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Geometrical Interpretation of the Frame Field
along a Curve in the Space P(p,q)

Interpretacja geometryczna pola reperow wzdiuz krzywej w przestrzeni P(p, g)

In (5] we have constructed a linear orthonormai frame field along a curve in
the space P(p, ¢) of p—dimensional planes in the (p + ¢)-dimensional euclidean space
EP+9, The aim of the present paper is to prove some properties of vector fields of the
constructed linear frame field and to give a geometrical interpretation of the striction
line of a curve in Pip, g).

Let us recall the theorem about the frame field along a curve in P(p, ¢) and the
definition of the strictior. line that are contained in 5.

Theorem 1. Given an admissibie oriented parametrized curve (a.0.p.c.! T in
P(p,q)
S:e={Y({e): (A') — z(t) + Xe(0)] i=1,...,p

that is assumed to be neither r—cﬁlindn'c for any r = 1,...,p — 1 nor orthogonally
¢~cykindric for any s = 1,...,q— 1.

(T,1) There exists a linear orthonormal frame field in EP*9

A(o) = [ay(0),...,aq(0),&1(8),- -, &5(0), 2(0)]

duch that a parametrized curve (p.c..
Tie= [Tlo): (A) = 2(e) + 2'&(9)]

ad T determine the same curve [S) = iZ] in P(p.q).
T,

%) 1= ¢, - the onenting directional vector of T

81 := 4, - the normal orienting directional vector of T

b = [(3,)? - (éhdx)’]-m‘,él = (&.a08)

.‘3 = [(81)’ = H‘h.h)’]-ln“l - (a1, &1)&)
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&= [(&-1)? - (é"-néi-z)’]_m(é--l ~ (%-1.&-2)&-3) , i =3,...,p
8q = [(‘io—l)’ = (&o-l"o-z)’]-l/’(éa-l " (&a-haa—z)aa-i) y @=3,...,¢
2 is the only generating line of L that satisfies

(81.d2) =0

1
(1) (¢,.d2) =0 jorl<r<p

(T,3) The equations of the linear orthonormal frame field A are of the form

2 Hh=8+Fle

(e) w=FF ' +F %, k=2,00,p-1
& =F}~'¢- , Rt =-Fiy
a=-4+ /78

(a) g =1 a1+ 001, B=2...,9-1
dg= [ 85-1 : £t =it

(x) 2=/, +Fg , a=2,...,4

(#=Fe¢, when g=1)

where the parametrization T of [T has the property

(3) (3.8,) = (%,al)=1
and

Ft'(e)>0 fori=1,...,p-2
7 e)>0 fary=1,...,9-2

Definition 1. The vector fields & and 3, in (T,2) are called the s—th directional
vector of ¥ and the a—th normal directional vector of £ respectively. The only
generating line of L that satisfies (1) is calied the striction line of T or of [I].

Let [Z] be a curve in P(p,q) given with the aid of an a.o.p.c.
(4) T:io— [Y(0): () — 2(e) + A°5(0))]

that satisfies the assumptions of Theorem 1, where, in advance, & and 2 are the
vectors and the striction line determined for £ by (T,2) and the parametrization £
of [Z] has the property (3).
Let us consider the sequence of curves {|Zx]} given by the sequence of p.c. {4},

(h=0,...,p) defined as foliows
a) Zp:e— [Yi(e): (AMF!, ... 0P) — 2(e) + A"‘ng.h'(o)]

when k=0,...,p—1 (Ziisapc in P(p—k,q+k))
b) Lp:e— 2(s)

when k=p (Zp is a curve in EP*)

(8)
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From the equations (2)(e) it {dlows that

(6) dim (LD (Ea4tse--r8py 2htts---18p)) =p—k+1
l.e. ¢ is admissible for k=0,...,p— 1.

Moreover

(7) dim ( in (Za41y----&p, 2k420---12p)) = p—k
80

(8) By = 2

is the 1-th directional vector of & , (k=0,....p— 1). It can be assumed that &x4;
is the 1-th arienting directional vector of T;. From (2)(e) and (2)(a) it follows that
the 1-th normal directional orienting vector a* of T; is of the form

(&, k=1,....p=1
9 fo
() b ldl, k=0.

The formmlas (T,2) for &, take a form

(10) & =t =&y
¢t=sf={ek‘ k=1,...,p—-1
; 8, k=0
?§=¢t+z
éf:l..,,,, 1=3,....p—k
tu L k=0

B.‘,'=~ iy Ski=}1
|_ ék_l ) k=2.....p—l

‘k-{aﬂ—t aB>k
&—py1 , A<k

From the above formmias it follows that each p.c. £; , K = 0,...,p — 1, is neither

r—cylindric nor orthogonally e—ylindric for any r and s.
Then we have obtained

4 B=3....q+k

Theorem 3. If T is an a.0.p.c. in P(p,q) that satisfies the assumptions of
Theorem 1 and &,...,&p are succeeding directional vectors of T and 8,,...,38, are
succeeding normal directional vectors of £ then each p.c. Sk is also an a.0.p.c. that
satisfies the assumptions of Theorem 1 and &pyy,...,& are succeeding directional
vectors of By and &,&,_y,...,&,8y,...,8, are succeeding normal directional vectors

0/2; .

We shall prove a certain property of the sequence {[Zx}} , that will explain a
geometrical sense of the striction line of [I].
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Let us introduce the following notation. If v is a vector in E®*9, then
_ P
(11) oM = g — E (0.2, ()2, (o)
w=k+1
It is easy to verify that
(12) Eint(u(o + h)or(oHh)) = g(g)°k(®) | where o — o(s) is a vector field
(13) ’ (v.,g(,)’ v) - (vok(o)’ w°"(")
- Let £ : 8 — [Yi(s)] be the k—th ao.p.c. of the sequence {Ti}.
Let
P

(14) =2+ Y Nkg (o)
e =k+1

be an arbitrary point of the plane [Yy(s)] for which there exists a point
1 € [Ye(2 + b)], such that

|y1 — wo| = dist ([Yi(o),[Ya(e + 4)]) -

It is obvious that the vector y; —gy is perpendicular to both of [Yi(s)) and (Y (0+k)].
Then for any paint

(15) n=20+h+Y #*e (o +h) € [Ya(o +h)]
1k

the vector (y2 — y0)°*(***' is perpendicular to both of [Yi(s)] and [Yi(e + A)], i.e.

(16) (32 = 90)°X ™) & (o)) = 0

and

(17) (13— 9)* M 2z (04 k) =0  forji=k+1...,p
So we have

(18) . (22 —vo)"“""“.!,'b('*'h) -&,(9)=0

The last equality can be written down iu the form

)obn o+A|

,Cjk(.'f-h)—éjk (0)) =0

#

(19) ((z(o+h)—z(a)+z,\""(e.-k(a+h)-e,-k(a))
[ 3
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We have obtained the system of equations on At vk = k+1,...,p. The soluntions of
(19) determine by (14) the admissible positions of yo on [Yi(s)] for fixed [Yy(o+ h)].
Let us compute the values of A** when A — 0. We have

P—?ﬂ((%(’(i +h)—2(s)) + Z:Ait %{eit (o+N) = “_t['”)o&(ﬂ.“.
1k g

(20) :
I(‘J.k (' + h) - C"‘ (l))) =0.

In virtue of (12) , (20) takes a form

(21) ((é(-) it E kg () () =0
e

Then in virtue of (13) , (21) takes a form

(22) (3%, )+ A% (5, %%, 8,°5) =0 , k=0,....p-1, s =k+1....p.
18

Using (2)(e)(a)(x) we compute coefficients of the above system of equations, and
obtain

(23) {A‘+‘G.+. =0 (the 1-th equation, i.e. s =k+1)
0=0 (the next equations, i.e. 33 > k+1)
where
¢ (1 . k=0
=t koo

The salution of (23) is of the form
(24) ARt =0 M2 AP - arbitrary

50 the set of all considered points gg € [Yk(o)] coincides with the plane [Y,,.H(o)].
We have obtained the following theorem that gives the geometrical inerpretation
of the striction line.

Theorem 8. Given an a.o0.p.c. L, that satisfies the assumptions of Theorem 1.
The set of all points yo of the plane [Yg(o]] of the a.0.p.c. T k=0,...,p—- 1, for
which there exists a point yy of the .approaching plane [Yg(a + h)] (A — 0) such that
lyo = w1 | = dist ([Yi(e)], [Ye(o + A)])

a) coincides unth the plane {Y..H(a)] of the a.o.p.c. Ly whenk < p—1

b) contains ezactly one point and it is a point 2(s) of the striction line of [Z]
whenk=p—1.

The above theorem explains, that a notion of the striction line of a curve in
P(p,q) is the simple generalizution of a notion of the striction line of a ruled surface
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in E* undemstood as a curve in P(1,2). (see [6] or [4]). The following corollary is a
oconsequence of Thearem 3.

Corollary . The striction line of a curve [I] is simmitaneocusly the striction line
of each curve [E;] (k= 0,...,p ~ 1) of the sequence defined for [E] by (5).

A curve in P(p, g) can be considered as a surface in E®+9, Let us introduce the
following definition.

Definition 2. A surface S[I] of a curve [E] mP(p,q) is a set in BP9 that
consists of all points of all planes of [Z].

When E:t — [Y(t) : (A') — 2(t) + Me;(t)] is a p.c. in P(p,gq) then
(24) ST : Rt — ppHe

(6,A%...,2%) —= g(e,A%,...,A%) = =(t) + Xes(8)

is a parametrization of the surface S|E| of the curve [E]. We shall prove the fallowing
theaorem.

Theorem 4. The surface S|Ey41| of the curve |[Egyy] of the sequence (5) is
the set of singularities of the surface S|Ly] of the curve |E;] fork = 0,...,p—2. The
striction kine 2 of T is the set of singularities of the surface S|T,-,].

Proof. Let us consider the parametrization

STi: (o, A", 07) = g0, A% . 0?) = 2(0) + z’: 4\""6,-&(0)
ww=k+1

of S[E;]- A tangent space of S[Es] is spanned by vectors

8%, . 4 as

e =’+_ Z “”"t
(25) w=k+1

85T, :

ooy .=¢,°. y m=k+L....p.
Then
(26) YA )% =0 (see(11))

1

is an equation on singularities of S[Ei|. The above vectorial equatica is equivalent
to the following system of scalar equations

@) (2%, 85,%4) + 202 (5,8, %) =0
i

that is similar to (22).
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STRESZCZENIE

W pracy (5] skonstruowano pole ortonormalinych reperéw limowych wadhuz kraywe) w przes-
trzeni P(p, q) plaszczyzn p-wymiarowych w (p + ¢)-wymiarowe) praestrzeni culdidesowe]. W
niniejsze} pracy przedstawamy pewne wiasnoéa wektoréw otrzymanego pola reperéw i wyjainiamy
sens geometryczny pojeda linii strykcii iazywej w P(p, g).

SUMMARY

In (5] the linear orthonormal frame field along a curve in the space P(p, ¢) of p—dimensionai
planes in the (p+¢)—dimenzional eudidean space has been constructed. In this paper some properties

ot vector fields of the constructed frame field are presented and a geometrical interpretation of the
striction line of a curve in P{p, q) is given.
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