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Expected Mean Squares and Tests of Significance for Mixed
Model 3x3 with Interaction in the Case of Non-Orthogonal Data

Wartosci oczekiwane srednich kwadratow i testy istotnodci dla mieszanego
modelu 3x3 z interakcjg w przypadku danych nieortogonalnych

MarteMaTH4eckoe 0XHIaHHE CPEeaHHX KBAAPATOB H KpHTepHﬁ 3AAYHMOCTH QIR CMELIAHHOH
Moaean 3X 3 ¢ B3AHMOJeHCTBHEM B C/1y4ae HEOPTOrOoRA/IbLALIX NAAHRBIX

1. Introduction

In the preceding paper [1] we did not give the explicit form of the
expectation of mean square for interaction AB for the mixed general
model I xJ (any I and any J > 2) in the case of non-orthogonal data.

The aim of the present paper is to find the expectation mentioned
above in the case of mixed model 3 x3 under the same assumptions
(cf. [1], sec. 4) as before. Morcover, we wish to present the tests for

testing the hypotheses concerning the main effects A, B and interaction
effects.

2. Notation

1. yip = #+at+1{f+0t;+eijg; l=1,2,...,n;
fixed random
ny =1 for all 4,5 =1,2,3.

All the symbols except for these given under items 24 and 25 (cf. [1])

are valid in the present paper. We shall also use the following ones:
3

2
ﬂ” !

2. h”=n"—r_§‘:n—,_' i=1,2,3;
3
Ny Ryt i bnd
hp =hyy = — DL for  j#§5 4,4 =1,2,3.

=l
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3. piu = hoat-lag—2hy3y  Pag = hyy+has—2hyy,  Pag = hyy+ hyy— 2hy,,

Pia = Pay = —hja+ Ryg | hag— hgq,
Pis = Ps1x = Bya—hja—hgy+ hyy,
P2z = Paa = —h11+hn+hla—'hzs-

4. D =pypu—">pi
5. The orthogonal case n;; = k = constant:

hyy = hgy = hyy = 2k; hiz = hyy = hyy = —k;

P11 = Paa = Pyy = bk; P12 = P13 = P2y = —3k; D = 27k3,

n N g 1 N 1
6. M; = 2ny {r;_j- n._,—-’i ‘ = E - ( \ u,,n,;) l
" — i omy g, |

3y
ny 3 ngny
"'lk inj 32 Rl

n
Ty = — (ni+"k)+h/k("1k+nni)+ . y—j———“ +
™ Bl it
"1 ‘nzk(; nyyy)
I‘l‘l ny, —, J#k jk=1,2,3.
2 B
3 ;'m,- 1 23:‘ o 201y 42 ;mf
N LA ni (1 — 5
fi =mny, - n[!ﬁl Py il( e y ) *

=1

)
N7 AL YW
15 Ny — u.,” or t=1,2,3.

j<i* A ",
fi=1,23
n Nirj Z"’“"‘"‘\ —
9. ¢ E T Y . S S S | T
[ Dy Niy tf( Bt Lt e,
« Mg Mijo = Mg Nigey \—1 Hig Mg (Mg =+ M)
+ D ppl——— D nyNiyy— —
—_ Ni Ny, _h- n;
7<1 P] 5
1,4°=1,3,3

= ni»J 'n-{-!- (ﬂ-ﬁ + n-u.))] for 1: i' - 1 2 3
] = y ) *
My,
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3. Assumptions

Assumptions for the mixed model 3 X3 are the same as in the ge-
neral case I xJ (cf. [1]). To obtain them, it is sufficient to consider I = J
= 3. Analogously, the definitions of main effects and interaction effects
are unchanged ; we accept v; = w; = 1/3;4,j = 1,2, 3. Then

1 -l 1 -l
1V¢=9(2;7) ; V,:Q(Z;;) .
] Y

i

It means that we are interested in the method of weighted squares of
means and that subelass numbers in the classes of the population are
identical. Thus the restrictions are as follows:

3 3

‘Sa‘- = }__:c,-(v) =0 for all v, Eb() = E(e(v)) =0 {or all 4.
Consequently, the relations between Var(b(v)), Cov(b(v), ¢;(v)),

Cov (ci(v), ¢;(v)), Var (c:(v)) and o hold as in sec. 7 of [1];4,4’ =1, 2, 3.

4. Expected mean squares
Theorem. Ezxpected mean square for interaction for mized model 3 x 3

Yi = p+a;+ {’H— i+ Cijt
xed random

I =1,2,...,n5; ny=1forallij=1,2,3

under assumptions presented above (cf. sec. 3) s of the following form:

. p S 1 1 .
(2)  E(MSp)= o+ éfﬁar(w(v»——; % gu: Cov (¢,(v) 01 (v))
i$'=1,3,3

1
4

where f; and g;. are given in sec. 2.
Proof: From Table 1 (¢f. [1]) we have for [ = J = 3:

;?tgj\
(n— ) Var (b(v))+

n; /
> iy
Ll 2‘: (n‘._ ) = ) Var(c,-(v))+
/ Z nii

+2ZCov(”(v), 0 (1)) kﬂi__ ,'m, )—1‘;2; B/Q.;I-

3 ., 1
(3) E(MS g) =§U;+I
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Thus in order to obtain E(MS8,g) explicitly it is sufficient to calculate
E(3'8;Q), where the j;’s are estimates under the following model without
7

interaction:
(4) Y = p+ a+ B+ e
Let us calculate E}'$;Q, in the case when J = 3. From the normal
7
equations
(5) hjnBr+ Ry Bathysfs = Q45 §=1,2,3
under the unweighted restriction
(6) BrtBstBs =0
we obtain
y 1 ;
(7) ﬁ¢=3’2‘?ﬁQ.ﬁ i=1,2,3.

Hence, we find

(8) - 2 s =3 5 2 PiBQ+2 2 Py EQQ4)-

fl -l 2,3

The expectations: E(Q%); j =1,2,3; and B(Q,Q,); j #§'; 4,4 =
=1, 2, 3; were given in sections 9 and 10 of [1] for any I and any J.
Now, we are going to use these expressions.

Let us calculate separately the following five coefficients contained
in E(MS8,5):

a) coefficient with o3,

b) __,,__ with Var(b(v)),

¢) __,__ with Cov(b(v), &;(v)),

d) ___,,_ with Cov(o(v), eu(v)), & #+,

e) ___,,___ with Var(e(v)).

3 .
Ad a). It is easy to find that the coefficient with o; in E 3'4,Q is equal
=1

to 2, i.e. that the coefficient with o} in E(MS,p) is equal to 1.
Ad b). Consider that the coefficients with Var(b(v)) in E(@%) and in
E(Q;Qx) are equal to

n Ny
25 2nJ M, (2 1 u)
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3
Z( v ﬂu“u) (Z LT “u) (04 ) B
1=l

j #k; j,k =1,2,3 respectively. Using the identity

Byyhaghag— Ry b3y —hgyhiy— haghly + 2hy3hygh,g = 0
we can prove that the coefficient with Var(b(v)) in E(SS,p) is eflual to
zero. It means also that the coefficient with Var(b(v)) in E(Y Q) is
equal to (cf. Table 1): i

(9) n—Z

Ad c). The calculations connected with this step are long and tedious.
We want to prove that the coefficient with Cov[b(v), ¢;(v)] is not
included in E(MS8,g). In order to show this it is sufficient to prove that

En,,

= h'll+ hﬂ _+' haa-

3

2ny
(10) ) (""~ - )Cov(b(v)'ci(vn

i

is equal to the expression with Cov (b(v), ¢;(v)) in E(ZB,Q_,) (cf. Table 1,
]

[1]). Because of the symmetry it is sufficient to find that the coefficient
with Cov(b(v), ¢,(v)) is the same as m G = E(Zﬂ,@ ;) and in H = X —

—E(88,5) where E(8S8,5) = X— E(Zﬁ,QJ) i. e that

1
(11) D (PraMy+ PaaMa+ PaaMy+2P13% 3+ 2P 13 Uyg+ 2Pagthss) =

= 2(ny,— 3 njy/m).
7

Let us do this. After multiplying both sides of (11) by D and after
expressing D, M, p, and » as the functions of n,, n; , n;, we reduce n, D.
Then we find that all the fractions with denominators n, , n} , nj , nj 7,
niny, nyny, n,ni, ni,ni, nd, ning, ni n,, and n; in G and H are
identical. From the remaining expressions we form the fractions with
the same denominators n, n, n, and we verify directly that theirs no-
minators in H and in @ are identical. The proof in this step is concluded.

Ad d) and e). Using the results of sections 8, 9 and 10 (cf. [1]) and
the formula 8 we prove directly that the coefficient with Var(e(v)) in
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E(MS4p) is equal to 1/4 f;, and that the coefficient with Cov (c;(v), ¢;(v))
is equal to —-1/4 g;, 1 < '5 4,7 =1,2,3.

The proof of the theorem is concluded. Thus E(MS ,g) depends neither
on Var(b(v)) nor on Cov (b(v), e((v)).

Remark 1. From the proof presented above it follows that

3 ; Z : Z“:i
(12) E Zﬁ,QJ = 20+ (n—— Z ) Var (b(v))+22(n¢ 5 )x

2 2
X Cov (b(v), ¢;(v))+ E (n,-. _ 7
i

—fi)Var(c,-(m)Jr

i.

.}_ F’ g“' COV (O‘iv) y Oy (v)) Y
iy
145123

Remark 2. From the first expression for E(MS ;) of Table 1 (cf. [1])
and from (2) we find

(13) BZiQ =20+ D ) n.;(a,—

—2 \_1 [(u,, *-2—9..)(10‘-{0 dv), ey (n))]

t<t
1,1'=1,2,3

2 Ny ay

\ + 2, (ni—fi) Var (e;(v)) —

Remark 3. In the orthogonal case: n;; = k = constant we obtain
from (2):

L kR
(14) B(MS8.5) = @i+ 5 ) Var(e(0),

{1

ag it is should be (cf. [2]).
3
In fact, because of the restriction Zc,, = 0 the @ ; and conscquently

tm]

EZﬂ,Q., do not depend on ¢;. We find
> i

=3k— — =2k

(15) ft = Ny — e 3k

and

(16) g =0 forall i,i'=1,2,3.
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The expected mean squares for the main effects A and B and for
error are obtained directly from Table 1 (cf. [1]). The corresponding
values are given in the Table on pp. 90-91.

5. Tests

1. When the hypothesis H, : all a; =0 is true we can verify for
the mixed model 3 X3 that E(MS8,) # E(MSg), but both these expres-
sions depend (cf. Table 1) on the same components, i. e. on a;, Var(c,(v))
and on Cov(e;(v), ¢x(v)); however, they depend neither on Var(b(v))
nor on Var(b(v), o‘(v)). Hence, the approximate test F for testing the
significance of the A effects is based on

17) F, = M8,/G

where G is a linear combination of MS,, M8, and MS,5. The corres-
ponding degrees of freedom are given by the Satterthwaite’s method [2].

It deserves attention that in the case of mixed model I X2 we have
the equality E(MS,) = E(MS ,5) when the hypothesis that all a; = 0;
£t =1,2,...,1; is true. As we already known [1] this equality does not
hold for the model 3 x 3.

2. For testing the hypothesis
Hg:Var(b(v)) =0

we can use the ratio Fp = MSp/MS,.

3. The hypothesis H 5 that Cov (e (v), ¢;(v)) = 0 for all¢,i’ =1,2,3
can be verified by using the ratio F gz = MS,p/MS,.

Remark. The results obtained in sec. 4 suggest that when the hy-
pothesis H 4: all a; = 0 is true then E(MS,) + E(MS ,g) for the mixed
model I xJ (J > 2). It seems that both expressions E(MS ) and E(MS 4p)
depend on ¢;, Var(c;(v)) and on Cov (¢;(v), ¢;-(v)) but they depend neithor
on Var(b(v)) nor on Cov (b(v), ¢;(v)). It remains to be proved.
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Streszczenie

Przy zalozeniach podanych w paragrafie 4 pracy [1] znaleziono war-
tosci oczekiwane dla gléwnych efektéw, interakeji i dla biedu modelu
mieszanego 3 X3 w przypadku danych nieortogonalnych. Podano przy-
blizone testy istotnoici F dla zweryfikowania hipotez: 1° H  :a; = 0,
ze wazystkie stale efekty sg réwne zeru, 2° Hg: Var(b(v)) = 0, ze wariancja
efektu losowego B jest zerem i 3° H 45:Cov(0;(v)), ¢x(v)) = 0 dla ¢, 4’ =
=1, 2,3 ze kowariancje miedzy efektami interakcyjnymi sg réwne zeru.
W przypadku modelu mieszanego 3 x3 i prawdziwofci hipotezy H ,
mamy E(MS,) # E(MS,g) podczas gdy przy tychze zalozeniach dla
modelu mieszanego I X2 zachodzi réwnosé E(MS,) = E(MS,g).

PesoMe

[Tpn nmpeamono:keHUAX RAHHWX B Maparpage 4 paGoThl [1] HaitgeHo
MaTeMaTHYeCKHe OMUTAHUA [UIA TIaBHEIX 3dekToB, 3pdeKkToB B3aMMo-
XeficTBMA M A OIMMOKM CMelaHHON Mopjeau 3 X3 B ciayyae HeopTOro-
HaJIbHHIX JaHHHX. [laHo 1pubiWiKeHHble KpuTepuu 3Hauumocth F pasa
npoBepku rumotes: 1° H, :a; = 0, uTo Bce mocToAHHbE 3QPEKTH PaBHLI
Hymo, 2° Hp:Var(b(v)) = 0, 4To mucmepcus ciyuaitHoro spdexra parHa
nymo, 3° H,g:Cov(e(v), ¢p(v)) = 0 maa 4,4 =1,2,3, uyTo KoBapualua
Mexay addexraMu M B3auMofelHCTBMAMU PaBHHL HYJIl. B cayuae cwme-
WwaHHON MofeiM 3 X3 M cnpaBeaMBoCcTH runoreanl H, umeem E(MS ) +
# E(MS4p) B To BpeMA KOrja NnpH Tex-iKe [MPEeNNooHKEHUAX A CMe-
wanHoit Momeau I x2 umeer mecto E(MS4) = E(MSg).



