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Mieszane modele I x J i 7x2 z interakcją w przypadku danych nieortogonalnych 

Смешанные модели 7 X .7 и 7x2 с взаимодействием в случае неортогоналоных данных

1. Review of literature

a. This is a short review of literature concerning the two-way classi
fication Л X В in the case of unequal subclass numbers.

The general form of the mathematical model in which we are inte
rested is as follows:

(1) Ущ = /< + а{ +Д + Уо + eyj; i = 1,2, ..., I; j = 1, 2,..., J;
I =1,2,

where yiJt ig the Zth observation in the (i,j) cell, у is the general constant, 
em — random errors which are normally distributed i. e. N(0,o2e), and

P's and yÿs can be random or fixed effects; at is the effect of the 
^lh Л class, ßj is the effect of the jth В class and yif is the interaction effect of 
the (i,j) cell.

When all the effects on the right hand of (1) except for eijt and у 
are fixed then (1) is the fixed model. In the case when cós, and PjS and yifs 
»re random we have the random model. If one of the effects cqe and p^s 
18 random then yif is random and the model is called mixed.

The case when the numbers of observations in each coll are proportio
nal (ny = pt8j) or the same (ny = к = constant; к > 1) is known as 
the orthogonal case.

(l) This work was carried out while at Statistical Laboratory, Iowa State Uni
versity, Ames, Iowa, USA, under a Rockefeller Foundation fellowship.
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b. Fixed model. The literature in the case of non-orthogonal data 
(nif are not constant) is extensive, but there are many problems still 
unsolved. The method of fitting constants devised by R. A. Fisher [9], 
a special case of which was discussed by A. B. Brandt [2] has been de
veloped and perfected by F. Yates [39]. This method based on the theory 
of least squares can be applied to the solution of tables of two-way clas
sification corresponding to the model (1). It provides the test of signi
ficance for interaction when some of can be equal to zero. F. Yates 
[40] has presented the theory of the two-way classification under the 
assumption that the interaction is not existent, and the test of signifi
cance for interaction for the case of fixed as and ft's. Moreover, the same 
author, had suggested the method of weighted squares of means [39, 40] 
when the interaction is present and when we assume that the population 
has equal subclass numbers. He has presented estimates of the main effects 
only. The effect of the interaction was given for the 1x2 classification. 
The test of significance for interaction in this case is identical with that 
given by the method of fitting constants. In the same papers F. Yates 
has presented the approximate method of unweighted means. The second 
approximate method called the method of expected subclass numbers 
has been suggested by G. W. Snedecor and G. M. Cox [30]. One can use 
it under the assumption that the population has proportional subclass 
numbers and under the condition that all nif > 1. The analysis of variance 
is simple since it is based on a standard procedure used in the orthogonal 
case. Both approximate methods present estimates of interactions and 
test of significance of interactions. R. E. Patterson [23] is the author 
of another approximate method called method of adjusting factors. 
C. Y. Kramer [18] has presented an approximate method for fixed model 
in the case of no interaction.

W. L. Stevens [32] has given an arithmetic method useful in working 
out non-orthogonal data. Other papers by R. O. Johnson and J. Neyman
[15] , K. R. Nair [21], S. S. Wilks [38], F. Tsao [33, 34], are connected 
with the problems of working out non-orthogonal data. The problems 
are discussed in the text-books by G. W. Snedecor [31], O. Kempthorne
[16] , R. L. Anderson and T. A. Bancroft [1], M. G. Kendall [17].

A general case of weighted restrictions has been presented by J. Nor
ton [22] but his notes were not published. He had used the weights of 
the form

The special case of the weights when = w} has been suggested
by H. Scheff<$ [26] in his book. In the article by W. R. Harvey [10]
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several numerical examples are presented on the use of least squares 
analysis of data for the case of both factors fixed.

c. Random model. 8. L. Crump [6] has given the expected mean 
squares for the method of expected subclass numbers, while W. T. Fe
derer [8] has presented the expected mean squares for the method of 
weighted squares of means. C. R. Henderson [11] and W. T. Federer [8] 
have given them for the method of fitting constants. Moreover, 8. L. 
Crump has developed the sampling variances of the estimates for method 
of expected subclass numbers and for the method of unweighted squares 
of means. 8. L. Crump [7] states that the method of unweighted squares 
of means is the simplest computationally.

In the case of uncorrelated and normally distributed random variables 
8. R. Searle [27] has used Henderson’s [13] method 1 to estimate the 
variance components ct„, a2b, fa, and ct«. The nature of this method is to 
equate observed and expected mean squares. Both Henderson’s methods 
2 and 3 are based on least-squai’es principles. The variances of estimates 
of variance components from non-orthogonal data are unknown.

The problem of the estimation of variance components under the 
method of fitting constants has been discussed by H. L. Lucas [19] and 
C. R. Henderson [12]. A. Wald [36] has proved that exact confidence 
limits for the ratio of any variance component to the error component 
may be obtained in two-way classification with equal numbers. Under 
sufficiently large number of degrees of freedom it is possible to present 
approximate confidence limits of any covariance component, I. Bross [3].

Random models in the case of non-orthogonal data are described 
by O. Kempthorne [16] in his textbook.

H. F. Smith [28] has discussed the random model in the case of pro
portional numbers of observations in the sub-classes.

Numerical data of examples of random models and corresponding 
analyses of variance are presented by W. R. Harvey [10].

d. Mixed model. A special type of mixed model with fixed effects 
«i, /ij and random interaction yif in orthogonal case (niZ = constant) 
was discussed by 8. L. Crump [7]. N. L. Johnson [14] has presented 
the tests of significance for mixed model when = k. Bancroft and 
Anderson [1] describe a mixed model when ft and y{j are random. The 
mixed model under general assumptions in the orthogonal case is parti
cularly considered by H. Scheff6 in his book [26].

The problem of estimation of variance components is presented and 
illustrated by C. R. Henderson [13]. Henderson’s method 3 yields un
biased estimates of variance components in the case of non-orthogonal 
data. Henderson’s method 1 leads to biased estimates in the case of mixed
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model. He suggests to use method 2 for mixed models when effects are 
uncorrelated or correlated.

W. R. Harvey [10] states that there is test of significance for the 
fixed main effects in the mixed model when interaction is significant 
in the case of non-orthogonal data. The author by using least squares 
analysis presents expectations of mean squares under standard assumptions. 
No proofs are given.

e. The three types of the above mentioned models: fixed, random 
and mixed are special cases of the model suggested by M. B. Wilk and 
O. Kempthorne [37]. The authors have introduced the concept of expe
rimental unit and that of true response as well as the use of randomisation 
in the design; they have also developed the methods oi finite model ana
lysis given by O. Kempthorne [16] for orthogonal data.

2. Notation

The symbols used in the text are as follows:

1- Viji — /z+at+ft+yi/ i = l,2,...,Z;
i------------------ :

fixed

j=l,2,...,J; Z = 1, 2, ..., fixed model

2. Vm = «£+&/+Cy; random model
i_____________ i

random

3. 2/i/i = j“ + «i + fy + cy + Ci/i ; mixed model
L

random

5.

Vi,wj,p(jli) — weights

6.
j i

/=i
«//

n
j

7.
i-i
j

yi. =8.

i



Mixed models lx J and 2x2 57

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

= £ YU =
l-l

J _ £ W^i

^i = £ wiV^ = —7--------

1 = 1

i _ f

1-1 2 V,

Qi. = Yi- = Y{~y^
■^—1 n <
/-1 1=1 •'

^nuYi.

Zr,.

Qj = r,- X"v-=
‘ 1=1

y... = n n

*U
eif. — --- ei/l

0.1

I
■ = ^Enii6iK

1 v
e<"w- 

'• /=1

J J

= 1n'Zn‘-e‘-s‘^njej
1-1 1-1

1 J 1 1
= ~j Vn.i y.i. ~~f yii" (th<i nieth°d °f weiShted?A. <y y-i

squares of means)
i

nil = Pi»i\ = p. = ^Pi (proportional
<-i1=1

frequencies)
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21.

22.

23.

24.

ft, ßj entimates under the fixed model without interaction

(ihn — ^+u<+ft+®o«)

Wil Hi2

nn+nn

Zi — Viy. “Uii. 

I

(model 2x2)

~ 2j Hi ’ 3,3 ~
1=1

= 1, 2, ..., J;

««' = £ nutli.f

25.

26.

27.

Si = »./ — , Vi = «•«. - ««
J

du — Hi] nij; i,Z = l,2,...,7
/-1

28.

Var/j^j = J^Var(®{) + 2 £ Cov(®0 xt.) =
'< = 1 / 1 = 1 <<!'

t,<*=l,2,...,f

= £ Var(®<)+ £ Cov(Xi,xt.)
t = l <#<'

i,i'=l,2.......I

— (Table 3)
M

29. L
7-1 <=i

2 2’ M*Cov(c,(®),cfc(®))
i<fe

__ «,*1=1,2.......1 (Table 3)
Zh

30.
2k
i

(Table 4)
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3. Outline of cases considered

II. Scheffd lias presented in detail the mixed model with interaction 
in the case of orthogonal data: ity — k = constant. The assumptions 
concerning the model are moderately general.

The purpose of this note is to consider the mixed model with inter
action in the case of non-orthogonal data following Scheffd’s assumptions 
[26]. We arc especially interested in the case when interaction is signifi
cant, so we want to introduce a general form of weights wf, v, and discuss 
the generalization of the method of weighted squares of means. In this 
case the definitions of the main effects depend on the system of weights. 
In the case of fixed model under non-orthogonal data the method of 
weighted squares of means does not give a test or an estimate of inter
actions except for the case 1x2, so we consider especially the case 1x2 
(Table 3).

Particular cases are written down at the bottom of Table 1. They 
are defined by:

1. the weights Wy and vt,
2. assumptions concerning the numbers of observations, nif,
3. assumption about correlation among random interactions.
We include Tables 2 and 4 for the cases IxJ and 1x2 respectively 

when the interaction is insignificant.
The general procedure is to use the analysis of variance for fixed 

model to obtain expectation of mean squares for both effects A and B 
and for interaction AB. We would like to see if comparisons of mean 
squares are fair. Distributional properties of ratios of mean squares were 
not yet considered.

In order to calculate E(M8AB) in general case IxJ we have calculated 
and E(QdQ%k) for j k-, j, k = 1,2,J.

4. Assumption under mixed model

We consider the model (1) where the {fy}, {c,y}, {eyI} arc jointly 
normal, the {ey,} are independently jV(0, a2e) and independent of the {&/} 
and {c,y}, which have means E(bf) = 0, A’(cyy) = 0 for all i = 1,2,..., I 
and the following variances and covariances: Cov(fy, bj,), Cov(eiJ, c^,) 
and Cov(6y, Oij,). In the case j j' these variances and covariances are 
equal to zero, but when j = j' they are assumed to be non-zero. They 
can be defined in terms of an Ixl covariance matrix Zm with elements 
Mi'}, where y^i — The J vector random variables (»«jy> ...,?%,)
are independently N(y, Zm), where /n = (//1, ..., yj) .and are independent 
of the tay,}.
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The unknown parameters are: a}, the elements of the covariance 
matrix and the means {//;}, which are written {/z + a,} (cf. Scheffe’s 
book [26]).

5. Definitions of main effects anti interactions effects based 
on weights r,

We consider the population presented by the A classification and 
a random variable v with the population distribution Pv. Let 
be the „true” value of the individual labeled v on ith level of the A clas
sification. It is necessary to note that i corresponds to a definite and fixed 
level of A classification in the experiment. We want to generalize Scheffd’s 
definitions of main effects and of interactions effects by using weights r;.

A vector random variable m — m(v) has the I components {m(i, v)}. 
We can represent it as follows:

m = m(v) = (w(l, v), m(2, v), m(I, v))

Def. 1. The „true” mean for the ith level of classification A is 

Mi = *»(<,.) = r)]

where a dot signifies the expected value of m(i,v) has been taken with 
respect to Pv.

Def. 2. The general mean is defined as
i i

p =p, = \ ViPi = /»(.,.) where = 1.

Def. 3. The main effect of the ith level of the classification A is 
defined as

«i = Mi —M. = »»(<, •) — «»(., .)

Def. 4. The „true” mean for the individual labeled v is 
i

v)
i-1

Def. 5. The main effect of the individual labeled v in the population is 

b(v) = «»(., — .).

Def. 6. The main effect of the individual labeled v, specific to the 
ith level of A, is defined as

m(i, v) — m(i, .).
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Def. 7. The interaction of the ith level of A and the individual la
beled v in the population is

ct(v) = m(i, v) — m(i,.) — m(., v) + m(.,.).

Thus we have m(i, v) = /t + ai-{-b(v)-{-ci(v).

6. Restrictions

From these definitions it follows that the main effects and inter
actions in the population satisfy the following weighted restrictions:

i i

= 0,
<-i

Æ[6(t>)] = 0

^ViCtÇv) — 0 for all v,

= 0 for *•

Particular cases of weights and restrictions are given at the bottom of 
Table 1.

7. Relations between Var [£>(«)], Covt&f®),«^®)], Covfc^rJjC,^»)], 
Varfc^®)] and «i;,

Wo can express Var [6 (»)], Cov [ft (v), ot (®)], Cov [ct (v), ct, (®)], Var [o<(«)] ; 
» < ♦'; t, »'= 1, 2, I; in terms of ai{, = Cov[m(i, v), m(i', -»)]; 
i,i' —1,2, ..., I-, as follows:

i
Var[6(®)] = y^<r„+2 2? ViVi.au.,

Cov [ft (®), (i>)] = £ vr ari-Var [b (®)],
r-l

I
Covfa(v), e<,(®)] = ou,-£vr(ari + 0ri.)+Va.r[b(v)'} 

r-l

I

where «< = 1
i-i

/
Var[c<(«)] — a«—2^®r<rrf+Var[/»(®)]. 

rZl

ViVi.au
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8. Sums of squares under fixed models and expectations 
of mean squares under mixed models. Tests

Let us examine Tables 1 and 3. Expectations of mean squares for A
and B have been obtained under the assumption that interaction is 

i j
significant. Usually we put — !• the case of insignificant

i=l y-i
interaction expectations of mean squares are given in Tables 2 and 4 
for the classifications IxJ and I x 2 respectively.

From Table 3 it is clear that comparison of expectations of mean squa
res given in Table 3 leads to the tests written down at the bottom of this 
Table.

In the orthogonal case — k = constant we obtain as a parti
cular case the results presented by J. W. Tukey [35], O. Kempthorne [16], 
M. B. Wilk and O. Kempthorne [37], J. Cornfield and J. W. Tukey [4] 
and II. Scheff<$ [24, 25].

Now, let us consider Table 1. In Table 1, sum of squares for interaction, 
SSAB, is given by least squares analysis. In order to calculate E(M8AB)

it is necessary to calculate Ej E(Q2i) and E(QjQ = 1,2,...
/-i

J which is explained in sections 9 and 10.
From the Table 1 it is seen that by using the ratio F = MSBIMSe 

we can test the null hypothesis HB that Var[fc(t>)] = 0.
In the general case the expectation of M8AB is not yet given expli

citly. It is done in the 1x2 case, so we can compare it whith the E{MSA) 
given in Tables 1 and 2, and suggest a test for A.

Table 4 contains tests for interaction and for effects A and B in the 
case of mixed model 1x2 when interaction is insignificant. We can use 
any restrictions: weighted or unweighted.

From Table 2 (the case I x J) we can suggest the test F = MSBIM8e 
under the hypothesis HB: Var[&(fl)] = 0.

Particular cases. We can choose the weights in different ways; 
this depends on the form of the population.

I. Disproportional frequencies: wy ^constant.
i i

1. w, = nj/n, = nijn,? Zrii.cLij = = 0 for a11 j} =

— J5[Ci(©)] = 0 for all i; £v{ = £wj = 1.
i i

2. = 1/J, Vi = 1/1, £ai = go,, = 0 for all j; E[b(v)] = Efa(v)] = 0
for all i; £v{ — = 1 (Method of weighted squares of means). Assump
tion: equal subclass numbers in the classes of the population.
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II. Proportionate frequencies:
i i

l. = «,/#., Vi = Piip., Zp^i = o» ZPicu = 0 for a11 J» =
= E[Ci(f)] — (weighted restrictions); W{ = 8 pt; Vj = #, p ; w1# = pts , 
nj = p 8j, H = p 8 .

1 J 1 J
Under fixed model (Z/Piai = Z8tPf = SPiYa = Z8Jyij = 0 and em 

are normally and independently distributed, all with mean value 0 and 
the same unknown variance <x2) we have the following sums of squares:

SSA = SSB = p^8,(ÿj-ÿy,
i 1

88AB = 88, = £ (yw-ÿu.f,
ii m

where
p = ÿ..., ÿn. = Yii.lPiSi, ÿi.. - yi.JPi«., ÿj. = yj.lp.8fi 

«i = ÿi..-ÿ> Pi = ÿj.-ÿi va = ÿii.-ÿi.-ÿ.i.-Vÿ-

For mixed model we obtain:

1 T vi 1
E(M8A) = <4 + —-1 #. 2, Pi«2i+ 2j Var [01 (r)]J

(it does not depend on Cov(ci,c(.) because of the restrictions),

E(jW-Sb)
=^H-)Var [ft (®)],

^(Jf^B) = <£+ -----±___ V(Z-1)(J-1)Z/ Var [c; (r)],

E(M8e) = at
Approximate test. When the hypothesis Ho: all cq = 0 is true we 

have E(M8a) E(M8AB) as it is in the case Zx2. Then both expres
sions E(MSA) and E(M8AB) though not the same, depend on a« and 
Var[c<(«)]. Therefore we can use the Satterthwaite’s method (1946) 
to test the hypothesis HA.

2. wt — 1/J, v, = 1/1, = 0 for all j; J?[l»(®)] — E[«<(«)] = 0

for all i (the unweighted restrictions)



64 Wiktor Oktaba
Ta

bl
e 1.

M
ix

ed
 mo

de
l I

xJ
 wit

h un
eq

ua
l su

bc
la

ss
 nu

m
be

rs
 (si

gn
ifi

ca
nt

 int
er

ac
tio

n)
«



Mixed modela IXJ and Zx2 65

II

+ 
Г“I

-О

eö
t>

?

и-
+

оз

ос

Ü*
S

©>'

"5

К)

II
о?

S

fl ,—4
***. oo

ffl >S 00
P»

1

1.

•es

Te
fl
C8

iS
II

isi

?
•es

8
(4

? <§

<O
<5 3

Œ*

1

"•H-
со

+Э
§

Ф
14 C<J-e

II 1

II

oc

л я
а -I 
-S §

2 я 2 
2 ® . -=- я« •"*

Annales t. XVr, 1962

IS»

s

н~
N-
Kj»

II

OB
ос

te;



66____________ Wiktor Oktaba
Ta

bl
e 2

M
ix

ed
 mo

de
l lx

 J w
ith

 un
eq

ua
l su

bc
la

ss
 nu

m
be

rs
 (in

si
gn

ifi
ca

nt
 int

er
ac

tio
n)

o
•a
oa

la *S. ■§

8
P
P

<s
P

a
p

Q

° § 

© +3 
£
9 'S

VI »

+
-o’
+
o
+
3.

p
©

i*

< Ö

1

GQ
GQ

TJ
©
M

-o

fl
'S
4->
©
©
►

+
-c'
+

«J
>

^1 r

KJ-

M 11’•e»
©DO

3
rH

a.
II

L——J

r-4 | <3 r-t | II R- 1 — 1©
&

js L 4~ +
5* p

©
V

3 <N «0
© v

i

Pt
©

-P5.
S

0?

a K|

p
©

rP
£
•CS

<>
<c££

GQ
GQ

ao»3
* 2 

ci

CQ
GQ

s W
he

n — k =
 co

ns
ta

nt
 we

 ob
ta

in



Mixed models IxJ and 1x2 67

A
+

•H <

s>
I
c3

J>

+

c.o
©
CO
©

Pfcfi

2
43a

ca(A4) CO
3 ~ co -g 
H «J

39er
©9P

<N
X
H

p
.2*43o
•g

nJ©43

©
b
P
P
©

43

da©
0

c8
Pa1Cfi

nJ©43 
43 
.bp 
’© 
b »

_ ©
©T3o
0

-©©
X

nJord
©
s

©nJ©
_ 0

> © 3 * 
K) S

©nJa
p

•4T
A*

+
V

0?

a4343O
©
b
43pa■»■
p©©

p©
rP
£

4-N»0

4-
V

0?

as
 it 

sh
ou

ld
 he

 (cf
. Sc

he
ff

e’s
 bo

ok
 [26

] p.
 26

9



Wiktor Oktaba

V
ar

ia
tio

n D. T. 
. 

Su
m

s o
f sq

ua
re

s 
un

de
r m

ix
ed

 mo
de

l



Mixed models lx J and I X 2 69
Ta

bl
e 4

 
M

ix
ed

 mo
de

l 1
x2

 wi
th

 un
eq

uu
l su

bc
la

ss
 nu

m
be

rs
 (in

sig
ni

fic
an

t in
te

ra
ct

io
n)

 (An
y r

es
tr

ic
tio

ns
)

Su
m

s o
f sq

ua
re

s

<?1 ©
II•«*»
&
d©
1.

<0

II

l>>
1.

>s

II
TZZ

S -r

I
jf - _

"^I.L

1

fe I
a

i-t° §h

s g© d

T3
s
£

a

ao
K, | 
ci

I

a;Zz

d©X3
£

cq
ZZ zZ

cod ® u, •§ a © ed 2
•£ © w

• 5

Te
st

 fo
r in

te
ra

ct
io

n:
 Ha

b:
 Co

v [
<:

$(
«)

, C
f-(

r)
] =

 0 
fo

r al
l i,

 V
 =

 1,
2,

...
,/;

 Fa
b —

 M
Sa

b!
 H

8,
 

H
a:

 
ai

 =
 0;

 Fa
 =

 H
Sa

/H
Sc

H
B:

 Va
r[6

(v
)]

 =
 0;

 FB
 =

 M
Sb

/M
S,

ci co



70 Wiktor Oktaha

The method of weighted squares of means does not produce the same 
results as the standard method given in II. 1. But it is interesting that 
under the fixed model we can reparametrize the model with weighted 
restrictions into the model with unweighted restrictions (cf. II. B. Mann
[20]). Then using normal equations we obtain the same sums of squares 
as in II.1. Thus in application it is advisable to use the standard method.

III. Orthogonal case: Wy = It = constant; wf — 1/J, — 1/1,
i i

Wi = ftJ, 7, = fcl; £«< = JTcy = 0 for all j; Æ[6(®)] = Æ[c<(fl)] = 0 
for all i.

We obtain:
z z

' l-l
I

E(MSB) = a*+HVar [&(«)] and E(MSAB) = <r* + -_^Var[c4(t>)]
i-i

as it should be (cf. [26], p. 269, Table 8.8.1).

IV. Cov[cy(t), Cy(fl)] = 0, Var[Ci(®)] = aAB = constant for all i — 
= 1,2,...,!; Cov[<?i(0), Ci(®)] = 0. We can consider all particular cases 
given above in I, II and III.

Bern ark. In the case of fixed model (non-orthogonal data) the method 
of weighted squares of means does not give a test or an estimate of inter
action except for the case 1x2 (cf. G. W. Snedecor and G. M. Cox [30]).

9. Calculation of E(Q ,■ Q k), j k; j,k = 1,2,... ,J in the case 
of mixed model IxJ with interaction in the case of non-ortho
gonal data

From Table 1 it is evident that in order to find E{M8AB') it is necessary
1. J .

to calculate E(^aiQi) and E(2faQj), where = TQj = Q. The â£’s
i=l ' 7=1 ' f j

and the 0/s are estimates under the model without interaction:

Viji — + a» + fa + ew
j ,

In order to calculate E(£PjQj) we can calculate E(QZj) and E(QfQk),
i-i '

j z£ k- j, 7c = 1,2, ..., J, because we can express /9/ as function of (? ,■,

Q k and yin. Then because of Qj= Y i—^nyyi we can express £fyQ j 
1

in terms of yijt and then as a function of /z, af, bf, Cy, and Cyj.
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Under the assumptions: Xai~Scn~^ f°r j — 2,J;

E(bf) = jB[Ci(T)] = 0 and £b/ =/= 0, ^cif ^0 we obtain:
1 i

I I SnHcU\ I ? \

q.i = 2j —) + 2j nii\Oii~n—/+ nijei-)

and the following expressions:

1. a,-E [n,b,-2j —) V>2j ~ n.

= rflrkl-(nf+»fc)r/fcJ Var[6(t>)]. 

inning
-7=1

<-l

«1* V nijdji 

ni.
J J J

i ^ nij£nii°j\r I Snncn\-]

I I
= ~nJ ^~^Cov[b(v), ti(v)]-rfk £ nikCov[b(v), M®)] + 

i = l Hi-

I 1
+ Cov [/>(»),

i = l Hi‘ 7=1

3. », = B („A- V[ V »»(«„ - ^)] =

I I
= -».fc V^^Cov[&(«), y\iiCov[b(v),ci(v)] +

ni.

V InHni’k + nikni'l d niinik(ni.i + ni.k) _ ni,/Wj,fc(ni/+^ifc)| x
2-t\ n,n^ ~ I
«*' 

i,i'=l,2......1
X CovEcJ®), Ci-(fl)].
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5. a5 ■= j = —<xfofc.

6- E(Q.jQ.k) — COV(Qj,Qk) — <*l+®»+®8+O4 + ®si 
j ; j•> — i,2,..., J.

7. For fixed model, i. e. when Cov[c1(v),c«i(»)] = 0 = Varfft^)] =
= Var[Ci(t>)] we obtain E(QjQk) = Cov(Qj,Qk) = -a2e-r/k, as it 
should be (cf. [21]).

8. In the orthogonal case: = k — constant the aa = 0, a3 = 0
i

• and a4 = 0 because of the restrictions £cif — 0 for all j = 1,
<=i

2, ...,»/. Qi depends only on bj and cw:

under the restrictions = ^ci} — 0 for all j. 
i i

Then

E(Q.fQ.k) = Coy (Qj,Q,k)
l2k2

Var[ft(t>)]-
Ik
JJ

a2c •

Let us calculate E{Q2j).

10. The calculation of E(Qj)-, j — 1, 2, ..., J

1. a, = Var =
a I“ 1

= («’ - 2nj r„ + £ r2fi j Var [ft («)]. 

i i J
2. «„ = Var^ ««««- 2j -----~

I yn=.

2’n«ni-/

+
<.i'=1.2......1

n^ndl--------- Cov[0i(fl), M®)] •
\ «». »o. ni.ni'. I J
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1 n^lifCu

nt. /

/ _nij^nub] 13. ain = 2Cov (nfa- £ —, £ tiijCtj- ---- ------ ) =

f=i <=i i=i
1 2

2tnJ^nVCov[ft(»)> °i(»)]-n.i~Cov[M*>), Oi(t>)] 
*- 1=1 1=1 } f-

I I

-rji y noCov[ft(v), cf(®)]+ V y’^^d«,Covt6(®), Ci(t>)] 
7-T' « n<-n<’-l-l

4. aIV = Var(»j6x— V
i=»l

5. JB(G.#)=o.

6. = Var(Q,) = «!+«n+®in +aiv•

7. For fixed model we have Cov [c,(r), <?,-,(-»)] — 0 = Var [M«)] —
— Var [ft (d)] and we obtain E(Q2f) = (fify = V —j as it should

be (cf. [21]).
8. In the orthogonal ease: ny = k = constant the <xn = 0 and the

7
ttin — 0 because of the restrictions that = 0 for all j = 1, 2, ..., J.

t=i
Then = Var(Gj) = Oj + Ojy = ——* Var[ft(t>)] + Ik^J

d d
as it should be.
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Streszczenie

Celem niniejszej pracy jest rozpatrzenie modeli mieszanych IxJ 
i 1x2 z interakcją w przypadku danych nieortogonalnych (por. 3 po
zycja § 2) przy założeniach H. Scheffô’go [26] dla danych ortogonal
nych. Przedstawiono zarówno definicje głównych efektów i interakcyj
nych, korzystając z ogólnej formy wag jak i odpowiednie re
strykcje ważone. W tablicach 1, 2, 3 i 4 podano sumy kwadratów dla 
efektów głównych, interakcyjnych i dla błędu przy modelu ze stałymi 
parametrami (fixed model) oraz wartości oczekiwane odpowiednich 
średnich kwadratów dla rozważanego mieszanego modelu. Znaleziono 
wyraźną postać wartości oczekiwanej średniego kwadratu dla interakcji 
AB w przypadku 1x2 (Tablica 3). Odpowiednia wartość w przypadku 
ogólnym IxJ (Tablica 1) nie została explicite obliczona. W tablicach 2 
i 4 przedstawiono wymienione sumy kwadratów i wartości oczekiwane 
w przypadku nieistotnej interakcji.
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Dla ortogonalnych danych nif = constans = li otrzymano jako szcze
gólny przypadek analizowanego modelu wyniki znane w literaturze (J.W. 
Tukey, O. Kempthorne, H. Scheffó).

W celu obliczenia wartości oczekiwanej średniego kwadratu dla interakcji 
w przypadku ogólnym IxJ obliczono E(Q7) i Ej, к = 1,2,...,J.

Wartości oczekiwane w Tablicach 1, 2, 3 i 4 sugerują testy nie- 
przypadkowości E dla zweryfikowania hipotez odnośnie efektów głów
nych i interakcyjnych.

Na str. 62, 63 i 70 rozpatrzono szczególne przypadki modeli określone 
bądź rodzajem wag Wj i r,, bądź założeniami dotyczącymi liczby obser
wacji »y, bądź też założeniami o korelacjach między losowymi inter
akcjami.

Резюме
Целью этой работы является рассмотрение смешанных моделей 

IxJ и 2x2 с взаимодействием в случае неортогональных данных 
(ср. 3 ноз. 2) при предложениях X. Шеффе [26] для ортогональных 
данных. Представлено определения главных эффектов и эффектов 
взаимодействия, используя общее представление весов wf к г,, а также 
соответствующие взвешенные ограничения. В таблицах 1, 2, 3 и 4 
дано, при модели с постоянными параметрами (fixed model), суммы 
квадратов для главных эффектов, эффектов взаимодействия и для 
ошибки, а в случае смешанной модели представлено математическое 
ожидание соответствующих средних квадратов. Найдено четкий 
вид математического ожидания среднего квадрата для взаимодей
ствия ЛВ в случае 2x2 (Таблица 3). Соответствующее значение 
в общем случае 2х J (Таблица 1) не вычислено в явном виде. В табли
цах 2 и 4 представлено указанные суммы квадратов и математические 
ожидания в случае несущественного взаимодействия.

Для ортогональных данных n# = constans = к получено как 
частный случай рассматриваемой модели известные в литературе 
результаты (И. В. Тукеи, О. Кемптгорн, X. Шеффе).

Целью вычисления математического ожидания среднего квадрата 
для взаимодействия в общем случае 2xJ вычислено E(Q2f) 
и E(QjQ'k)-, j,k = 1,2,..., J.

Математическое ожидание в таблицах 1, 2, 3 и 4 внушают кри
терии значимости F для проверки гипотез относительно эффектов 
главных и эффектов взаимодействия.

На стр. 62, 63, и 70 рассмотрено частные случаи моделей опреде
ленных либо родом весов w,- и либо предположениями относительно 
числа наблюдений «,7, либо предположениями о корреляциях между 
случайными взаимодействиями.


