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1. Introduction

Let W odenote the class of functions:

d(2) =2+ g’amz"‘

m=2

regular and analytic in E = {2:|2| < 1} which satisfy the condition

(1) Re[(z{]:{(z))),] >0 for |[2|<1,

where
g(z) =2z+ 2 bmzm
Mm=2

is regular, univalent and starlike in |2| < 1.

K. Sakaguchi [1] showed that if f(z)e W, then f(2) is close-to-convex
in E. Subsequently the class IV was studied by M. F. Kocur [2]. He obtained
several properties for functions belonging to the class W and proved
that if f(z)e W, then:

(2) @, < 2n/3+1/(3n) for all n>2.
The behaviour of the partial sums
fn(z) =2+ Z amzm
M2

of functions f(z) in W seems to have escaped the notice of Mr. Kocur.
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In this paper we shall determine the radius r of the largest circle such
that:

Re [f(iffi(f))-] >0 for |2<v,
gn(2)
where

gn(2) = 2+ D) bp2™.

me=2

2. Auxiliary lemmas

Lemma 1. Let f(z) belong to W, then then following equalities hold:
(3) 2a, = b,+4,,
(4) 9a; = 3by+4by0,+ 285, 8,1 <1, 8, <1.

Proof. Since f(z) belongs to W,

Re[ﬁﬁ))'_] >0 fTor |zl<l.
9'(2)

Hence, by Carathéodory-Toeplitz’s theorem, we can write

(2f'(2))' /g’ (2) = (1 +4asz+9ag22+-...)[(1+2b,2+3bg2%+...)

= 1+4+28,242852%+..., |6, < 1.

On equating cocfficients of z, z2, we obtain the relations (3) and (4).

Lemma 2. Let
g(2) =2+ D bpe™
m=2

be regular, univalent and starlike in |2| < 1, then the following equalities
hold:

() b, = 2b,
(6) by = 2b% e, b| <1, |¢] <1.

The proof is similar to that of Lemma 1.

3. Partial Sums
Theorem. Let f(z) belong to W, then every section

fa(z) =2+ a,2+...+a,2"  (n>2)
satisfies
Re[(2fn(2)) [ga(2)]1 >0 for |z <1/6,
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where
gn(2) = 24+ by22+...+ b,2".
The result is sharp.

Proof. Since f(z) belongs to W, therefore

Re[(2f'(2))'[9'(2)] >0 for |z <1.

Lence

(7) Re[(f'(2)) [g' ()1 = (1 —7)/(1+7),
(8) I(f" (2)) [g" ()l < (1 4-7)[(1—7),
and

(9) lg'()| = (A—7)/(1+7)% r = |2|.
Taking

1 2
ra(2) = an+1z”+ +an+2zﬂ+ +.e0

and using (2), we get

e L [2(n-41) 1 : (n+2)
(zra(2))'] < (n+1) [ 5 -+§( l—i ™+ (n+2) [ |
.__]nr-l__z " 6 6 6)(1
T 3(n+2) prrprs g rmcl ey 0
(10) 4 (3n2—3n41)(1—7)+
+"3(1—T)3]+% (= ai ) (1+n(d—r)], 7= ll.

Again taking

8a(2) = by "M 4B, 2L,

and using the well known estimates [3, p. 422]

(11) bl <n  for all =n =2,
we get
(12) 182 (2)] < (R 4-1)27" 4+ (n4+-2)2" 1.,

- (I:r)“ [2+(2n—1)(1—r)+n2(1—r)], 7 = lzl.
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Now

("fn( )) Bt et |
[ 7a(2) ] = Re[(zf'(2))' /g’ (2)]4

o | L2 19 (151(0)— (a7 2 |
g'(2)— sn(2) |

> Re[(2f"(2))'[g' (2)]—
_lfef (@) 19’ (2)] Isn(2)] + -|(zra(2))'|
|19’ (2)| — [3a(2)| |
On using (7), (8), (10) and (12) we obtain
Re|[(2fn(2)) Jgn(2)] = (1 —7) /(L +7)—

(1+7 ™
_11—7' . (L—17)3

[2+ (20 —1)(1—n)+ 21— 7]+

+

§ (1—r)* [64 (6n—6)(1—7r)+ (3n2—3n+1)(1—7r)2+

" ==
+”3(1_r)3]+§(1 i —T)]E/{ (H-:)’ .

n

.
(1—r)3

[2+(2%—1)(1—T)+n’(1—7“)2]}
For »r =1/6

Re [(2fn(2)) [gn(2)]1 = 5/T— 3—43— (250n°+1425n2+3145n 12384

>0
]78120 -6" 2 —343 (2507 +60n - 42)|

for n > 4.

Re [(zf,. (z) /gn(2)] is a harmonic function for |2| < 1/6, and, thercfore
by the principle of minimum we have

Re[(2fn(2)) [gn(2)] > 0 for [2| <1/6 and =>4,

This proves the theorem for n > 4. We shall now prove the thecorem for
n =2 and 3.

Case I. n = 2
Re|(2f:(2))' [92(2)] = Re[(1+4a,2)/(1+2by2)]

2 |2a,2 bzl Iz|

= 1+ Re[2(2a,— by)2/(1+2b52)] > 1— .
+Re[2(2a,—b,y)2/(1+2by2) ] EECTNICE
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By (3) (2a,—b,| < 1, and by (11)

[b,] < 2.
Hence

Re|(2f2(2)) [92(2)] > 0 for 2| < 1/6.

To see that the result is sharp we consider the function whose deri-
vative is given by

f'(&) =(34-29[3(1—2)®* =1432+ %z’{—...,
where
9(2) = z/(1—2)2.
For this function we have
(¢f2(2))'[g' (2) = (1+62)/(1+42) = 0, when z = —1/6,

which shows that the result obtained is sharp.

Case II. n = 3

Re|(2f3(2))' [9a(2)] = Re|(1+4a,2+9a52%)[(1+2b,2-+3bs2%))|

= Re{[1+4(2b,+26,)2+ (3by14b, 6, +28,)22]/(1 +2b,2 -+ 3bg2?)}

(By (3) and (4))

= 1+ Re{[206,2+ (4bd,+26,)22]/(1+2b,2 -+ 3by2?)}

= 1+ Re{[26,24 (8bd,+26%]/[1+4bz+3(2b%+ ¢,)2%]} (By (5) and (6))

> 1—|[26,2+2(4bd,+ 0,)22]/[1 +4bz+3(2b2+ e,)2?]]|

Re|(2f3(2)) /g:(2)] >0, if

(13) [[20,2+2(4b0,+ 6,)2?]/[1+4b2+-3(2b21-¢,)2%]| < 1.

Since Re|(zfs(2))'/g:(2)] is harmonic for |2| <1/6, it will suffice to
prove that

Re[(2fs(2)) [9:(2)] >0 for 2z =1/6.

By considering &f(ez) instead of f(z) with a suitable e, |¢| = 1, the proof
is reduced to the case z = 1/6. Thus by (13) it is sufficient to show that

[[4(3+2b)6,1+26,]/[(36 +24b+6b?) +3e¢,]| < 1,
or

616440+ b%|—4(3+2b|—b5 >0, b =1,
Putting Reb = x, we have

(14) P(x) = 6(414 56z -+ 242)'? —4(134122)*—56 >0, —1 << 1.
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Differentiating (14) we get
(15) P’ (x) = 3(56 + 48x) /(41 + 56z + 2422)"* — 24 /(13 + 12x)'/?,
and
(16) P (x) = 1200/(41 +56x +24x2)** +144/(13 +12z)** > 0.
It is easy to see that P'(zx) >0 for —3/4 <2 <1 and P'(x) < 0 for
—1<z< —17/8. Consequently we have the minimum value of P’(x)
for —1 <2 <1 in the interval —7/8 < x < —3/4. Ffrom (14) we have
P(—3/4) = 6(25/2)"*—13 = 8,21,
and from (15)
P'(—3/4) =12V2—12 = 4,97
For —7/8 < # < —3/4, noticing P"'(x) > 0, we have by Taylor’s theorem
(17) P(x) > P(—3/4)—(—3/4)—z)P'(—3/4).
Taking ¢ = —7/8 in (17) we get
1 1
Min P(z) > P(—3/4)— — P'(—3/4) = 8,21 —— 1,97 > 0.
—1<z<] 8 8
This completes the proof of the theorem.
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Streszczenie
W pracy tej badam pewng klase funkeji prawie-wypuklych wpro-
wadzonych przez K. Sakaguchi. Znajduje promien r najwiekszego kola,
w ktorym zachodzi nier6wnosé:
Re|(fn(2) Jgn(2)] >0 dla o] <7

gdzie f,(z) jest n-tym odcinkiem szeregu Taylora funkeji rozwazanej
klagy, a ga(z) n-tym odcinkiem szeregu Taylora funkeji gwiazdzistej.
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Pe3omMme

B paﬁoTe HaxoauTCa paauyc r HauboJIblLEro Kpyra, B KOTOPOM BbINOJIHACTCA
HEPABEHCTBO:

Re|(sfu(2) [gn(2)] >0  ann |z <7,

rae f,(z)-#-biit oTpe3ok psaaa Teilaopa NoYTH BLIMYKIbIX (YHKLUHH, HCCIIEIOBAHHbBIX
K. CakaryuH, ¢, (2)-n-biii oTpe3ok psiaa Teitopa 3Be3noo6pa3Hoi ¢yHKUHU.



