class of
domains whose boundaries consist of the finite number circular arcs
and whose Robin’s constant at the origin is fixed. The latter problem
can be solved by means of Hadamard’s variational formula for the Green’s
function and for the Robin’s constant. In particular, the right hand side
inequality in (4) can be proved in the following manner.

Let U be the family of closed regions @, starlike w.r.t. w = 0 con-
taining two fixed points 0, %(0 < 7 < M) such that K <« G =« K,, and
the inner radius (0, @) of G at the origin has a constant value 1. We
assume that 63 < R<<1< M. Let g(w,w,;G) denote the classical
Green’s function of the domain G with the pole w,. If 7 i3 the maximal
value of |f(2)| on [2| = r for all fe S'(R, M) and F, is the extremal
function then
(7) sup ¢(0,7; @) = ¢(0, n; G.),

GeU
where G, = F.(K,).
As soon as G, is the same for all 3 e (0, M) then the extremal function
F, for the maximum of the modulus on |z| = 7 is the same for all re (0, 1).
In order to determine G, we introduce the family U, = U of circular
polygons G,, such that

n
(8) G"=KM\1LJ1 Wy 1<p<n,

where W; = {w: r; < |w| < M, ay < argw < §;},

af, ﬁj( (0, 2ﬂ), R< 1‘,, and fOI‘ j - k “‘yln“"k = @.
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Evidently (J U, is dense in U. We now solve the extremal problem (7)
n-=1
within the class U, by using Hadamard’s variational formulas [1]:

0
09(w, 7 6) ———f——; 9(£, 03 6) =—g(, 75 6)on(5)ds,

dy(w, @) = —“f[ -g{:,w;G;]‘ én(s)ds,

where y(w, G) = logr(w, @) is the Robin’s constant.

Similarly as in [1] we can show that the polygon (5) yields the maxi-
mum of g(0, n; @) within U, for any fixed » and any n. This implies the
right hand side inequality in (4). The left hand side inequality in (4)
can be proved in a similar way. The proof of Theorem 2 is similar. As
corollaries of Theorems 1,2 the bounds of |a,| are obtained. Again the
functions I, F', are extremal. The bounds (1 — |z|2)|f'(z)] which depend
on |2| and |f(z)| are obtained in a similar way.

Let R, be the distance of w = 0 from the set C\f(K,), where f(z)
= 2+a,(f)2?+...¢ 8. E. Netanyahu proved [2] that

Bup(laz(f)lR/) =

o.':|t

Using the estimates of |a,(f)| in 8*(R, M) we obtain
Theorem 3. We have:

sup (la;(f)| R,) = 0.6354 ....

fes®

The extremal function realizes the maximal value of |f| for S8*(R, + )
with R = 0.4945 .... The corresponding value of a,(f) is equal to 1.3253 ....

Theorem 4. Suppose that G, is the convex domain whose boundary
consists of the left half of the circle |w| = R, and two rays {w: rew >0,
imw = FRy}; R, 18 chosen 8o that v(0,G,) = 1. If fe C and Kp, = f(K,)
then f is bounded.
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STRESZCZENIE

Praca zawiera twierdzenia o znieksztalceniu dla funkeji nalezacych
do klas 8*(R, M), C(R, M), odpowiednio gwiaZzdzistych i wypuklych
speliajacych dodatkowo warunek

K, c f(K;) < K, gdzie R <1 < M.
Twierdzenie 1. Jesli R > 65, i feS*' (R, M), wtedy
—Fo(—=7) < [f(@)] < Fulr), 2| =7,

gdzie Foe S8*(R, M) i odwzorowuje kolo K, na obszar @, okreslony wa-
runkiem (5), za$ 65, oznacza stalq Koebego dla klasy S*(M).

Twierdzenie 2. Jesli R > 85 i feC(R, M), wiedy
’"Fc(""r) < lf(z)l < F,_.(T), |zl = 1’,

gdzie F e C(R, M) i odwzorowuje kolo K, na pewien czworobok Tkolowy G,.

Dowody twierdzen 1, 2, sa oparte na pewnej metodzie podanej przez
J. Krzyza w [1] i polegajacej na sprowadzeniu problemu oszacowania
|f| do rozwigzania zagadnienia ekstremalnego dla funkecji Greena w pewnej
klasie obszaréw. Zagadnienie to mozna rozwigzaé stosujac wzory Hada-
marda na wariacje funkeji Greena i stalej Robina. Jako wnioski z twier-
dzen 1, 2, otrzymuje si¢ oszacowanie |a,|. Ta sama metoda pozwala na
oszacowanie w rozwazanych klasach wyrazenia (1— [2[2)|f’(z)], ktére
jednak zalezy od [f(2)|.

Opierajac sie na twierdzeniach 1, 2, dowodzi si¢ dwich nastepujacych
twierdzen:

Twierdzenie 3.

?tlg(]az(f)llgl) = 0,6664 ...,

gdzie R, oznacza odleglos¢ punktu w = 0 od zbioru C\f(K,), dla f(z)
=2z+a,22+...e 8.

Twierdzenie 4. Niech Gy oznacza obszar wypukly, kiérego brzeg sklada
sig z lewego polokregu |w| = R,, oraz dwdich pdtprostych {w: rew >0,
imw = +Ry}; R, jest tak dobrane, ze r(0,G,) = 1. Jedli fe C i Kp, < f(K,),
to funkcja f jest ograniczona.

PE3IOME

Pa6ora conep:KuT Teopemnl o medopmMauuM NaA (yHKuUmMii, npunan-
aexawmx k kaaccam S*(R, M), C(R, M), COOTBETCTBEHHO 3BE3HbIX
M BHINYKJIBLIX, BHIIOJHALIMX YCIOBHE:

Kycf(K)=s Ky, R<1<M.
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Teopema 1. Ecau R > 6% fe 8*(R, M), mo
—Fo(—7) < |fQR) < Fo(r), 2| =7,

20e F,e 8*(R, M) u omo6pasxcaem okpymcHocmb K, na ob6aacmb onpede-
AeHHYlo ycaosuem (B), a O3 oGosnanaem koncmanmy Koebe kaacca S*(M).
Teopema 2. Ecau R > 65, feC(R, M), mo

—Fo(—n) < |f(2)| < Fe(r), o] =7,

2de F.e C(R, M) u omobpaxcaem okpymcHocmb K, na Hekomopbsili kpy-
2060l uemslpexry2o.abHUK G,.

Ioxa3arenbcTBa TeopeM 1, 2 omupalOTCA HAa HEKOTOPOM Merone,
mannom M. HikiskeM 1 M ocHoBaHHOM Ha NpUBeJeHMH MPOGIIEMBI OLEHKH
|f| ¥ peurenmio 3ncTpeMadbHoOlt 3agaun AaA yHKuun I'puHa B HEKOTOpOM
Kiacce oGiacreil. OTH 3aJayn MOKHO PeIUMTb, NPUMEHAA BapHALMOHHYIO
¢opmyny Anamapa maA ¢ynkumii I'puna um kKoHcrante Po6una. Us
TeopeM 1, 2 mojiy4YeHa OLEHKA |a,|. ITOT MeTOX NO3BOJIAET OLEHNTb B pac-
cMaTpMBaeMhIX KllaccaX TakKike BhpameHue (1—|z|?)|f'(z)|, koTopoe,
OIHaAKO, 3aBHCHT OT |f(2)|.

Onupasce Ha TeopeMH 1, 2, noka3aHH CIEYiOllHe TeopeMKl.
Teopema 3.

sup (|a,(f)| R;) = 0,6554 ...
feS*

20e R, o6o3Havaem paccmoaHue mouku w = 0 om mroxucecmséa C\f(K,) daa
f(z) = z+ng’+ e 8t

Teopema 4. ITycmv G, 6ydem evinykaoil 06aacmvbio, KOHMYpP KOMOPOLi
cocmoum U3 /€60l NoaAyokpymcHocmu |w| = Ry U 2—a nNoaynpamulr
{w: rew >0, w = +Ry}; R, nodobpano mak, umo r(0,G,) = 1. Ecau
JeC n Kp < f(K,), mo dynkyus f 6ydem oepanuueHa.






