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1. Introduction. The aim of this paper is to establish two theorems
A’ and B’ which are analogues of theorems A and B proved recently by
M. S. Robertson, c¢f. [1]. In the statement of the Theorem B (due to
M. S. Robertson) the notion of subordination plays a basic role, whereas
in the statement of the Theorem B’ an analogous role plays the inequality
between the moduli of two functions regular in the unit disc.

2. Main results.

Theorem A'. Let w(z,t) = an(t)z" be regular in |2| < 1 for any
n=0

te (0, ) and let |w(z,t)| < 1in |z| < r for any re(0,1) and for te(0, é(r))
whereas w(z,0) = 1. If the limit

t)—1
(-1) w(z) = 1imw_
0+ ‘0
exists for a positive g, then
(A1) Rw(z) <0

in |2 < 1.
: Proof. The function wu(z,t) = [w(z,t)—1]/[w(z,t)+1] is regular
In |z] <1 and of negative real part in [2|] <r. We have
2) R w(z, t)—_l 2

& w(z, 1) +1

2u(z, 1)
o

The condition (1) implies the equality limw(z,t) = w(z,0), therefore
10+

in view of (2), we have Rw(2) < 0 in |2| < 1. The Theorem A’ is proved.

E



44 Zdzislaw Lewandowski

Theorem B’. Suppose F(z,t) is a function regular in |72| <1 for
any te{0, 6>, vanishing at the origin for any te(0,d). If f(z) =
= F(z,0) is univalent in 2| <1, if |F(2,t)] <|f(2)| in |2| < r for any
re(0,1), for any te{0, 6(r)> and if the limit

(3) F(z) akrori F(zvt);F(z’O)

exists for a real and positive p, then

F(z))
4 <
“ R{f@) ’
in |2| < 1.

Proof. The inequality |F'(#,t)| < |f(2)| i8 equivalent to the identity
F(z,t) = f(z) w(z,t), where |w(z,t)| <1 in [2| < r. Since F(z, 0) = f(2),
we have w(z, 0) = 1. Hence

F(z,t)—F(z, 0)

w(z,t)—1
1 )

(5) >

=f(2)

The left hand side in (5) has a limit F(2) for £ — 0, therefore the limit
lim [w(z,t)—1]/t® = w(2) exists. Since f'(0) #* 0, we have in view of
t.0+

Theorem A’, R{F(2)[f(2)} <

Corollary 1. It is easy to see that, if w(2) (resp. F(2)) are regular in
|2] <1 and Rw(0) + 0 (resp. R{F(0)/f(0)} s 0) then the sign of equality
in (1') and (4) is imposible (the maximum principle for harmonic func-
tions).

3. Applications

Let § be the class of functions f(z) = 24-a,22+ ... regular and uni-
valent in [2|] < 1 and let S be the subclass of functions m?.pping the unit

disc on spiral-like domains. It is well known [2] that feS if and only, if
the real part of e '°zf'(z)/f(z) is positive for some real constant ¢. For
@ = 0 we obtain the subclass §* of functions mapping the unit disc on
domains starshaped w.r.t. origin.

We now prove the folloving

Theorem C’. If feS then f e§ if and only, if there exists a 4(r) > 0 such
that for any te<0, é(r)> the inequality

(6) Iflz(L—te=™)]| <If(2)

holds in the disc |2| < r, 7¢(0,1) (for some real constant g¢).
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Proof. Necessity. Put F(z, 1) = flz(1—te~**)]. We have F(0,t) = 0,
F(z,0) = f(z) and

_“l fibe o “‘W Y4 _‘w 2
F{)um Jim fle—te")]—f2) _ . —2"lf(z zie“ ) —f@)] _
-0+ 14 L0 —tze

= —e %' (2).

From the Theorem B’ we have R{e '*zf'(z)/f(z)} > 0 in 2| < 1, hence
feS.

Sufficiency. Let now fc:g and let F(z,t) = f[2(1—te"**)]. We have
for |z| <r and t> 0:{0F(z,)/0t}|F(z,t)|o = —2e~°f'(2)[f(z) thus
R{F;/F};_, < 0 in |2| <r because fe3. The continuity of the function
F; [F(z,t) with respect to t,te(0,1), implies

(8) R{F(|F} <0

for te(0, 6(r)), |2| < 1, and 4 sufficiently small. The condition (8) implies

that for every fixed z, |2| < r, |F(z, t)| is a decreasing function of ¢. Since

F(z,0) = imF(z,!) = f(2), we have |F(z,1)| <|f(2)],te<0, 6(r)). The
0+

theorem C’ is proved.

Corollary 2. If f(2)eS, then feS* if and only, if there exists a é(r) > 0
such that |f[z(1—1)]| < |f(2)lin |2] < r for any te(0, d(r)) and any re(0,1).

REFERENCES

{1] Robertson, M. 8., Applications of the subordination principle to univalent func-
tions, Pacific Journ. of Math. XI, (1961), p. 315-324.

[2] Spacdek, L., Pispévek k teorii funkci prostych, Casopis Pést. Mat. 62 (1933),
p. 12-19.

Streszczenie

W pracy tej dowodze dwu podstawowych twierdzehr A’ i B’, ktére
Pozwalajag na charakteryzacje pewnych klas funkeji holomorficznych
W kole jednostkowym. W twierdzeniach tych gléwng role gra nieréw-
Do§é moduléw funkeji holomorficznych. Twierdzenia te sg pewnymi
analogonami twierdzen 4 i B Robertsona [1]. W zastosowaniu daje
Dieznane, o ile mi si¢ wydaje, warunki konieczne i dostateczne na to, by

funkcja f(z) holomorficzna i jednolistna w kole [z| <1 byla funkcjg
8piralng,.
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Peawome

B aroit pabGoTe A noKa3wIBalo Be OCHOBHBIE Teopemunl A’ u B’, KoTophle
NO3BOJIAIOT XapaKTepH30BaTbh HEKOTOphie Kiaacchl (QYHKUHMIT roaoMopdHbix
B e[IMHUYHOM Kpyre. B aTux Teopemax riaBHYI0 pOJib UrpaeT HepaBeHCTBO
MonyJeil roaoMopPHex GynKuMiA. ITH TeopeMbl ABIAIOTCA HECKOTOPHIMH
aHajsoruAamu TeopeMun A n B PoGeprcona [1]. Rak npumenenue A naw
HOBhLle, KaK NyMaio, HeoGXOIMMble M NOCTATOYHbIE YCIOBHfA TOrO, 4YTOGHI
¢ynkumna f(z) roaomoppHadA M OXHOIMCTHAA B Kpyre |2| < 1 Owula cnu-
paiibHOll PyHKIHe.



