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On Properties of the Lévy, Prokhorov and Sibley Type Metrics

O wiasnoécdach metryk typu Lévy’egd, Prochorowa i Sibley’a

1. Let R be the Euclidean space and let #; denote the class of all distribution
functions on R.

Definition 1. The Lévy distance is the function L : #4 ¥ 3 — (0, 1] such that
L(F,G)y=inf{h>0:F(z—h)-hA<G(z)<F(z+h)+h, z€R}.

In [4] the following concept was introduced.

Definition 3. The generalized Lévy distance is the fanction LY : 7y x 7; —
[0, (v25in6)"!], 0< 6 < x/2, such that

L'(F,G)=inf{A>0:F(z~ v2hcos) — V2hsind < G(z) <
S F(z+ V2hcos8) + V2Asind, z€ R} .

Note that L*/4 = L. Moreover, one can see that

(1) (V2cos8)~'L(F,G) S L*(F,G) < (V2sin#)~'L(F,G) , if 0<# <x/4
and
(2) (V2sin6)~'L(F,G) < L*(F,G) < (V2cos)~'L(F,G) , if x/a<b<x/2.
These inequalities lead to the following theorem.
Theorem 1({4]). Let F.(z) = F(z/a). Ifa < 1, then

() eL(F1,Gy) € L(F,,Ga) S L(F1,Gh)
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and if a > 1, then
(4) L(F,,G,:) S L(F,,G,) < aL(Fy,Gy) .

From the inequalities (1) and (2) we oconclude that the convergence in the
L®distance is equivalent to the convergence in the L—distance and at the same time
equivalent to the weak convergence.

Let now ¥ be the family of the fanctions F : R — [0, 1], nondecreasing and left
continuous. Obviously 3 € 7. It is known that the weak convergence of a sequence
{Fn, n 2 1) functions of the class ¥ is not equivalent the convergence in the Lévy
distance in this class (7).

Example 1. Let {F, , n 2 1} be a sequence of functions belonging to the class
7 such that F,(z) = 0 for z < » and F,(z) = 1 for > n. Then F,(z) = F(z) =0,
n — oo , for every z € R but L(F,, F) = 1 for every n.

It was shown by D.A.Sibley (3] that the weak convergence of a sequence
{Fn . n 2 1} of functions of the class ¥ can be also metrized.

Definition 3. The Sibley distance is the function Lg : ¥ x ¥ — [0, 1] such that
Ls(F,G)=inf{h>0:F(z—hk) —h < G(z) S F(z+ h) + A,
G(z—-A)—A<F(z) <G(z+A)+ A, z€(~1/h,1/h)} .
Definition 2 suggests introducing the following concept.

Definition 4. The generalized Sibley function is the function L§ : ¥ x ¥ —
[0, (V2sin8)~'],0< 0 < x/2, such that

L% (F,G)=inf{h > 0 : F(2—v/2h cos 6)—v/2h 5in 8 < G(z) < F(z+V2h cos8)+v2hsin 6,
G(z-V2h cos0)—/2hxin 8 < F(z) S G(z+V2hcosd)+V2hsind, z € (~1/h,1/A)} .

Note that the fanction L§ is not in general the metric It does not satisfy the
triangle inequality.

Example 2. Let
0 ’2509 !0 ’:SO‘ 0 <5
F(z)={ 0.7y/2,0 < z < 1-0.2/6, G(z)=lI 0.5v2,0<z< 1. H(,)={1 .:_5,
1 2> 1-0.2V/6, | 1 LT x> 5,

and let 6 = x/6. Then for A = 0.4 we have

F(z=y2hcos)~ 2 hsin§=F(z—0.2/6) - 0.2v2 < G(z) < F(z+0.21/6)+0.2y/2=
=F(z+ \/ihcoaO)+\/2-I|sin0 , TER,

a_nd L)

G(z—V2hcos8)— /2 hsind=G(2—0.2v8)-0.2V/2 < F(z) < G(2+0.21/8)+0.2y/2=
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=G(z+ V2Zhcos#) + V2hsind, z€R.
Moreover, F(0.5) = 07J2—G(05+02\/-)+02\/2—6‘(05+\/-hcoa0)+\/2hsm0
h =0.4. Hence, L (F,G) =04.

Now, for A =1 we have
G(z—\/fhcosﬂ) VZhsin0=G(z-0.5/8)-0.5y/2 < H(z) < G(z+0.5/8)+0.5y/2=
=G(z + V2hcosb) + v2hsind, z € (-1,1),
and
H(z—2hcost)— /2 hsin0=H(z—0.5y6)-0.5v2 < G(z) < H(z+8.5/8)+0.52=
=H(z+ fhcosd)+ﬁsm0 z € (-1,1).

Moreover, G(0. 5) = 0.5v2 = H(0.5+0. 5Je)+o 5v2 = H(0.5+v2h cosd)+v/2 hsin 0,
h = 1. Thus L}(G, H)-l

WenowoountL %(F.H). Choose any A € (0, v2). Then01e( 1/h,1/h) as
(-1/v2,1/V?) c (- 1/1. 1/k). Moreover, F(0.7)=1 and H(0.7+v/2 A cos§)=0 since
h< V2, 8=x/6. Heace F(.7) > 0+40.5v2h = H(0.7+ V2Zheos6) + y2hsind.
Theneiom.bs(l" H)2 h, 0L} s(F,H)2 \/7 But, by Definition 4, forany Fy,F; € ¥,
LY(Fi,F3) < V2. Hence, we see that L§(F, H) = V2. Those facts prove that L%
does not satisfy the triangle inequaiity.

' We now gjve relations between Lg and L§.

Theorem 3. If0 <0 < x/4, then

(5) (VZcos8)~* Ls(F.G) < L(F.G) < (V2sin0)~'Ls(F.G) ,
and if /4 < 0 < x/2, then

(8) (V25in8)~'Lg(F,G) < LY(F.G) < (V2cos8)~'Lg(F,G) .

Proof. Let Ao = L} (F,G). Thenforze(-llho.l-/"o)

F(:-\/ZhocosO)—\/-konnosG’(:)5F(:+fhoc050)+\/§llosin0.
H 0 <0< x/4 then cosd > sind, 8o for z € (—1/hc,1/ho) ‘

() F(z— V2hocos#) — V2ho cosd < b(:) < F(z+ V2hocos ) + V2 Ao cost .

Taking into account that for 0 < § < =/4 l/(\/2hocosO) < 1/hg, we con-
cdude that (7) holds for 2 € (=1/(V2ho cos#),1/(v/2hq cosd)) which proves that
F(C hl) ’l| SG(C)SF(!+“1)+’I| {orze(—llln,l/k,) Wlth’ll \/2hocosd
Similarly, we state that G(z — ht) — &y € F(z) < Glz + M) + by for
z € (=1/hy, 1/hy).
Now the definition of L's implies that

Ls(F.G) < hy=v2hocos0=v2cos0L% (F.G) or (V2cos8)~'Lg(F,G) < LY (F.G) ,

which proves the left hand side of the inequality (5).
Let now A3=Lg(F.G). By Definition 3, for z € (~=1/A3,1/h3) F(z—h3)Hh3 <
< G(z) € F(z + hy) + A3. Since cosd/sin@ > 1 then for 2 € (—1/h3, 1/Agi
(8) F(z- v2A3(V24in8)" cosé) — v2h3(V25in0)"  sin 0 < G(z) <
SF(z+ V2A3(V25in8)~! cos8) + v2A3(V2sin )~ sind .
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The inequality (8) also holds for z € (- \/ZmnO/ho,\f_nnl/h ) as (—/2sin0/A3,

V2sin 8/h%) C (—1/h3,1/A3). Thus we see that F(z — /2h} cos8) — /2h}sind <

< G(z) < F(z+V2A} cos0)+v2h} sin 8 for z € (-1/h}, 1/h}) where h;—h‘(\/'Z_sm 0!
Similarly we state that for z € (~1/A%,1/A})

G(z— V2h} cosf) - V2Asin b < F(z) < G(z + V2h cosd) + V2 h) sin 0
Therefore, by the Definition 4,
L%(F,G) < h} = h3(V24sin )~ = (V2sin 0)~'L3(F.G)

which proves the right hand side inequality of (5).

The proof of (6) is similar.

The following example shows that Theorem 1 is not still true for the Sibley
distance.

Example 3. Let

0 . z< 0 ,z<20,
Flrs{y 150 samedd w43
i 256 1 ,2>20,

and let a = 1/10. Then Ls(Fy,G1) = Ls(F,G) = 1/5, and Ls (Fi/10,G1y10) = 1,

where
s 0 ,z<05,

Fl/lO(z) r { 1 y > 0.5 ) Gl/")(z) = {

Therefore, Ls(Fy10,Gi/10) > Ls(Fi,G1), which proves that the inequalities

0 ,z<2,
I T, Z°>02)

- aLg(Fi,G1} < Lg(Fa.Ga) £ Lg(F1,G1), a<1;
Ls(Fy,G,) € Lg(Fa,Ge) S aLg(F;,Gy), a>1

are not in general true. .

2. Let X be a normed linear space with the norm || - ||. Denote by. P4 the space
of all pmobability measures on (X,Br) , Br — o-field of subsets of X. Let K(r)
stands for the ball K(r) = {z € X : ||z|| < r}.

Definition 5. The Prokhorov distance is the fanction Il : P4 x Py — [0, 1] such
that [I(P,Q) = inf{k > 0: P(A) < Q(A*) + h,Q(A) < P(A*)+ h, A€ By}, where
AM = {z € X : dist (2, A) < A}.

Let us introduce the following generalization of the Prokhorov distance.

*  Definiti-n 6. The generalized Prokhorov distance is the function
N : Py x Pa— [0,(V25in8)7Y, 0 < 0 < x/2, such that

N°(P,Q) = inf{h > 0: P(A) < Q(AV3*<?) 4 V2 hsins,
Q(A) < P(AV3%<**) 4 \f3hsins, A€ By} . g
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It is obvious that TI*/4 = II. We see that the function I’ is the metric.
Lenwrm 1. The function 11’ satisfies the azioms of the metric.
Proof. By Definition 6 we have

G . n’(P,Q)=0 fP=Q,
(i) n’(p,Q)=n’(Q,P)
for all P,Q € P4 .
Let now P,Q,R € Py. HII*(P, Q)<za.ndH‘(Q,R) < y then for any set 4 € By
we have

PlA) S Q(AVI** %) 42 zsind < R((AV3*<" )2 V°" )\ \ /3 ysin 042 £ sind =
= R(A‘/;(""" €08 4) 12 (z+y)sin @

and
R(A) < Q(AVF 7 ) 12 ysind < P((4V3 7<) V3* ) L /2 2 gind4v I ysin b =
= P(AV3(e+n 8 L /3 (24y)8in 0 »

Thus MT*(P, R) < =+ y. Taking infinmm over all z and y we get

(i) n‘(P,R) < M'(P,Q) + *(Q, R)
" which compietes the proof of Lemma .

Let now P _denote the space of probability measures on (X.Br) together with
defective probability measures, i.e. P € P iff P(X) < 1.
Define the Praokhorov-Sibley distance as follows.

Definition 7. The Prakhorov-Sibley distance is the fanction g : P x P — [0, 1]
such that

Ms(P,Q) = inf{h > 0: P(A) < Q(A*)+A,G(A) < P(4*)+h, A € Br. A c K(1/A)}.

Lesrarm 3. The function Ilg satisfies the axioms of the metric.
Proof. By Definitian 7 we have &

) Ms(P.Q)=0 fiP=Q,
@ Ms(P.Q) = N+(Q, P)
for all P,Q € P. f

Let now P.Q,R € P. If llg(P,Q) + Ng(Q.R) > 1 then the triangle inequality
is obvious. ‘Assume now that Mg(P.Q) + Ms(Q,R) < 1, and let Ms(P.Q) < = |
Mg (Q,R) < y with z+ g < 1. Then we have P{4) < Q(4*) %+ =z, A c K(1/z),
and Q(A4) € R(A?) +y , A € K(i/y). Hence, P(A) €< R(A**")+z+y3, A C
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K(1/2)nK(1/y - z). Moreover, we see that 1/(z+y) < 1/z and 1/(z+3) < 1/y-1z,
so K(1/(z +9)) € K(1/2) n K(1/y — z). Therefore, P(A) < R(A**?) +z+y,
ACK(1/(z+19)). .
Similarly one can prove that R(4) < P(A**?)+z+y,Ac K(1/(z+y)).
Thaus .

Ns(P,R) = inf{h > 0: P(A) < R(A*)+A,R(A) € P(A*)+A, A C K(1/A)} S z+y.
Taking infimmm over all z,y we get

(i) ls(P,R) < Ns(P,Q) + Ns(Q, R)

which completes the proaf.

Note that the convergences in the metrics II and Ilg for sequences measures of
P are not equivalent.

Example 4. Let {zn,8 2 1} be any sequence of 2z € X , 8 2 1, such that
|zn]] = n. Define the sequence {Pn,n 2 1} of measures P, € P as follows

0 ifz, ¢4,

P"(A)={l ifzr,€EA.

Let P be a measure with P(X) = 0. Then II(Pa,P) =1, n 2 1. The inequality
P(A) € P,(A*) + A is true for every A > 0. The inequality P,(4) < P(A4*) + A,
A C K(1/A), is satisfied for A 2> 1/n and it does not hald for A < 1/n. Thus
N5 (Pn, P) = 1/n. Hence, g (P,, P) -+ 0, while I(P,,P) # 0, n — oco.
The definitians of IT and Mg imply that lIg(P,Q) < N(P,Q) for any P,Q € P.
Following Definition 4 we can introduce the following concept.

Definition ‘8. The generalized Prokhorov-Sibley function is the function
NMY:PxP—[0,(/2sin0#)"1},0< 0 < x/2, such that
N4 (P,Q) = inf{h > 0: P(4) < Q(AV3A<**) 4 A sin 0, _
Q(A) S P(AVIA<r?) 4 \fiksing, A €8y, A K(1/M)} -

The fallowing example shows that the function I§ is not in general the metric.

8. Let y € X be such that [|y]] = 1, let z = (1 — 0.2\/8)y, and let
P,Q, R be any probability measures from £, such that

P({0})=07v2 , P({z}))=1-01v2,
QoY =05v2 , QUy))=1-05v2,
R({5z)=1.

~ The considerations simﬂu to the considerations in the Example 2 show that

NY(P,Q) +M4(Q,R) =04+ 1=14< vVZ=T4(P,R),
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which contradicts the triangie inequality.
Relations between IT and M’ and between Ilg and NI§ contain the following
thearems.

Theorem 8. If0 <0 < x/4, then '

(V2eoa)~'TI(P,Q) S (P, Q) < (V26ind)~'TI(P,Q) ;

ifx/d <0< x/2, then .

(V2ain0)"'TI(P,Q) S (P, Q) < (V2cosd)~'TI(P,Q) .
Theorem 4. [f0 <8 < x/4, then

(9) (VZcos0)~'N5(P,Q) S ME(P,Q) < (V24ind)~'Ny (P, Q) ;
ifx/¢ <0< x/2 then

(10) (V28in6)~'N3(P,Q) S N$(P,Q) < (V2e0s0)~'Ns(P,Q) .

\It is enough to prove Thecrem 4. The proof of Theorem 3 is similar.

Proof of Theorem 4. Let Ay > N$(P,Q). Then P(4) < Q(A\ﬁhocou) +

+v2hosind for A € K(1/hg). H 0 < 0 < x/4, then cosd > sind, and for
ACK(l/ho)

(11) P(A) S Q(AY%o2 %) 4 /2hgcond .

Moreover, for 0 < # < x/4¢  1/(V/2hgcosd) < 1/hg and so (11) holds for
A € K(1/(v2Zho cosf)) which proves that P(4) < Q(4*!) + A for A € K(1/h,)
where Ay = V2hocosd. Similary, we get Q(A) < P(AM) + b, for A ¢ K(1/hy) ,
hy = V2ho cosd. Hence, by Definition 7, we see that [Ig(P,Q) < Ay = V2 ho cosd.
Taking infimum over all Ao we get Ms(P,Q) < V2cosdNY(P,Q) , ie
(V2¢o88)~'Ng(P,Q) < N§(P,Q) which proves the left hand side of the inequality
(9)-

Let now A3 > Ng(P,Q). Then, by Definition 7, we have P(A) < Q(A*3) + A} ,
A c K(1/R3). Since cos@/siné > 1 for 0 < # < x/4, then

(12) P(A) < Q(AVIR(VArn T cont) 1 \BAS(VEsind) ! sind

A C K(1/h}). Moreover, /2 sin #/A3 < 1/h3,s0 (12) holds for A ¢ K (/2 sin 0/A3),and
also P(A) S Q(AY3hico #) L /T3 sin § for A € K(1/A}), where Ay = A3 (v sin d)~".
Similarly, Q(A) € P(AVIricor ) /Th3 sind for A € K(1/A3), A} = A3(y25in0)~!.
Therefore, by Definition 8, I (P, Q) < A} = A3(v25in#)~!. Taking infirum over all
Ay we get IS (P, Q) < (V25in#)~"Ng(P,Q) which proves the right hand side of the
inequality (9).
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The proof of (10) is similar.

The fallowing theorems show. the difference between II and Ils. Let Pa(A) =
= P(a"'A) wherea™'A={a"'z:z€ A},a>0.

Theorem 5. Ifa <1, then
(13) eIl(Py, Q1) STI(P,s,Qs) STI(P1, 1) 5
ifa> 1, then .
(14) (A, Q1) S (P, Q) S s TP, Q1) .

Proof. Let tgd = @, where 0 < 0 < x/4. By Definition 5, we have A

M(Ps,Qa) = inf{h > 0: Py(4) < Qa(4*) + b, Qa(A4) < Pa(4%) + h} =
=inf{h > 0:P(a'4) < Q(a'A*) +4,Q(a ' A) S P(a~'4A%) + 4} .
Thaking into account that {z : z € a7 'A%} = {z : z € (a7'4)A/°) as ‘
{r:z€a7'A*}={z: az € A} ={z : dist (az, A) < h}={z : dist (az,8a7 ' 4) < h}=
= {z:a dist(zag™"'A) <A} = (z:dist (2,67 A) < h/a} = {z:z € (a~' 4)*/°}, we
obtain
M(P.,Qa) = inf{h > 0: Pi(a™'4) S Qu((a™" A)*) +4,
Qua™'4) < Pi((6™ A)M) + 4} .

Putting A’ = h/(v/2sin #) and @ = ind/ cos ¥, we get
T(P.,Q,) = inf{v2sin0h' > 0: Py (™" 4) < @, ((a™" A)V3<* ") + /2 5in 0N,
Qi(6™") S Pi((a7'A)V3 ') 4 V245in0h'} = V25in 0TI*(P,, Q1) .

Thus, by Theorem 3, we get tg011(P. Q) < V2sin0II*(P,,Q,) = N(P,,Q,) and
ﬂm'n.(Pth) S n(Pth)- Thus

aIl(P,Q1) S T(P.,Qa) S TU(P1,Qy) -
The proof of (14) is similar.
Theorem § is not in general true for the distance ilg.

Example 6. Let z,y € I be such that |jz|| = 5, ||g]| = 20 and let a = 1/10.
Define the measures P and Q as follows:

0 forzg¢a, 0 foryg¢ A,
P(A4) = A)= '
(4) {l iorz€ A, e(4) {l foryeA.
Then Mg (P1,Q1) = 1/5. Moreover, the measures Py;;o and Q110 are defined as
{aliows:
0 forz/I0@ A, 0 forg/l0¢ A,
P A) = =
1/10(4) {1 forz/10 € A , Q1/10(4) {1 fory/10€ A .
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Hence Mg (Pyj10,@1/10) = 1. Thus Ns(Py/10,Q1/20) > Ms(P1, Q).
To show that (14) 18 not in general true it is enough to take ¢ = 10 and to replace
in Example 6 Py 0 by P, and @y/10 by @, respectively.
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s STRESZCZENIE

Niniejsza praca wprowadza funiecje podobne do mmetryk Lévy ego. Prochorowa i Sibley’a oraz
podaje relacie in'qu:y .

SUMMARY

In this paper some functions resembling the Lévy, Prokhorov and Sibley metrics are introduced
and the reiations betweoen them are gven.






