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On Properties of the Lévy, Prokhorov and Sibley Type Metrics 

O własnościach metryk typu Lévy’egô, Prochorowa. i Sibley’a

1. Let R be the Euclidean space and let denote the class of all distribution 
functions on R.

Définition 1. The Lévy distance is the function L : 7d x Id —» [0,1] such that 
L(F,G) = inf{h > 0 : F(x - A) - h < G(x) < F(z + h) + h , x € R}.

In [4] the following concept was introduced.

Definition 2. The generalized Lévy distance is the function L9 : Id x Id —
[0, (v/2sin0)-1] , 0 < 0 < x/2, such that

L*(F,G) = inf {A > 0 : F(x- v2Acos0) - \/2Asin0 < G(*) <
< F(» + \/2Acos0) + \/2Asin0, x € R} .

Note that L*f* = L. Moreover, one can see that

(1) (v/2cos0)-‘L(F,G) < L*(F,G) < (v/2sin0)~lL(F,G) , if 0 < 9 < jt/4 

and

(2) (5/2sin0)-1L(F,G)<L*(F,G)<(A/2cos0)-1L(F,G) , if r/4 < 0 < jt/2 .

r . . 1
These inequalities lead to the following theorem.

Theorem l([4j). Let F„(x) = F(x/a). If a < 1, then

(3) «L(f’1,G1)<L(F.,G.)<L(F1,G1),
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and if a > I, then

(4) I(F„G,) < L(Fa,Ga) < ol^Gi) .

From the inequalities (1) and (2) we conclude that the convergence in the 
//-distance is equivalent to the convergence in the L-distance and at the same time 
equivalent to the weak convergence.

Let now 7 be the family of the functions F : S. —♦ [0,1], nondecreasing and left 
continuous. Obviously C 7. It is known that the weak convergence of a sequence 
{F„ , » > 1} functions of the class 7 is not equivalent the convergence in the Lévy 
distance in this class (7).

Example 1. Let {F„ , » > 1} be a sequence of functions belonging to the class 
7 such that Fn(x) = 0 for x < n and Fn(x) = 1 for » > ». Then F„(x) F(x) = 0 , 
n -» oc , for every x € R. but L(F„,F) = 1 for every ».

It was shown by D. A.Sibley (3] that the weak convergence of a sequence 
{Fn . » > 1} of functions of the class 7 can be also metrized.

Definition 3. The Sibley distance is the function Ls : 7 X 7 —♦ [0,1] such that

Ls (F, G) = inf {A > 0 : F(x - A) — A < G(x) < F(x + A) + A,
G(x — A) — A < F(x) < G(x + A) + A, x € (-1/A, 1/A)} .

Definition 2 suggests introducing the following concept.

Definition 4. The generalized Sibley function is the function Lj : 7 x 7 -» 
[0, (v/2sintf)-1] , 0 < 0 < x/2 , such that

£s(F,G)=inf{A > 0 : F(x-y/2hcos9)-y/2hma9 < G(x) < F(«-t-V/2Aeos0)-t-\/2Asintf 

G(x-\/2Acos#)->/2Asin0 < F(x) < G(x+\/2Aeos0)+\/2A»n0, x € (—1/A, 1/A)} .

Note that the function Lg is not in general the metric. It does not satisfy the 
triangle inequality.

Example 2. Let

0 ,x < 0, i0 ,x < 0,
0.7v/2,0<x< l-0.2v/6, G(x)= I 0.5^2 ,0 < x < 1. ff(x)=

1 ,x > l-O.2\/6, ( 1 , x > 1,

0 ,x < 5, 
1 ,x > 5,

F(x)=

and let 9 = x/6. Then for A = 0.4 we have
F(x-v/2Acosi)-v/2Asintf=F(x-0.2vz6)-0.2v/2< G(x) < F(x+O.2v^)-K).2i/2=
=F(x+ x/^Acos^+y  ̂Asini , x € R,
and
G(x-v'2Acos^)-vZ2Asin«=G(x-0.2v/6)-0.2>/2 < F(x) < G(x+0.2\/6)+0.2\/2:
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=G(x + \/2 A cos#) + \/2 A sin# , 16R.
Moreover, F(0.5) = 0.7v/2 =<7(0.5 + 0.2>/6) + 0.2>/2=G(0.5 + A cos tf) + >/2 A sin #,
h = 0.4. Hence, L9S (F, G) = 0.4.

Now, for A = 1 we have
G(x— y/2hcos9)—'>/2 A sin 0=<7(x-0.5 x/6)-0.55/2 < H(x) < G(z-+D.5y/6)+0.5,/2=
=G(x + y/2 h cos#) + \f2 h sin 9 , x€(—1,1),
and
ff(x-y/2hcosí)-y/2hsinff=ff(x-0.5y/'6)-0.Sy/2 < G(x) < fl(x-+«.5>/6)-v0.5>/2=

(x + \/2 A cos #) 4-\/2 sin # , *€(-1,1).
Moreover, G(0.S) = 0.5\/2 = JT(0.5+0.5\/0)+0.6\/2 =5 2f(0.54*V^2 Acos#)4"V^2 Asin#,
A = l. Thus L8S (G,jff) = l.

We now count Lg(F,H). Choose any A € (0, y/2). Then 0.7 € (—1/A, 1/A) an 
(—l/y/2,l/y/2) C (—1/A, 1/A). Moreover, £(0.7)=l and 2T(0.7+^2Acos#)=0 since 
A < \/2 , 0 = x/6. Bence £(0.7) > 0 4-0.5^2 A = 27(0.7 4->/2 A cos#) 4-A sin#. 
Therefore, L9S(F, 27) > A, so L$(£, H) > y/2. But, by Definition 4, for any £1, £j € 7, 
L9s(F\,Fi] < \/2. Hence, we see that Lg(F,H) = y/2. Those facts prove that L* 
does not satisfy the triangle inequality.

We now give relations between Ls and Lg.

Theorem 2. IfO < # < x/4, then
(5) (t/2cos0)-1 LS(F,G) < Lg(F,G) < (yf2áa9]~l Lg(F,G) , 

and if x/4 < 9 < x/2, then

(6) (\/2sin0)-,Ls(£,G) < l£(f,G) < (t/2cos#)-‘Ls(£,G) •

Proof. Let Ao — Lj(£, G). Then for x€ (—1/Ao,l/Ao)

£(x - \/2A0 cos#) — >/2Ao sin# < G(x) < £(x 4- y/2h0 cos#) 4- \/2Ao sin# .

If 0 < 9 < x/4 then cos# > sin#, so for x 6 (—1/Ac, 1/Ao)

(7) £(x — \/2 Ao cos#) — \Z2Ao cos# < G(x) < £(x+ >/2 Ao eos#| 4- V2 Ao cos# .

Taking into account that for 0 < # < x/4 1/(V2 Ao cos#) < 1/Ao, we con­
clude that (7) holds for x € (-l/(>/2Ao cos#), l/(t/2A0 cos#)) which proves that 
£(x—Ai) —Ai < G(x) < £(x+At) +Aj for x € (— 1/Aj, 1/Aj) with At = \/2A0 cos#.

Similarly, we state that G(x - At) - Aj < £(x) < G(x + AJ 4- h\ for 
x 6 (—1/Ai, 1/Aj).

Now thfe definition of Ls implies that

LS(F,G) < A,=v/2Aocos#=v'2cos#4(£.G) or [>/2 cos 9)-lLs(F,G) < Lg(F,G) ,

which proves the left hand side of the inequality (5).
Let now A3=¿s(£, G). By Definition 3, for x € (—1/A3, 1/AJ) f (x—A’)-A¿¡ <

< G(x) < £(x+ A3) 4- A3. Since cos#/sin# > 1 then for x € (-1/A3,1/A5)

(8) £(x - v/2A;(s/2sin#)-1 cos#) - v^ASiv^sin#)“1 sin# < G(x) <

<£(x+ v^ASfv^sin#)*1 cos#) +.\J2A3(V*2sin#)-1 sin# .

r
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The inequality (8) also holds for x 6 (- y/2sAnO/ho, as (—%/2sin®/AS,
\/2sin®/An) C (—1/AJ, 1/AJ). Thus we see that F(x — \/2AJcos®) — \/5Aisin® < 
< G(x) < F(x+i/2h* cos®)+\/2A} sin®forx € (-1/h*, l/h^) where AJ=AJ(\/2sin®)7*

Similarly we state that for x € (—1/AJ, 1/A*)

G(x — >/2h* cos®) — V2h* sin® < F(x) < G(x+ v/2Ajcos#) + >/2Aj sin® . 

Therefore, bjf the Definition 4,

L|(F,G) < AJ = Aj(\/2sin®)_1 = (v/2sin®)-‘L5(r,G)

which proves the right hand side inequality of (5).
The proof of (6) is similar.

The following example 
distance.

shows that Theorem 1 is not still true for the Sibley

Example 3. Let *

x<5 , 
x > 5 ,

, x < 20 , 
, x > 20 ,

and let a — 1/10. Then Lg (Fi,Gi) — Lg (F, G) — 1/5, and Ls (P/io, Gi/io) = 1,
where

JO , x<0.6, JO , x<2,
Fi/io(x) = i . <n/io(«) = l .

I1 , x > 0.5 , 11 , x > 2 .

Therefore, Lg(Fi/10,Gi/10) > Lg(Fi,Gi), which proves that the inequalities

aLs(Fi,Gi) < Lg(Fa,G„) < Lg(Fi,Gi) , «<1;
— ^s(^o,Go) < aLg(f\,Gi) , a > 1

are not in general true. »

2. Let I be a normed linear space with the norm || • ||. Denote by Pj the space 
of all probability measures on (X,flr) » Bz — <r-field of subsets of I. Let K(r) 
stands for the ball ff(r) = {x € X : ||x|| < r}'.

Definition 5, The Prokhorov distance is the function II : Pj x Pd —♦ [0,1] such 
that n(P,Q) = inf {A > 0 : P(A) < Q(Ah) + h,Q(A) < PiA*) + A, A € Bx } , where 
Ah = {x 6 X : dist (x, A) < A}.

Let us introduce the following generalization of the Prokhorov distance.

Definiti a 6. The generalized Prokhorov distance is the function 
11" : Pd x Pi — [0, (\/2sin®)-1], 0 < ® < x/,2, such that

n#(P,Q) =inf{A > 0 :P(A) < Q(A^Kco,t) + v^Asin®,

Q(A) < P(A'/*kco,t) + v^Asin®, AeBz} •
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It is obvious that iW4 = II. We see that the function II* is the metric.

Lemma 1. The function II* satisfies the axioms of the metric.

Proof. By Definition 6 we have

(i) . n*(p,Q) = o =
(») n*(P,Q) = n*(3,P)

far all P, Q € Pj. • *
Let ncwP,Q, P € Pa. IfJI*(P,Q) < * and II* (Q, R) < y then for any set .4 € Sz 

we have

P(A) < Q(A7’,c,>,')+>/2xsini < P((A'/i’c"*)'/5*“,*)+v/2f sini+t/ixsintf =

= P(AV’<’+»>tM *)+v/2 (»+») sin 0
I.

and

P(A) < <?(A75,co’*)+v'2ysin0 < P((A'/5»,:o’*)'/i’co’<’)+v'2isintf4-v'2ysintf = 

= P(A'/5(‘+’,co,')+v/2(x+») sinfl •.

Thus II* (P, P) < » + y. Taking infimnm over all x and j we get ,

(in) n*(P,P)<n*(P,Q)+JI*(Q,P)

which completes the proof of Lemma 1.

Let now P denote the space of probability measures on (I.Bz) together with 
defective probability measures, i.e. P € P iff P(I) < 1.

Define the Prokhorov-Sibley distance as follows.

Definition T. The Prokhorov-Sibley distance is the function Ils : P x P —• (0.1] 
such that

IIs(P,Q) = mf{*>O:P(A)<Q(A*)+h,Q(A) <P(A*)+h, AeSr. AcK(l/h)}. 
«

Lemma 2. The function Ils satisfies the axioms of the metric.

Proof. By Definition 7 we have

(i) Ils(P,9) = 0 iff P = Q ,
(H) . ns(P.<?) = ris(Q,p)

foraliPQe P.
Let now P.Q,R € P. If IIs(P, Q) + IIs(Q, P) > 1 then the triangle inequality 

is obvious. Assume now that IIs(P. Q) + IIs(Q,P) < 1, and let IIs(P, Q) < * , 
Hs(Q,P) < y with x + y < 1. Then we have P(A) < Q(A*) + x , A C K(l/x), 
and <?(A) < P(A») + y , A C K(l/y). Hence, P(A) < P(Al+») + x + y, A C
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K(l/t)nK(l/f-t}. Moreover, we see that l/(*+y) < 1/* and l/(* + y) < 1/y —x, 
so K(l/(x + y)) c K(l/x) n K(l/t - x). Therefore, P(A) < P(A«+») + x + y , 
AcK(l/(t + ,)).

Similarly one can prove that P(A) < P(A,+r) + x + y , A C K(l/(x + y)). 

Thus

JIs(P,P) = inf{h > 0 : P(A) < P(A*)+*,P(A) < P(A*)+A, A C K(l/k)} < x+y.

Thking infimnm over all x, y we get

(Hi) ns (P, R) < ns (P, Q) + ns (Q, r)

which completes the proof.

Note that the convergences in the metrics IT and Ils for sequences measures of 
P are not equivalent.

Example 4. Let (xn, n > 1} be any sequence of xn € X , » > 1 , such that 
||xn|| — »• Define the sequence {P„,» > 1} of measures Pn € P as follows

0
1

if xn # A , 
if x„ € A .

Let P be a measure with P(X) = 0. Then IT(Pn,P) = 1 , » > 1. The inequality 
P(A) < P„(A*) + k is true for every h > 0. The inequality P„(A) < P(Afc) + h, 
A C PC(1/A), is satisfied for h > l/n and it does not hold for h < l/n. Thus 
IIs(Pn,P) = 1/». Hence, ns(P„,P) -♦ 0, while II(P„,P) 0 , n — oo.

The definitions of II and Ils imply that IIs(P,<?) < IT(P,Q) for any P,Q € P ■ 
Following Definition 4 we can introduce the following concept.

Definition '8. The generalized Prokhorov-Sibley function is the function 
nJ : P x P —♦[0, (v/2sin#)_1) , 0 < 9 < r/2, such that

nJ(P,Q) = inf {A > 0 : P(A) < Q(A'^kco**) + y/lhtix»,

Q(A) < p(A^*C0’») + v/2*sin#, A€BX. AcK(l/A)}.

The following example shows that the function IIJ is not in general the metric.

Example 8. Let y € I be such that ,|y|, = 1, let x = (1 — 0.2\/6)y, and let 
P,Q,R be any probability measures from P4 such that

P({0}) = 0.7>/2 , P({x}) = l-0.7v/2,
Q({0}) = 0.W2 , <?({y}) = 1-0.5^,

P({5x})=l.

~ The considerations similar to the considerations in the Example 2 show that 

nJ (P, Q) + nJ (Q, P) = 0.4 +1 = 1.4 < v/2 = nJ (P, R),
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which contradicts the triangle inequality.
Relations between II and II* and between Ils and 11$ contain the following

theorems.

Theorems. I/O < 9 < r/4, then «

(v^2eos0)~,II(P,Q) < Il*(P,Q) < (V5«in«)-‘n(P,Q) ;

if x/A < 9 < r/2, then t

(v/2sin0)-,n(P,Q) < n*(P,Q) < (\/2 cos0)-1TI(P, Q) .

Theorem 4. If 0 < 9 < r/4, then

(9) (x/2c«i)-‘ns(P,<?) < n$(P,Q) < (75«ti)-*ns(p,Q)? 

if x/i < 8 < xfl, then

(10) (vz2sin0)-1ns(P,<?) < n$(P,<?) < (v/Seostf^IIsiP,«?) .

It is enough to prove Theorem 4. The proof of Theorem 3 is similar.

Proof of Theorem 4. Let ho > H$(P,Q). Then P(A) < Q(Ay/ik°cot *) + 
+>/2hosin0 for A C K(l/ho). If 0 < 0 < jt/4, then cos0 > sin0, and for 
A C K(l/h0)

(11) P(A) < Q(A'/ik°'o,t) + M eos0 .

Moreover, for 0 < 9 < x/A l/(>/2ho eo«0) < l/h0 and so (11) holds for 
A C Jif(l/(\/2ho eos0)) which proves that P(A) < Q(AAl) + hi for A C ff(l/hj) 
where hi = i/2hocos0. Similarly, we get Q(A) < P(A*‘) + M for A C K(l/hi) , 
hi = v^hocos0. Hence, by Definition 7, we see that IIs(P, Q) < hi = \/2 hocos0. 
Taking infimnm over all ho we get Hs(P,<?) < >/2 cos0Il$(P,Q) , i.e.
(\/2cos0)~,IIs(P,Q) < n$(P,Q) which proves the left hand side of the inequality 
(9).

Let now hj > IIs(P, Q). Then, by Definition 7, we have P(A) < Q(A*») + h* , 
A C K(l/h5). Since cos0/sin0 > 1 for 0 < 0 < »r/4, then

(12) P(A) < + i/2hS(>/2sin0)-1 sin0

A C 2f(l/h5). Moreover, \/2 sin 0/h3 < l/hj, so (12) holds for A C K(\/2sin0/ho),and 
alsoP(A) < <?(A'^’h*C0’*)+>/2hJ sin 0 for A C ff(l/hj), where h* = h5(>/2 sin 0)“1. 
Similarly, Q(A) < P(A'/5*?e"* )+\Z2hJ sin 0 for Ac K(l/h‘), hj = h;(v/5sin0)-1. 
Therefore, by Definition 8,11$ (P, Q) < h* = hJ5(>/2 sin0)-1. Taking infimnm over all 
hj we get II${P, Q) < (>/2sin0)_,IIs(P,Q) which proves the right hand side of the 
inequality (9).
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The proof of (10) is similar.

The following theorems show-the difference between II and Ils- 
= P(a-1 A) where a-1 A = {a-1* : x € A} , a > 0.

Let P«(A) =

Theorem 5. 

(13)

if a > 1, then

If a < 1, then

«!!(*,$,) < n(Pa,Q.) < nfPnQ.) ;

(14) n(X,<?i)<n(pa,Q,,) <«!!(*,<?,).

Proof. Let tgi = a, where 0 < 9 < x/4. By Definition 5, we have

n(P„,Qa) = inf {A > 0 : Pa(A) < <?a(A*) + A,QO(A) < P„(A*) + A} =
= inf {A > 0 : P(a~‘A) < Q(a~l Ah) + A,<?(a"lA) < P(a-1A*) + A} .

Tkking into account that {x : x € a-1 A*} = {x : x € (a-1A)*/0} as 
{x : x e a_,A*}={x : ax € A*}={x : dist (ax, A) < A}={x : dist (ax,aa-lA) <: A}= 
= {x: a dist(x40-*A) < A} = {x : dist(x,a-1A) < A/a) = {x : x € (a-1 A)*/“}, we 
obtain

n(P.,Qo) = inf {A > 0 : P,(a-*A) < Q, ((a“*A)*^°) + A,

Qt(«_,A) < Pi((a-IA)*^B) + A}.

Putting A' = A/(72siní) and a = sní/cosí, we get

n(P0,Q„) = inf{72sin8h' > 0 : P,(a-*A) < <?, ((a~* A)'/’co,"‘') + v/SsiniA',

< P,((a-,A)'Zico’íh') + v/2áníA'} = 72sin ill'(P,, Q,) .

Thus, by Theorem 3, we get tgin(Pi,Q,) < \/2siní II#(Pi,Q,) = II(Pa,Qa) and 
72sinÍII*(P,,«?,) < n(P,,Qi). Thus

«n(p,,<?,) < n(p„,Q0) < n(Pi,Qi).

The proof of (14) is similar.

Theorem 5 is not in general true for the distance Ils.

Example 6. Let x,y € X be such that ||x|] = 5 , ||y|| = 20 and let a = 1/10. 
Define the measures P and Q as follows:

0
1

for x A , 
for x € A ,

Q(A) =
for y A , 
for y € A .

Then Hs(Pi,<?i) = 1/5. 
follows:

Moreover, the measures P(/io and Qi/io 3X6 defined as

A/io(A) = | ! for x/10 A ,. 
for x/10 € A ,

Qi/io(-4) = | j for y/10 £ A , 
for y/10 € A .
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Hence ITs(Pi/io,Qi/iq) = 1- Thus ns(P1/10,Q1/10) > IIs(Pi,Qi).
Tb show that (14) is not in general true it is enough to take a = 10 and to replace

in Example 6 Pj/io by P, and Qi/io by Q, respectively.
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, STRESZCZENIE

Niniejsza praca wprowadza funkcje podobne do metryk Levy'ego, Prochorowa i SiblejHa oraz 
podaje reiacje miedzy nura.

SUMMARY

In this paper some functions resembling the Lévy, Prokhorov and Sibley metrics are introduced 
and the relations between them are given.

i

< ,



•)

/


