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WIKTOR OKTABA

Estimates of Parameters of Mixed Model I xJ with Interaction
in the Case of Non-Orthogonal Data

Oceny parametrow mieszanego modelu IxJ z interakcjg w przypadku
danych nicortogonalnych

Oueakn napameTpoB cMewannoi Moxean IxXJ co BiauMogedcTaHem
B CJiyuAe HEOPTOrOHAILHLIX NAMHLIX

1. Testing of hypothesis and estimating of parameters

The problem of estimating the parameters of the mixed model with
interaction for non-orthogonal data has not yet been discussed in my
papers [2] and [3]. We are interested in it here under almost the same
assumptions and notation as before; now we assume that restrictions
concerning the parameters a; are unweighted [¢f. (1)] and that the inter-
action is significant, so the method of weighted squares of means can
be applied.

At first, let us use an example of mixed model 3 x3 [cf. [3]) to show
that the problem of estimating is closely connected with that of testing
the hypothesis of H, that all the fixed effects a,, a, and a; of the classi-
fication 4 are equal to zero, i.e.

(l) al=a2=a:‘=0

In fact, because of different expectations of mean squares for A and
for AB, denoted by MS, and MS.p respectively, it is not possible to
use the test function

(2) F = M8,/ MS,p
for testing the hypothesis H,.

However, we can use Satterthwaite’s approximate test procedure [4],
which requires to find some estimates of parameters. Then one uses ap-
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proximate test function from [3]:

(3) F = MS8,/@G
where

is a linear combination of mean squares MS,, MS, and MS8,;. The
symbols K,, K, and K; denote such numbers that E(MS,) = E(G),
where E is the mathematical expectation.

The degrees of freedom given by the Satterthwaite’s method are:
vy =I—1=2 and

(8) vs = G I[(K, MB8,) [vo+ (Ko M8 4)* [v4+ (Ky M8 45) [v 4z

where », = vy =1—-1 =2, vp =([—-1)(J—1) =4, and v, = n—1IJ
= n—9. The symbol » is reserved for degrees of freedom.

In order to find the coefficients K,, K,, K, it is necessary to compare
E(MS,) with E(G).

Let us note that when the hypothesis H, is true we obtain (cf. [3],
table 1)

3
(6)  B(M84) = ai+ Y diVar(e(v))— ‘,2 K .Cov(e((v), e (v))
o ‘,t’—<],'2,3
where .
3

1 w,
(7) d{ S - W,—Wf; Wi ) Kﬁ: = WiWi: 3 W‘.

Lo Sw) 3

Thus, as it is evident from the form (6) the problem of finding the values
of K,, K, and K, is equivalent to that of estimating the parameters
Var(c¢;(v)) and Cov(e;(v), ¢is (v)), ¢,4 =1,2,3. This fact indicates the
necessity of estimating the parameters of the model if one wants to test
the hypothesis H ,.

2. Estimates of o7, o, and oy

Now we shall deal with the mixed model I xXJ, any I and any J.
At first, let us note that the unknown parameters are: 1° u; = u+ a;,
20 g7, 30 Var(b(v)), 4° Cov (b(v),e;(v)) and 5° Cov (¢(v), ¢ (v)); 3,4' =1,
p IR (8
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The unbiased estimates of the main effects are the means of the sub-
class means (unweighted means):

J
(8) i =Y. = Z%./J

]
In the orthogonal case we obtain (ef. [6], p. 268)
(9) a = 9. —F.

The remaining parameters are the known functions of

(10) @i = E(mi; — p;)(miy— py) = Cov[m(i, v), m(i, v)],
$,i =1,2, .51,
of the following forms (cf. [2]):
1 11
(11) Va.r(b('v)) = (ZO‘,,)/Iz-}-Z( Z 0’,;;:)/ 12 == Z -_}:U“.;'J” = 0O..
{=1 i<i’ i
t

g
=12,

1
(12) Cov[b(v), e(0)] = ' on/I—Var(b(v) = 04—,
[} -
1
(13) Cov [6,(0), ep(v)] = 01— Y, (0ri+ 0re:) [T+ Var (b(0)).

Because of E(MS,) = o: (cf. [3], table 1) the MS, is the unbiased
estimator of o7, i. e.

(14) @ = MS,.

From the relations (11), (12) and (13) we could estimate Var(b(v)),
Cov[b(v), ¢;(v)] and Cov[e;(v), ¢;-(v)] if we knew the estimators of ;.
Therefore, we are interested now in estimating o;.. We remember that
they are the elements of the covariance matrix X,, of vector random
variable

(15) m = m(v) = [m(1, v), m(2,v),...,m(I,v)].

From the assumptions we know that the J vector random variables
(my;, myy, ..., my;)’ are independently distributed N (u, Z,,), where u = (4,,
Mgy ..., ;) and are independent of the

(16) in = Yipn — Mg

which are independently N (0, a3).



80 Wiktor Oktaba

We find
™
(17) Fo. = nig" D, Yin = Mg+ = pet byt oy ey,
=1
where
ﬂ“
(18) Nislyy. = D i

l=1

Let us note that

(19) E(Jy) = E(my+8&y) = E(my) = E(p+a;+ b+ ey)=
=pta=wm, +=1,2,...,1,

and that

(20) E(%:.) =m =pta.
Further, we have

(21) Val‘(ﬁﬁ.)=0'“—}-ﬁ§1(r:, 1=1,2,...,I, j=1,2,...,J,
(22) Cov(¥is.y Yirs.) = CovV(myy, myy) = ogqey 4,8 =1,2,...,1; © #14'.

If we find the estimate of o;;; we obtain simultaneously the esti-
mates of Var(y;,) and Cov(%; , %)

In order to estimate o let us calculate as follows. We find the un-
weighted mean of #’th row:

4 J
Y. =dJ7! 2371'/. =dJ1) (i + bj+0i5+-€34.)
f=1 ﬁ

) R
= .“i+']_](‘}_' b+ X"’fﬁ' Dey).
7 7 7

Because of (17) we obtain

J
E Z For.—%.) =
1

(24) -

J J J
= Y B[(by— Y0,17) + (e~ X euld) + (85~ Yo )|
7 7 ¥ 7

Let us note that when ¢; are random variables mutually independent,
then we have

J
(26) Var ((p,—J'qu),) = (J—1)J 'Var(g,).

i=1
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It is easy to verify the formula
J
(26) D Var(ey,—é;) = (J—1)J" [;‘u“
J=1

After transforming (23) and using the relations (25), (26) and Var(b;+ cy)
= Var(m;) = oy we obtain

3 , J
=, AR gl P e L 9. -1
(27) B[ Mo -] = -1 s+ Znu )
f=1
From the formula (27) it follows that
L O g
(28) oy = Var(my) = —— S (5. — 9. ) —J Zn{,'
J— _ =

is the unbiased estimator of oy, ¢ = 1,2, ..., I. Next, applying the well

known formula (cf. [6], p. 69) E Y (z,—Z)(;—1?) = (n—1)-Cov(z, t) under
el

the assumptions E(z;) = E(t;) = 0 we find

J
(29) EZ(!"}u,“!-It..)(?w_us}s-,.) = (J —1):Cov(¥y., 11.) = (J—1)0yy.
-]

From (29) we see that

1 J A\
- Y e 8 o -
(30) %G =577 ; (Fi. —¥s..) (Ui, — ¥ir.. = Cov(myy, Miy)

is the unbiased estimator of the parameter oy, ¢t % 4'; 4,4’ =1,2,..., 1.
For the orthogonal data n;; = k = const the particular case of (30)
is the formula by H. Scheffé (cf. [5], 8.1.33).
Substituting the estimates o, and o;; from (28) and (30) instead of
g and oy into (21) and (22) we find the estimates

J J
P 1 -
i sy —1s2 = = —1_ g1 §' —1) 22
(31) Var(gy) = oy +ny;'o; = F—1 2’ (Y, —¥40.) + ("ii J : Ny )Uc

and
AN 4 . .
(32) Cov (¥yy.y J11,) = o = (J —1)7" Z (Y5, — Y. N Yig. —Ye.)s

1' .j.r"!-.'; 'i,i'=1,2,...,1.

Annaley t. XVI, 1862 ’
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From (31) it follows that
AN L
(33) Var(d,) = 3ot Z ng
- J -
where Jy; = M, and gy is given in (28).
7

3. Estimates of Var (b(v)), Cov [b(v), ¢ (v,)] and Cov [e;(v), 0;(v)]

Substituting ¢;; and o;;. of (28) and (30) into the formulae (11), (12)
and (13) we obtain the estimates of parameters Var (b(v)), Cov[b(v), ¢;(v)]
and Cov[e;(v), ¢ (v)].

Another estimate of Var(b(v)) is obtained from Table 1, [2], in the
form

~ J
(34)  Var(b(v)) = (J—1)(MSB——MS.)(;‘ v, ZW/Z V)
)

Using this expression and 7, 6;;, 0;; We obtain from (12) and (13) another
set of estimates of the parameters Cov[b(v), ¢;(v)] and Cov[e;(v), ¢;(v)].
It is easy to show that the estimate

P
(35) Var(b(v)) = o,

1

is identical with that of (34) if V; = I*(3n;')"' = const = H, then

A <

Var(b(v)) = (MSp— MS8,)/H is the unbiased estimator of Var(b(v)).
A

In the orthogonal case n;; = k = const we have V; = IK and Var(h(v))
= (MSp—MS,)/IK as it should be (cf. [5], p. 269, 8.1.27).

It is necessary to note that if Henderson’s method 3 is used [1], un-
biased estimmates are obtained. However, the method can be applied
when the number of different classes is small.
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Streszczenie

W pracy niniejszej, bedacej kontynuacja prac {2]1i [3], podano zwigzek
laczgcy problematyke weryfikowania hipotezy i oceny parametréw przy
zalozeniach cytowanych prae i niewazonej restrykeji dla staltych ele-
mentéw modelu, a. Wyznaczono dwa zbiory ocen parametréw Var(b(v)),
Cov[b(v), ¢;(v)] i Cov[e;(v), ¢;.(v)]; 83 one oparte na ocenach parametréw
o = Cov(my, myy); ¢, =1,2,...,1 i na dwéch metodach ocen pa-
rametru Var(b(v)) oraz na tym, ze Cov[b(v),¢,(v)] i Cov[e (v), 0 (v)]
mozna przedstawié jako funkeje parametréw ;. i Var(b(v)).

Pierwsza z metod daje oceng Var(b(v)) jako funkecje parametréw oy
(por. wzér (11)) a druga pozwala okreslié ocene Var(b(v)) z wartosei
oczekiwanej MSp w analizie wariancji (por. wzér (34)).

Oba zbiory parametréw sg identyczne gdy V; = I*( Y'ny')™' = const.;
j=1,2,...,J; a w szezegélnym przypadku gdy dane 83 ortogonalne
(ny; = const. = k); w innych przypadkach oceny sg réine.

Pe3oMme

B aroit paboTte, ABiAwwenca ipoxom:keHneM paGot [2] u [3] maerca
CBA3b MPOBEPKM I'MITOTE3Hl C OUEHKAMH NMAPaMeTPOB IPYU IIPENMOI0KEHHAX
LUMTUDPOBAHHEIX PaGoT M HEB3BEILEHHOr0 OrpaHWYeHUA A MOCTOAHHBIX
3jieMeHToB a MOxend. OnpexesleHo 7ABa MHOMECTBA OIIEHOK ITapaMeTPOB
Var(b(v)), Cov[b(v), c;(v)] m Cov[ci(v), ¢;-(v)]; oum momyvalTcA M3
oueHoxk napamerpoB 6;. = Cov(my, my4); ¢,¢ =1,2,..., 1 u npu mo-
MOwM JBYX METONOB oueHkM mapametpa Var(b(v)) ucmonnaya ToT Qakr,
uto Cov[b(v), ¢;(v)] u Cov[cs(v), ¢ (v)] MokHO mMpeacTaBUTL KAaK QYHKUMHU
napamerpoB 6. u Var (b(v)).

[lepBrit Metox maer ouenky Var(b(v)) kax ¢yHKuMi MapamMeTpoB
6 (cp. dopm. (11)), a BTOpoit mo3BONAET ONMpeNeNUTH OUCHKY Var (b (v))
M3 MaTeMaTHueCKOro okugaHnA MSp B JHCIIEPCHOHHOM aHaiu3e (cp.
dopy. (34)).

O6a MHO}KecTBa OIlEHOK NapaMeTPOB TOMAeCTBeHHn Korga V; =

1

= 1*(3nz')"' =comst.; j=1,2,...,J; a B YacTHOM ciyuae, Koria
NaHHLE ABJIAIOTCA OPTOrOHAJBHLIMH (n; = Const. = K); B JAPYruUX cCiy-
YaAX OLEHKHM Pa3JIUYHBL






