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1. Introduction

Suppose f, F are functions regular in the unit disk K, both vanishing
at the origin. The function f is said to be subordinate to F in K, if there
exists a function o regular in K such that «(0) =0, |w(2) <1 in K
and f(z) = F(w(2)). Then we write: f 3 F. As a rule it happens that in
all sufficiently small disks K, = {2: |2| < r} the most important functio-
nals corresponding to r and f are dominated by the relevant functionals
corresponding to r and F, whenever f 3 F. Many authors were concerned
with the problem of determinating the largest disk where such a domi-
nation takes place. E.g. Golusin [2] showed that, if f 3 F and a(r), A(r)
denote the area of Riemann surfaces being the maps of K, under f and F

1)
resp., then a(r) < A(r) for any re (O, —E] . It seems that E. Reich was

first to investigate a problem of more general type. Instead of evaluating
the radius where a(r) is dominated by A4 (r) he was concerned with the
estimates of the ratio a(r)/A (r) in the whole unit disk under the assumption
m—1

f 3 F. He showed [4] that a(r)/A(r) < mr*™ % for <r?

< %, m =1,2,..., which implies Golusin’s result in case m = 1.
m
Now, we can similarly consider functionals others than the area.
The most interesting case is perhaps the absolute value at corresponding
points. Thus we are led to the following problemn.
Suppose A,,n =1,2,..., is the class of functions f regular in K
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such that f(2) = a,2"+a,,,2""'+...,a,> 0. Suppose, moreover, S,
is a fixed subclass of the class S of functions regular and univalent in K
subject to the usual normalization. Find for a given positive integer
and given re(0,1) the Lu.b. »(r, n, 8;) of the ratio |f(2)/F(z)| for all
feA, and all FeS, satisfying f 3 F, |z| <.

In this paper we find the solution for the class S, such that: fe 8,,
lnl <1, implies 5~ 'f(n2)e S,.

Suppose B,,n =1, 2, ..., is the class of functions w, w(z) = a, 2"+
-+ @, 2" +..., which are regular in K and satisfy a, > 0 and lo(z)] <1
for all ze K.

A reasoning similar to that used in [3] shows that for a fixed z,¢ K
and o ranging over B, the set of all possible values of w(z2,) is the closed
domain H,(2,) (generalized Rogosinski’s domain) whose boundary con-
sists of three arcs:

J 1 3
(1.1) 20(0) = |aa|"e”, argal 4 5 @ < 0 < arga} +- 5™
(1.2) 2y(a) = Z(a+ila))[(L+ialz), 0 <a<1,
(1.3) zy(a) = 2P (a—i|z]) /(1 —ialz)]), 0 < a < 1.

Suppose @, (21, 8o) = {u: u = F(2)/F(2,)}, where z, is a fixed point
of K and z,, F range over H, (z;) and 8, resp. Under our assumptions
on 8,, the set @, has the following properties (cf. [1]):

(1.4) Q1(21, So) = @1(|24/, 8,),
(1.5) if 0<r<R<1, then Q.(r, S,) < Q, (R, §,).

We shall also be concerned with the get Q (2, 8,) = {w: w
= f(2,)/F (2,)}, where 2, is a fixed point of K, fed,, Fe8,, and f3F.

2. Main results

Theorem 1. Under the notations of sect. 1 we have:
Qn(zn So) = Qn(zu ’So)

Proof. Suppose e, (2, 8;). This means that there exist fed,,
Fe 8, and z,¢ K such that f 3 F and v = f(2,)/F(z,). Now, the condition
f 3 F implies that there exists we B, such that f(z) = F(w(2)) and alse
f(z) = F(o(z,)). If 2, = w(z,), then z,¢ H,(2,), cf. [3). We can write:
u = f(2,)|F(2,) = F(w(21))/F(21) = F(25)/F(2,) and this means that
e Qn(21y So) LY (1.4), ie. 2,(z, 8,) = @,(2, 8,).

Suppose now ge @, (21, So). Hence g = F(z,)/F(z,) with z,¢ kK and

z,¢ H,(2,). Since z,¢ H,(2,), there exists we B, such that z; = w(z),
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c¢f. [3]. Consequently, ¢ = F(w(z,))/F(2,) = f(2,)/F(z,), where F(w(z))
= f(z)e A,. This means that ge Q,(z,, S,), i.e. Q,(z,, 8, = 2,(2,, So),
or, finally,

Qn (215 8o) = 2,(24, 8,).
Corollary. If z¢K,,feA,, FeS, and f3F, then
sup|f(2)/F (2)] = sup{jw|: we 2,(z, 8,)}.
Hence we have the solution of the problem
x(rym, 8,) = sup{|w|: weQu(2, So)}
Theorem 2. Suppose S, is the class S° of convex functions. Then
x(ry1, 8°) = max{l,r(1—r)"'},
17
1"
Theorem 3. For the class S* of starlike functions we have:
x(ry1, 8%) = max{L,r(1—r)"%},

x(r,n, 8 = !

for n>2.

1+4r
11—

The proofs of Theorems 2, 3 will be published in vol. 18 of the
Michigan Mathematical Journal.

x(ryn, 8) = r""'( )2 for n>2.
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STRESZCZENIE

Niech 4,,n = 1, 2, ..., oznacza klase funkeji f(2) = a,2" +@a,,,2""" +
+...,a, > 0, regularnych w kole jednostkowym K. Oznaczmy przez S,
ustalong podklase klasy S funkeji regularnych i jednolistnych w kole K,
takich, ze:

*) fe 8o, 17l <1, implikuje 5 ' f(n2)e S,.

Niech x(r,n, S,) = sup|f(2)/F(2)|, gdzie

Je A, Fe8y,f 3 F, 2| <.
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Twierdzenie 1 i wniosek po nim nastepujacy mowi, ze

e x(ryn, 8;) = sup{|w|: weQ,(z, S,)},
gdzie Q,(z, S,) = {w: w= “:_—-::;} » 8dy ¢, f przebiegaja odpowiednio:

obszar Rogosinskiego H,(z) i S,-
Korzystajac z warunku **) mozna wyznaczyé efektywnie funkcje x.

Jefli S, jest klasg funkeji odpowiednio: wypuklych S¢ i gwiazdzistych §*,

woéwezas (twierdzenia 2,3):

147

1—’

% (r,1,8% = max{l,r(1—7r)""}, x(r, n, §°) = - n>2,

. L1 1 -
%(r,1,8%) = max{l,r(1—7r)"?}, x(r,n, 8*) = 'Jl_l('—lj—:“) ,n =2,

Dowody twierdzen 2,3, ukazg si¢ W pracy oddanej do druku w periodyku
Michigan Mathematical Journal, vol. 18.

PE3IOME

Iyete Ay, n=1,2,3,..., obo3Hayaer knacc QyHKimik fz) =
a,2" +y, 2" ..., @, > 0, PEryIApPHHX B eIUHNYHOM Kpyre K. epes
8, 06o3Hauny PUKCHPOBAHHBI MOAKIACC KTacca S peryaapHbIX M OXHO-
TUCTHHIX (yHKUMA B Kpyre K, KOTODhe yXOBIETBOPAIOT YCIOBHIO:

*) f(z)e Soy Inl <1 =77 f(n2)e 8,
yctb x(r, n, Sy) = sup|f(2)/F(2)|,, upu
feA,,FeSof = F, |2zl <.
U3 TeopeMn 1 3Toit padoTHl BHITEKAET, 4TO
*k) x(rym, 8,) = sup{|w|: weQ,(2, 8,)},
Hpi Qu(z, 8o) = {w: w = F(£)[f(2)}, &e Hy(2), fe S,

N3 ycaoBua **) BemITeKaer, 4TO
n—1 1+7‘

%(r,1, 8% =max{l,r(1—7r)""}, x(ryn, §) =r o

y N =

. -2 * n—1 141\t
x(ry1,8%) =max{1,r(1—r)"%}, x(r,n,8") =7r & ,n =9
(TeopeMn 2, 3).
dokxasarennctBa TeopeM 2, 3 HaXOAATCA B NeYaTH B 3KypHaje
Michigan Mathematical Journal, vol. 18.



