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ELIGIUSZ ZLOTKIEWICZ

On a Variational Formula for Starlike Functions

O pewnym wzorze wariacyjnym dla funkcji gwiazdzistych
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In this paper a simple derivation of Hummel’s variational formula [1]
is given. Hummel proved that if the function w = f(2) = z+a,2*+ ...
is starlike w.r.t. the origin, then the function
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with arbitrary 2,(0 < |20| < 1) and arbitrary real a is univalent and
starlike w.r.t. the origin for all sufficiently small 2 > 0. Besides, f*(0) = 0,
f*'(0) = 1. We will need the following theorem due to G. M. Golusin [2]:
Let w = f(2), f(0) = 0, be a function regular and univalent in the unit
circle C; = {2:|2| < 1} and let F(z,4) be regular and univalent in the
annulus 4 = {z:r < |z2| < 1) for all 0 < A < 4, besides F(z, 1) is supposed
to be regular (zeA being fixed) for every |A| < 4, and to have the form

(2) F(z, 2) = f(z) + A9(2) + O (2

where the estimation of the last term is uniform on compact subsets of A.
Let B; be a simply connected domain which arises by adjoining to the
domain F(4, 1) the interior of the map of |z| = r by F(z, ). For 2 small
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enough B; will contain the origin and the function f*(z) mapping €,
on B, (f*(0) = 0) has the form

(3) £(2) = f(2)+ M(2)+ Aof () (1) — 1of' (2) 8(2) + O(22)

where S(z) is the sum of terms with negative powers of z in the Laurent’s
development of q(z)/zf'(z) in A. Consider the function

F(z, ) = f(2)+ Af (2) R(2)
where
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R(z) clearly real and bounded on |2| = 1 so that the boundary of B,
arises from that of f(C,) by a suitable shifting 2long a ray from the
origin. It is easy to see that F(z, 4) fulfils all the conditions of Golusin’s
formula for small .. We have

2\ Lia f(2) 1
8(2) = (1—[20/%)e R =,
(4 Lads —ia[ J(20) 2
S(;) i (l_lzols)e z:f,(zo))l_ioz

80 that (3) takes the form

1) = 1)+ (@) [e"" e ] +

L T —w J(2) ] )
1= [zl 42 (2) _(zof’(zo) ‘ 1—2,2 —¢ 2of (20) 2— 2, WO}
Hence
[ ] . # .
fi'(0) =1+12 L(l— lzol’)e‘"z—f;% e T —zoc‘“']. +0(42).

By dividing and developing the quotient into the powers of 1 we obtain
fiz)
1i'(0)

which becomes (1) after a suitable rearranging of terms.
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Streszczenie
Autor poslugujac sie twierdzeniem G. M. Goluzina i dobierajac funkeje
F(z, 1) otrzymuje wzér wariacyjny dla klasy funkeji gwiaZdzistych.
Pe3lome
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